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PREFACE TO THE SECOND EDITION 

The many developments and clarifications in the theory of elasticity 

and its applications which have occurred since the first edition was 

written are reflected in numerous additions and emendations in the 

present edition. The arrangement of the book remains the same for 
the most part. 

The treatments of the photoelastic method, two-dimensional 
problems in curvilinear coordinates, and thermal stress have been 
rewritten and enlarged into separate new chapters which present many 
methods and solutions not given in the former edition. An appendix 
on the method of finite differences and its applications, including the 
relaxation method, has been added. New articles and paragraphs 
incorporated in the other chapters deal with the theory of the strain 
gauge rosette, gravity stresses, Saint-Venant’s principle, the components 
of rotation, the reciprocal theorem, general solutions, the approximate 
character of the plane stress solutions, center of twist and center of 
shear, torsional stress concentration at fillets, the approximate treat¬ 
ment of slender (e.g., solid airfoil) sections in torsion and bending 
and the circular cylinder with a band of pressure. 

Problems for the student have been added covering the text as far 
as the end of the chapter on torsion. 

It is a pleasure to make grateful acknowledment of the many helpful 
suggestions which have been contributed by readers of the book. 


Palo Alto, Calif. 
February , 1951 


S. Timoshenko 
J. N. Goodier 
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PREFACE TO THE FIRST EDITION 

During recent years the theory of elasticity has found considerable 
application in the solution of engineering problems. There are many 
cases in which the elementary methods of strength of materials are 
inadequate to furnish satisfactory information regarding stress distri¬ 
bution in engineering structures, and recourse must be made to the 
more powerful methods of the theory of elasticity. The elementary 
theory is insufficient to give information regarding local stresses near 
the loads and near the supports of beams. It fails also in the cases 
when the stress distribution in bodies, all the dimensions of which 
are of the same order, has to be investigated. The stresses in rollers 
and in balls of bearings can be found only by using the methods of the 
theory of elasticity. The elementary theory gives no means of 
investigating stresses in regions of sharp variation in cross section of 
beams or shafts. It is known that at reentrant corners a high stress 
concentration occurs and as a result of this cracks are likely to start 
at such corners, especially if the structure is submitted to a reversal of 
stresses. The majority of fractures of machine parts in service can 
be attributed to such cracks. 

During recent years considerable progress has been made in solving 
such practically important problems. In cases where a rigorous solu¬ 
tion cannot be readily obtained, approximate methods have been 
developed. In some cases solutions have been obtained by using 
experimental methods. As an example of this the photoelastic 
method of solving two-dimensional problems of elasticity may be 
mentioned. The photoelastic equipment may be found now at 
universities and also in many industrial research laboratories. The 
results of photoelastic experiments have proved especially useful in 
studying various cases of stress concentration at points of sharp 
variation of cross-sectional dimensions and at sharp fillets of reentrant 
corners. Without any doubt these results have considerably influ¬ 
enced the modem design of machine parts and helped in many cases 

to improve the construction by eliminating weak spots from which 
cracks may start. 

Another example of the successful application of experiments in 
the solution of elasticity problems is the soap-film method for deter¬ 
mining stresses in torsion and bending of prismatical bars. The 
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difficult problems of the solution of partial differential equations with 
given boundary conditions are replaced in this case by measurements 
of slopes and deflections of a properly stretched and loaded soap film. 
The experiments show that in this way not only a visual picture of 
the stress distribution but also the necessary information regarding 
magnitude of stresses can be obtained with an accuracy sufficient for 

practical application. 

Again, the electrical analogy which gives a means of investigating 
torsional stresses in shafts of variable diameter at the fillets and 
grooves is interesting. The analogy between the problem of bending 
of plates and the two-dimensional problem of elasticity has also been 
successfully applied in the solution of important engineering problems. 

In the preparation of this book the intention was to give to engi¬ 
neers, in a simple form, the necessary fundamental knowledge of the 
theory of elasticity. It was also intended to bring together solutions 
of special problems which may be of practical importance and to 
describe approximate and experimental methods of the solution of 
elasticity problems. 

Having in mind practical applications of the theory of elasticity, 
matters of more theoretical interest and those which have not at 
present any direct applications in engineering have been omitted in 
favor of the discussion of specific cases. Only by studying such cases 
with all the details and by comparing the results of exact investigations 
with the approximate solutions usually given in the elementary books 
on strength of materials can a designer acquire a thorough under¬ 
standing of stress distribution in engineering structures, and learn to 
use, to his advantage, the more rigorous methods of stress analysis. 

In the discussion of special problems in most cases the method 
of direct determination of stresses and the use of the compatibility 
equations in terms of stress components has been applied. This 
method is more familiar to engineers who are usually interested in the 
magnitude of stresses. By a suitable introduction of stress functions 
this method is also often simpler than that in which equations of 
equilibrium in terms of displacements are used. 

In many cases the energy method of solution of elasticity problems 
has been used. In this way the integration of differential equations is 
replaced by the investigation of minimum conditions of certain inte¬ 
grals. Using Kitz’s method this problem of variational calculus is 
reduced to a simple problem of finding a minimum of a function. 
In this manner useful approximate solutions can be obtained in many 
practically important cases. 


preface to THE FIRST EDITION : 

•I 

To simplify the presentation, the book begins with the discussion of 
two-dimensional problems and only later, when the reader has familiar- 
ized lumself with the various methods used in the solution of problems 

Thfno r° ry 'f it 3 '"!‘ Clt , y ’ r three ' dimensional Problems discussed. 
The portions of the book that, although of practical importance are 

tvne tV hey !T n ° mitted during the first roading are put in small 

fin ^ retUm t0 the Study of such Problems after 

finishing with the most essential portions of the book. 

The mathematical derivations are put in an elementary form and 

usually do not require more mathematical knowledge than is given in 

engineering schools. In the cases of more complicated problems all 

necessary explanations and intermediate calculations are given so 

that the reader can follow without difficulty through all the deriva- 

tions. Only in a few cases are final results given without complete 

derivations. Then the necessary references to the papers in which the 
derivations can be found are always given. 

In numerous footnotes references to papers and books on the theory 
of elasticity which may be of practical importance are given. These 
1 eferences may be of interest to engineers who wish to study some 
special problems in more detail. They give also a picture of the 
modern development of the theory of elasticity and may be of some 

field ° graduate students who are planning to take their work in this 

In the preparation of the book the contents of a previous book 

( fheory of Elasticity,” vol. I, St. Petersburg, Russia, 1914) on 

the same subject, which represented a course of lectures on the theory 

o elasticity given in several Russian engineering schools, were used 
to a large extent. 

T ^ r he aut},or wa f assisted in his work by Dr. L. H. Donnell and Dr 

t A • G T d ‘ er ’ 'I h ° read over the complete manuscript and to whom 
he is indebted for many corrections and suggestions. The author 

takes «us opportunity to thank also Prof. G. H. MacCullough, Dr. 

J tw. l f ’ Pr ° f ‘ M ' Sadowsky > and Mr. D. H. Young, who assisted 
m the final preparation of the book by reading some portions of the 

“ Cr 'f H He is ind f bted a!*" to Mr. L. S. Veenstra for the prep! 
manuscript aWmgS t0 ^ K Webster for the tJ'Pmg of the 


University of Michigan 
December , 1933 


S. Timoshenko 
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NOTATION 


x t V, z Rectangular coordinates. 
r, 6 Polar coordinates. 

£, v Orthogonal curvilinear coordinates; sometimes rec¬ 
tangular coordinates. 

R, 0 Spherical coordinates. 

N Outward normal to the surface of a body. 

I, m, n Direction cosines of the outward normal. 

A Cross-sectional area. 

Ixy ly Moments of inertia of a cross section with respect 
to x- and y- axes. 

I P Polar moment of inertia of a cross section. 
g Gravitational acceleration. 

P Density. 

q Intensity of a continuously distributed load. 

V Pressure. 

X, Y, Z Components of a body force per unit volume. 

X, } , Z Components of a distributed surface force per unit 

area. 

M Bending moment. 

-1 /1 Torque. 

o-x, <r v , <r* Normal components of stress parallel to z-, y and 

z-axes. 

<r n Normal component of stress parallel to n. 

o>, <r e Radial and tangential normal stresses in polar 
coordinates. 

* 1 , <r v Normal stress components in curvilinear co¬ 

ordinates. 

<to, <r t Normal stress components in cylindrical co¬ 

ordinates. 

0 = <r* + (Ty + <T t = <Tr + <T 0 + <T ,. 

r Shearing stress. 

T X y, t xz , t vz Shearing-stress components in rectangular co¬ 
ordinates. 

Tr 0 Shearing stress in polar coordinates. 

Shearing stress in curvilinear coordinates. 

T ro, tqz, T rz Shearing-stress components in cylindrical co¬ 
ordinates. 

S Total stress on a plane. 
u, v, w Components of displacements, 
e Unit elongation. 

Unit elongations in x-, y- f and ^directions, 
xvii 
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Radial and tangential unit elongations in polar 

coordinates. 

Volume expansion. 

Shearing-strain eenponents in rectangular co- 

Shtrtg-strain components in cylindrical co- 

m“ of elasticity in tension and compress,om 
Modulus of elasticity m shear. Modulus 

rigidity. 
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Lam6’s constants. 


Stress function. 
Complex potentials; 


functions of the complex 


variable z — x -+* *!/• 

The conjugate complex variable x - uj- ^ 


Torsional rigidity. 

Angle of twist per unit length. 
Used in torsional problems. 


Strain energy. 

Strain energy per unit volume. 


Time. 

Certain interval of time. Temperature. 
Coefficient of thermal expansion. 


CHAPTER 1 


INTRODUCTION 

1. Elasticity. All structural materials possess to a certain extent 
the property of elasticity , i.e., if external forces, producing deformation 
of a structure, do not exceed a certain limit, the deformation disappears 
with the removal of the forces. Throughout this book it will be 
assumed that the bodies undergoing the action of external forces are 
perfectly elastic , i.e., that they resume their initial form completely after 
removal of forces. 

The molecular structure of elastic bodies will not be considered here. 
It will be assumed that the matter of an elastic body is homogeneous and 
continuously distributed over its volume so that the smallest element 
cut from the body possesses the same specific physical properties as the 
body. To simplify the discussion it will also be assumed that the body 
is isotropic , i.e., that the elastic properties are the same in all directions. 

Structural materials usually do not satisfy the above assumptions. 
Such an important material as steel, for instance, when studied with a 
microscope, is seen to consist of crystals of various kinds and various 
orientations. The material is very far from being homogeneous, but 
experience shows that solutions of the theory of elasticity based on the 
assumptions of homogeneity and isotropy can be applied to steel struc¬ 
tures with very great accuracy. The explanation of this is that the 
crystals are very small; usually there are millions of them in one cubic 
inch of steel. While the elastic properties of a single crystal may be 
very different in different directions, the crystals are ordinarily dis¬ 
tributed at random and the elastic properties of larger pieces of metal 
represent averages of properties of the crystals. So long as the geo¬ 
metrical dimensions defining the form of a body are large in comparison 
with the dimensions of a single crystal the assumption of homogeneity 
can be used with great accuracy, and if the crystals are orientated at 
random the material can be treated as isotropic. 

When, due to certain technological processes such as rolling, a cer¬ 
tain orientation of the crystals in a metal prevails, the elastic properties 
of the metal become different in different directions and the condition 
of anistropy must be considered. We have such a condition, for 

instance, in the case of cold-rolled copper. 

1 
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— - - w __ p P 7 internal forces will be produced 

action of external forces7 i, • • • > he magn i tu de of these forces 

between the parts of t e oc - , . divided into two parts A and B 

at any point 0, let us imagi Considering one of these 

by a cross section *m through tins pomt £ instance^ A, it can be 

stated that it is in equilibrium 
under the action of external 
forces Pi, . . • , Pi and the inner 
forces distributed over the cross 
section mm and representing the 
actions of the material of the 
part B on the material of the part 
A. It will be assumed that 
these forces are continuously dis¬ 
tributed over the area mm in the 
same way that hydrostatic pres¬ 
sure or wind pressure is contin¬ 
uously distributed over the sur- 

face on which it acts. The magnitudes of such forces are usually 
defined by their intensity, i.e., by the amount of force per unit area of 
the surface on which they act. In discussing internal forces this 

intensity is called stress. Kv 

In the simplest case of a prismatical bar submitted to tension y 

forces uniformly distributed over the ends (Fig. 2), the internal forces 

are also uniformly distributed over any cross section 

mm. Hence the intensity of this distribution, i.c., the 

stress, can be obtained by dividing the total tensile 

force P by the cross-sectional area A. 

In the case just considered the stress was uniformly 
distributed over the cross section. In the general case 
of Fig. 1 the stress is not uniformly distributed over 
mm. To obtain the magnitude of stress acting on a 
small area 5A, cut out from the cross section mm at any 
point 0, we assume that the forces acting across this 
elemental area, due to the action of material of the part 
B on the material of the part A, can be reduced to a resultant 5P. If 
we now continuously contract the elemental area 5-1, the limiting value 
of the ratio bP/bA gives us the magnitude of the stress acting on the 
cross section mm at the point 0. The limit ing direction of the result ant 
bP is the direction of the stress. In the general ease the direction of 
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stress is inclined to the area 8A on which it acts and we usually resolve 
it into two components: a normal stress perpendicular to the area, and 
a shearing stress acting in the plane of the area 8A. 

3. Notation for Forces and Stresses. There are two kinds of exter¬ 
nal forces which may act on bodies. Forces distributed over the sur¬ 
face of the body, such as the pressure of one body on another, or hydro¬ 
static pressure, are called surface forces. Forces distributed over the 
volume of a body, such as gravitational forces, magnetic forces, or in 
the case of a body in motion, inertia forces, are called body forces. The 
surface force per unit area we shall usually resolve into three compo¬ 
nents parallel to the coordinate axes and use for these components the 
notation X, Y, Z. We shall also resolve the body force per unit volume 
into three components and denote 
these components by X , Y, Z. 

We shall use the letter a for de¬ 
noting normal stress and the letter 
r for shearing stress. To indicate 
the direction of the plane on which 
the stress is acting, subscripts to 
these letters are used. If we take a 
very small cubic element at a point 
O, Fig. 1, with sides parallel to the 
coordinate axes, the notations for 
the components of stress acting on 
the sides of this element and the directions taken as positive are as 
indicated in Fig. 3. For the sides of the element perpendicular to the 
2/-axis, for instance, the normal components of stress acting on these 
sides are denoted by <r v . The subscript y indicates that the stress is 
acting on a plane normal to the y-axis. The normal stress is taken 
positive when it produces tension and negative when it produces 
compression. 

The shearing stress is resolved into two components parallel to the 
coordinate axes. Two subscript letters are used in this case, the first 
indicating the direction of the normal to the plane under consideration 
and the second indicating the direction of the component of the stress. 
For instance, if we again consider the sides perpendicular to the y- axis, 
the component in the ^-direction is denoted by t vx and that in the 
z-direction by r y2 . The positive directions of the components of shear¬ 
ing stress on any side of the cubic element are taken as the positive 
directions of the coordinate axes if a tensile stress on the same side 
would have the positive direction of the corresponding axis. If the 


x 
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tensile stress has a direction opposite to the 

direction of the shearing-stress p components of stress 

lowing this rule the positive directions of aU the co P with the 

acting on the right side of the cub ^ positive directions are 

positive directions of the coordinate ^es .^ element . 

all reversed if we are conf er. gt^ ^ discussion of th e previous 

4. Components of Stress. „ , gides Q f a cu bic element, 

article we see that, for each pair P 0 denote the normal component 

such as in Fig. 3, one sym o is nee ^ components of shear- 

of stress and two more symbols to denote the t* o co p cubic 

rp^ f i^pribe the stresses acting on tne six wu® ^ 
ing stress. I o dc sc 1 necessary for normal stresses; and 

element three symbols, o x , ‘ r r for shearing 

z stresses. By a simple consideration of the equi¬ 

librium of the element the number of symbols 
for shearing stresses can be reduced to three. 

If we take the moments of the forces acting on 
the element about the x-axis, for instance, only 
the surface stresses shown in Fig. 4 need be con¬ 
sidered. Body forces, such as the weight of the 

element, can be neglect ed in this instance, whic 
follows from the fact that in reducing the 
dimensions of the element the body forces acting on it diminish as 
the cube of the linear dimensions while the surface forces dunm.shas 
the square of the linear dimensions. Hence, for a very small element 
body forces are small quantities of higher order than surface forces and 

can be neglected in calculating the surface forces. Similarly, 
due to nonuniformity of distribution of normal forces are of higher 
order than those due to the shearing forces and vanish in the limit. 
Also the forces on each side can be considered to be the area of the side 
times the stress at the middle. Then denoting the dimensions of the 
small element in Fig. 4 by d.r, dxj, dz, the equation of equilibrium of this 
element, taking moments of forces about the x-axis, is 


T ;yz 


dz 

t 

i, 

r yz 




c Z y 
Fig. 4. 


r r y dx dy dz — t vs dx dy dz 

The two other equations can be obtained in the same manner, 
these equations we find 

T xu = T v*y ^ tx = ^ ** *U 

Hence for two perpendicular sides of a cubic element the components of 


From 


( 1 ) 
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shearing stress perpendicular to the line of intersection of these sides 
are equal. 

The six quantities a x , <j y , a z , r xy = t vx , t xz — r zx , r yz = r zy are therefore 
sufficient to describe the stresses acting on the coordinate planes 
through a point; these will be called the components of stress at the 
point. 

It will be shown later (Art. 67) that with these six components the 
stress on any inclined plane through the same 
point can be determined. 

5. Components of Strain. In discussing 
the deformation of an elastic body it will be 
assumed that there are enough constraints to 
prevent the body from moving as a rigid 
body, so that no displacements of particles 
of the body are possible without a deformation of it. 

In this book, only small deformations such as occur in engineering 
structures will be considered. The small displacements of particles of 
a deformed body will usually be resolved into components u, v, w 
parallel to the coordinate axes x, y , z , respectively. It will be assumed 
that these components are very small quantities varying continuously 
over the volume of the body. Consider a small element dx dy dz ol an 
elastic body (Fig. 5). If the body undergoes a deformation and u, v, w 
are the components of the displacement of the point O, the displace¬ 
ment in the .r-direction of an 




Fig. 6. 


adjacent point A on the z-axis 



due to the increase ( du/dx ) dx 
of the function u with increase 
of the coordinate x. The in¬ 
crease in length of the element 
OA due to deformation is there¬ 
fore (du/dx) dx. Hence the 
unit elongation at point 0 in the 


^-direction is du/dx. In the same manner it can be shown that the 
unit elongations in the y- and 2 -directions are given by the derivatives 


dv/dy and dw/dz. 

Let us consider now the distortion of the angle between the elements 
OA and OB, Fig. 6. If u and v are the displacements of the point O in 
the x~ and ^-directions, the displacement of the point A in the ?/-direc- 



6 THEORY OF ELASTICITY 

lion and of the point B in the x-direction are v + (dv/dx) dx and 
u _f (du/dy) dij , respectively. Due to these displacements the new 
direction O' A' of the element OA is inclined to the initial direction by 
the small angle indicated in the figure, equal to dv/dx. In the same 
manner the direction O'B' is inclined to OB by the small angle du/dy. 
From this it will be seen that the initially right angle AOB between the 
two elements OA and OB is diminished by the angle dv/dx -f du/dy. 
This is the shearing strain between the planes xz and yz. The shearing 
strains between the planes xy and xz and the planes yx and yz can be 
obtained in the same manner. 

We shall use the letter e for unit elongation and the letter -y for unit 
shearing strain. To indicate the directions of strain we shall use the 
same subscripts to these letters as for the stress components. Then 
from the above discussion 


du 


dv 

dw 


ex “ dx’ 


— "t: y 

dy 

ffy 

N 

II 

Qj 

N 


du 

dv 

du dw 

dv 

dw 

= T U + 

dx’ 

y - ~ dz + dx’ 

y "‘ = Tz + 

~dy 



It will be shown later that, having the three unit elongations in three 
perpendicular directions and three unit shear strains related to the 
same directions, the elongation in any direction and the distortion of 
the angle between any two directions can be calculated (see Art. 73). 
The six quantities e x , . . . , y v: are called the components of strain. 

6. Hooke’s Law. The relations between the components of stress 
and the components of strain have been established experimentally and 
are known as Hooke's law. Imagine an elemental rectangular paral- 
lelopiped with the sides parallel to the coordinate axes and submitted 
to the action of normal stress a x uniformly distributed over two oppo¬ 
site sides. Experiments show that in the case of an isotropic material 
these normal stresses do not produce any distortion of angles of the ele¬ 
ment. The magnitude of the unit elongation of the element is given 
by the equation 



in which E is the modulus of elasticity in tension. Materials used in 

engineering structures have moduli which are very large in comparison 

with allowable stresses, and the unit elongation (a) is a very small 

quantity. In the case of structural steel, for instance, it is usually 
smaller than 0.001. 
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Extension of the element in the x-direction is accompanied by lateral 
contractions, 



in which v is a constant called Poisson's ratio. For many materials 
Poisson’s ratio can be taken equal to 0.25. For structural steel it is 
usually taken equal to 0.3. 

Equations (a) and (6) can be used also for simple compression. 
Within the elastic limit the modulus of elasticity and Poisson’s ratio 
in compression are the same as in tension. 

If the above element is submitted to the action of normal stresses 
<?x, o-y, uniformly distributed over the sides, the resultant components 
of strain can be obtained by using Eqs. (a) and ( b ). Experiments 
show that to get these components we have to superpose the strain com¬ 
ponents produced by each of the three stresses. By this method of 
superposition we obtain the equations 





= E^ z ~ v ^ v ^ 

= g ky — + <Tz)] 

= ^ Wz — + O-y)] 



In our further discussion we shall often use this method of superposi¬ 
tion in calculating total deformations and stresses produced by several 
forces. This method is legitimate as long as the deformations are small 
and the corresponding small displacements do not affect substantially 
the action of the external forces. In such cases we neglect small 
changes in dimensions of deformed bodies and also small displacements 
of the points of application of external forces and base our calculations 
on initial dimensions and initial shape of the body. The resultant dis¬ 
placements will then be obtained by superposition in the form of linear 
functions of external forces, as in deriving Eqs. (3). 

There are, however, exceptional cases in which small deformations 
cannot be neglected but must be taken into consideration. As an 
example of this kind the case of the simultaneous action on a thin bar 
of axial and lateral forces may be mentioned. Axial forces alone pro¬ 
duce simple tension or compression, but they may have a substantial 
effect on the bending of the bar if they are acting simultaneously with 
lateral forces. In calculating the deformation of bars under such con- 
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ditions, the effect of the deflection on the moment of the external forces 
must be considered, even though the deflections are very small. 1 Then 
the total deflection is no longer a linear function of the forces and can¬ 
not be obtained by simple superposition. 

Equations (3) show that the relations between elongations and 

stresses are completely defined by two physical constants E and v. 
The same constants can also be used to define the relation between 

shearing strain and shearing stress. 

Let us consider the particular case of deformation of the rectangular 

parallelopiped in which <r y = —o t 
and <j x = 0. Cutting out an clement 
abed by planes parallel to the a-axis 
and at 45 deg. to the y- and z-axes 
(Fig. 7), it may be seen from Fig. 7b, 
by summing up the forces along and 
perpendicular to be, that the normal 
stress on the sides of this element is 
zero and the shearing stress on the 
sides is 

T = i(<Tz — CTy) = Oz (c) 
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Fio. 7 


Such a condition of stress is called pure shear. The elongation of the 
vertical element Ob is equal to the shortening of the horizontal elements 
Oa and Oc , and neglecting a small quantity of the second order we con¬ 
clude that the lengths ab and be of the element do not change during 
deformation. The angle between the sides ab and be changes, and the 
corresponding magnitude of shearing strain y may be found from the 
triangle Obc. After deformation, we have 


Oc 

Ob 



1 "T «y 
1 + 6, 


Substituting, from Eqs. (3), 




(l -f v)a t 

E 


(1 -|- v)(T e 

E 


and noting that for small y 

1 Several examples of this kind can be found in S. Timoshenko, “Strength of 
Materials,” vol. II, pp. 25—19. 
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we find 




1 






2(1 + v)a z 

E 


2(1 + v)t 

E 



Thus the relation between shearing strain and shearing stress is defined 
by the constants E and v. Often the notation 


is used. 


G = 

Then Eq. (4) becomes 


E 

2(1 + v) 




The constant G, defined by (5), is called the modulus of elasticity in 
shear or the modulus of rigidity. 

If shearing stresses act on the sides of an element, as shown in Fig. 3, 
the distortion of the angle between any two coordinate axes depends 
only on shearing-stress components parallel to these axes and we 
obtain 



The elongations (3) and the distortions (6) are independent of each 
other. Hence the general case of strain, produced by three normal and 
three shearing components of stress, can be obtained by superposition: 
on the three elongations given by Eqs. (3) are superposed three shear¬ 
ing strains given by Eqs. (6). 

Equations (3) and (6) give the components of strain as functions of 
the components of stress. Sometimes the components of stress 
expressed as functions of the components of strain are needed. These 
can be obtained as follows. Adding equations (3) together and using 
the notations 

O = e x -f- €y + € Z /y\ 

© = <r x + &v + <?* 


we obtain the following relation between the volume expansion e and 
the sum of normal stresses: 


e 
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In the case of a uniform hydrostatic pressure of the amount p we 
have 

<r x = o v = <Jz = — V 

and Eq. (8) gives 

_ 3(1 - 2 u)p 


which represents the relation between unit volume expansion e and 
hydrostatic pressure p. 

The quantity £1/3(1 - 2») is called the modulus of volume expansion. 
Using notations (7) and solving Eqs. (3) for a x , <r„, we find 


_ vE _, E 

° 1 = (1 + r)(l - 2 k) + 

vE „ _i_ E _ x 

° v ~ (1 + k)(1 - 2k) C + 1 + » C " 

_ vE , E 

~ (1 + (-HI — 2v) C 1 + v 



or using the notation 

vE 

x _ ( 1 + > 0(1 - 2 ») 

and Eq. (5), these become 

(Tj = Xe -f - 2(7e x 
a u = Xe -f- 2(7e y 

< 7 . = XC -|- 2Cr€, 


( 10 ) 
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Problems 

1. Show that Eqs. (1) continue to hold if the element of Fig. 4 is in motion and 
has an angular acceleration like a rigid body. 

~/2. Suppose an clastic material contains a large number of evenly distributed 
small magnetized particles, so that a magnetic field exerts on any element dx dy dz 
a moment n dx dy dz about an axis parallel to the x-axis. What modification will 
be needed in I^qs. (1)? 

3. Give some reasons why the formulas (2) will be valid for small strains only. 
-/4. An elastic layer is sandwiched between two perfectly rigid plates, to which it 
is bonded. The layer is compressed between the plates, the compressive stress 
being a t . Supposing that the attachment to the plates prevents lateral strain 
«x, «y completely, find the apparent Young’s modulus (i.c., in terms of E and v. 

Show that it is many times E if the material of the layer is nearly incompressible by 
hydrostatic pressure. 

6. Prove that Eq. (8) follows from Eqs. (11), (10), and (5). 



CHAPTER 2 

PLANE STRESS AND PLANE STRAIN 


7. Plane Stress. If a thin plate is loaded by forces applied at the 
boundary, parallel to the plane of the plate and distributed uniformly 
over the thickness (Fig. 8), the stress components <r z , t xz , t vz are zero on 
both faces of the plate, and it may be assumed, tentatively, that they 
are zero also within the plate. The state of stress is then specified by 
<T V , Try only, and is called plane stress. It may also be assumed that 




these three components are independent of z, i.e., they do not vary 
through the thickness. They are then functions of x and y only. 

8. Plane Strain. A similar simplification is possible at the other 
extreme when the dimension of the body in the z-direction is very large. 
If a long cylindrical or prismatical body is loaded by forces which are 
perpendicular to the longitudinal elements and do not vary along the 
ength, it may be assumed that all cross sections are in the same condi¬ 
tion. It is simplest to suppose at first that the end sections are con¬ 
fined between fixed smooth rigid planes, so that displacement in the 
axial direction is prevented. The effect of removing these will be 
examined later. Since there is no axial displacement at the ends, and, 

y symmetry, at the mid-section, it may be assumed that the same 
holds at every cross section. 

There are many important problems of this kind—a retaining wall 
with lateral pressure (Fig. 9), a culvert or tunnel (Fig. 10), a cylindrical 
u e with internal pressure, a cylindrical roller compressed by forces in 

11 
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, diametral plane as in a roller bearing (Fig. 11). In each case of 
course the loading must not vary along the length. Since conditions 
are the same at all cross sections, it is sufficient to consider only a slice 
bet ween t wo sections unit distance apart. r l he components u and a of 
E displacement are functions of * and y but are independent of the 




X 


L-LL-LL Li 




Fia. 11. 

longitudinal coordinate 2 . Since the longitudinal displacement w is 
zero, Eqs. (2) give 



dv . 

dW 

7 y* 

= —. —h 

dz 



du . 

dw 

7** 

= + 
dz 

dx 



■ 0 


_ _ 

dz 


= 0 


= 0 


(a) 


The longitudinal normal stress a s can he found in terms of <t x and <r y 
by means of Hooke’s law, Eqs. (3). Since e* = 0 we find 


or 


o z — v(a x -T <r y ) = 0 

(Tz = + 0-y) 


(M 


These normal stresses act over the cross sections, including the ends, 
where they represent forces required to maintain the plane strain, and 
provided by the fixed smooth rigid planes. 
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By Eqs. (a) and (6), the stress components r xz and t vz are zero, and, 
by Eq. (b), cr z can be found from <j x and <r y . Thus the plane strain prob¬ 
lem, like the plane stress problem, reduces to the determination of 
(t x , o-y, and Txy as functions of x and y only. 

9. Stress at a Point. Knowing the stress components a x , <j v , r xy at 
any point of a plate in a condition of plane stress or plane strain, the 
stress acting on any plane through this point perpendicular to the plate 
and inclined to the x- and y -axes can be calculated from the equations 
of statics. Let O be a point of the stressed plate and suppose the stress 
components cr x , <r y , rxy are known 
(Fig. 12). To find the stress for any 
plane through the 2 -axis and inclined 
to the x- and ?/-axes, we take a plane 
BC parallel to it, at a small distance 
from 0, so that this latter plane 
together with the coordinate planes 
cuts out from the plate a very small 
triangular prism OBC. Since the 
stresses vary continuously over the 
volume of the body the stress acting 
on the plane BC will approach the stress on the parallel plane through 
O as the element is made smaller. 

In discussing the conditions of equilibrium of the small triangular 
prism, the body force can be neglected as a small quantity of a higher 
order (page 4). Likewise, if the element is very small, we can neglect 
the variation of the stresses over the sides and assume that the stresses 
are uniformly distributed. The forces acting on the triangular prism 
can therefore be determined by multiplying the stress components by 
the areas of the sides. Let N be the direction of the normal to the 
plane BC, and denote the cosines of the angles between the normal N 
and the axes x and y by 




cos Nx — l, cos Ny = m 

Then, if A denotes the area of the side BC of the element, the areas of 
the other two sides are Al and Am. 

If we denote by X and Y the components of stress acting on the side 
BC, the equations of equilibrium of the prismatical element give 


.X" — lo~x ”f" WTjj, 

Y = m<Ty -f- IT X y 


( 12 ) 
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cosines . ond „ con easily be c.lcui.W tr«» E^Ua^ovided «h. 
three components of stress tr x , <r Vf at the point 

Letting a be the angle between the normal N and the x-ax.s, so that 
l = cos a a nd m = sin a, the normal and shearing components of stress 

on the plane BC are (from Eqs. 12) 


a 


T 


X cos a + Y sin a 
Y cos a — X sin a 


a x cos 2 a + <r v sin 2 a 

-f- 2 t zv sin a cos a 

t xv ( cos 2 a - sin 2 a) 

-f- (<r y — <r x ) sin a cos a 


It may be seen that the angle a can be chosen in such a manner that the 
shearing stress r becomes equal to zero. For this case we have 

t„(cos 2 a - sin 2 a) + (<r„ - a.) sin a cos a = 0 


or 



sin a cos a ^ 
cos 2 a — sin 2 a 


- tan 2a 



From this equation two perpendicular directions can be found for 
which the shearing stress is zero. These directions are called principa 
directions and the corresponding normal stresses principal stresses. 

If the principal directions are taken as the x- and y- axes, is zero 
and Eqs. (13) are simplified to 


a = <J X cos 2 a + o-y sin 2 a (13') 

t = i sin 2 a (try — <r x ) 

The variation of the stress components <r and r, as we vary the angle 
a, can be easily represented graphically by making a diagram in which 
G and r are taken as coordinates. 1 For each plane there will correspond 
a point on this diagram, the coordinates of which represent the values 
of (t and r for this plane. Figure 13 represents such a diagram. For 
the planes perpendicular to the principal directions we obtain points A 
and B with abscissas a x and a v , respectively. Now it can be proved 
that the stress components for any plane BC with an angle a (Fig. 12) 
will be represented by coordinates of a point on the circle having AB as 
a diameter. To find this point it is only necessary to measure from the 
point A in the same direction as a is measured in Fig. 12 an arc sub¬ 
tending an angle equal to 2a. If D is the point obtained in this man¬ 
ner, then, from the figure, 


OF = OC + CF = ZJL+Iy + a Y cos 2a = <r x cos 2 a + ay sin 2 a 

DF — CD sin 2a = i(o- x — <r v ) sin 2a 

1 This graphical method is due to O. Mohr, Zivilingenieur , 1882, p. 113. Seo 
also his “Technische Mechanik,” 2d ed., 1914. 
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Compai-mg with Eqs (13') it is seen that the coordinates of point D 
e ve the numerical values of stress components on the plane BC at the 
angle a. To bring into coincidence the sign of the shearing component 

in! f 6 T P ° SltlVe U1 the u P ward direction (Fig. 13) and consider shear- 
ng stresses as positive when they give a couple in the clockwise direc¬ 
tresses of oonos f ° f ^ eIem6nt “ 6cd (Fig ' ‘ Zb) • Shearing 

“ the SideS ^ * of the element, 

(Fk S fl £( i r °u ateS atX>Ut an axis Perpendicular to the *y- P lane 
(kig. 12) in the clockwise direction, and a varies from 0 to tt/2 the 



point D in Fig. 13 moves from A to B, so that the lower half circle 

The uppeThalf ^ M ° f “ within these limits. 

upper half of the circle gives stresses for -tt/2 < cx < tt 

angi r et+‘o g the / adius f ?D to the point Dl (Fig. 13),V taking the 

BC (Firr + iq!’ mstead of 2a ’ tFe stresses on the plane perpendicular to 

two «,m l ? ° b amed - This Sh ° WS that the bearing stresses on 

lirr nd T Ular P S are numcrica 'ly e <l ual as previously proved, 
normal stresses, we see from the figure that OF x -J- OF — 200 

thins r um ° f th ! n ° rmal stresses over two perpendicular cross sec¬ 
tions remains constant when the angle a changes. 

the maximum shearing stress is given in the diagram (Fig 13) bv 
drcl“ aX H e !” ° rdmate ° f the CirCle ’ *' e " is ef l uaI to the radius of the 


^max. — 


- O’ 


(15) 

angle^he! ^ f ° r Which “ " * /4 ’ i e - on the P lane bisecting the 
angle between the two principal stresses. 

ruU^Svenon p. 3 holcT^ “ ^ COnstruction ° f circle. Otherwise the 
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The diagram can he used also in the ease when one or both principal 
stresses are negative (compression). It is only necessary to change the 
sign of the abscissa for compressive stress. In this mannei Fig. 14a 
represents the case when both principal stresses are negative and 

Fin. 146 the case of pure shear. 



Fig. 14. 


From Figs. 13 and 14 it is seen that the stress at a point can be resolved into two 
parts: One, uniform tension or compression, the magnitude of which is given by the 
abscissa of the center of the circle; and the other, pure shear, the magnitude of 
which is given by the radius of the circle. When several plane stress distributions 
are superposed, the uniform tensions or compressions can be added together 





y (6) 


Fig. 15. 



algebraically. The pure shears must be added together by taking into account 
the directions of the planes on which they are acting. It can be shown that, if wo 
superpose two systems of pure shear whose planes of maximum shear make an 
angle of fi with each other, the resulting system will be another ease of pure shear. 
I*or example, Fig. 15 represents the determination of stress on any plane defined 
by or, produced by two pure shears of magnitude t\ and r 2 acting one on the planes 
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(Fie" 155) (K fn v a) lu e ° theT , ° n the planes incIine<1 to xz and yz by the angle 3 
(I^ig. 15 b). In Fig. 15a the coordinates of point D renrespnt thn d, , £ P 

stress on plane CB produced by the first system, while the coordinate of'S 

155) gives the stresses on this plane for the second system. Adding OD and On 

geometrically we obtam OG, the resultant stress on the plane due to both 

the coordinates of G giving us the shear and normal stress Note that ihJ ’ 

tude of OG does not depend upon «. Hence as the resub of H the magm- 

two shears, we obtain a Mohr circle for pure shear the maanitud^T^n ° f 

given by OG, the planes of maximum shear being inclined to the ~ ° f 7'“*, 

an angle equal to half the angle GOD. ~ VZ p anes lj y 

A diagram, such as shown in Fig. 13, can be used also for determining 
principal stresses if the stress compo- mining 

nents cr x , a v , r^ for any two perpendicular 
planes (Fig. 12) are known. We begin 
in such a case with the plotting of the two 
points D and D lf representing stress con¬ 
ditions on the two coordinate planes 
(Fig. 16). In this manner the diameter 
DD X of the circle is obtained. Construct¬ 
ing the circle, the principal stresses <ri and 
0-2 are obtained from the intersection of 
the circle with the abscissa axis. From the figure we find 



<ri = OC + CD = 


+ 0-y 


+ 


0-2 = OC - CD 


_ 0~X + Q-y _ 

2 



— a 



+ T. 2 


XV 


_liA 

2 / 


+ T ; 2 




(16) 


The maximum shearing stress is given by the radius of the circle, i.e., 


max 


= 5 O* 



— a 



+ r 


xy 


(17) 


al ‘ r ‘ 6C c eSSary f6atUleS ° f the stress distribution at a 
known ° y the thrCe Str6SS com P onen ts „„ T „ are 

10. Strain at a Point. When the strain components c „ y a t a 
of “SttT hT elongation for an y direction, and thede7rea.se 

can be found g e 7t e Sh . eanng stra ^-of any orientation at the point 

(* + J TI 3 t • *T ele ™ en ‘ PQ (Fig - 17 “) between the points (*,„), 

into the r P 18 tra “ sIated - Wretched (or contracted) and rotated 
nto the line element P'Q' when the deformation occurs The dis- 
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placement components of P are u, v, and those of Q aie 

«+ £ * + S ” + l-> + S> 

If P'Q' in Fig. 17a is now translated so that P’ is brought back to P, 
it is in the position PQ" of Fig. 1/6, and QR , RQ represent the com¬ 
ponents of the displacement of Q relative to P. Thus 

«* - £ ■* + £ **' - £ * + £ d « (a) 

The components of this relative displacement Q*S, SQ", normal to 
PQ" and along PQ", can be found from these as 

QS = -QR sin 0 4- RQ" cos 0, SQ" = QR cos 6 + PQ" sin d (6) 

ignoring the small angle QPS in comparison with 0 . Since the short 
line QS may be identified with an arc of a circle with center P, SQ" 




gives the stretch of PQ. The unit elongation of P'Q', denoted by e e , is 
SQ"/PQ. Using (6) and (a) we have 


e$ — cos 0 



(lx d 

ds dij 


u M I • a (& v d x i dr dy\ 
U d s / \dx ds dy ds) 


= ~ cos 2 0 + 
dx 


du . dv\ . „ , dv . „ 

TT. + ) sin 0 cos 0 -f — sin 2 0 

dy ox/ dy 


or 


(c) 


€e = e x cos' 2 6 + 7 x 1 , sin 0 cos 0 + €„ sin 2 0 

which gives the unit elongation for any direction 0 . 

The angle \p 0 through which PQ is rotated is QS/PQ. Thus from (b) 
and (a), 

/ ~\ 7 r. » \ / . 

di 


to — — sin 6 


/da //.r 
\d.r ds 


, du dy\ 

+ ——+ J + cos 0 


dy ds 


or 


/ dv dx dr dy\ 
\dx ds dy ds ) 


i dr 

YO — -T— cos 2 0 + 
dx 


(dv du\ . 
\dy dx ) S1 


du 


sill 0 cos 0 — ~ sill 2 B 

d>J 


W 
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The line element PT at right angles to PQ makes an angle 0 -f- (tt/ 2) 
with the ^-direction, and its rotation to+z is therefore given by ( d ) when 

6 ' + fr/ 2 ) is substituted for 0. Since cos [0 + (tt/2)] = - sin 0 
sin [0 -|- {tt/2)} = cos 0, we find ’ 


. dv 

*° + i - s 


sin 2 0 


W 


d u\ . n 

“ di) Sm 0 


Su 

cos e — — cos 2 e 

dy 


(e) 


The shear strain y e for the directions PQ, PT is - ^ s+ ir, so 


ye 


or 


_ ( dv 
\dx 


+ 


du 

d U. 


(cos 2 Q — sin 2 d) + 


(dv_ __ 

\dy 


du 

dx 


2 sin 6 cos d 


^ y ° ^yxv (cos 2 d — sin 2 d) + (e u — € x ) sin d cos d (/) 

Comparing (c) and (/) with (13), we observe that they may be obtained 
from (13) by replacing „ by r by y,/2, a. by by by W 2, 

da by d. Consequently for each deduction made from (13) as to 
^ T r ’^ here is a corresponding deduction from (c) and (/) as to c, and 
ye/2. Thus there are two values of 0, differing by 90 deg., for which 
yo 1S zero. They are given by 


—— - = tan 20 

€* €y 

The corresponding strains e g are principal strains. A Mohr circle 

lagram analogous to Fig. 13 or Fig. 16 may be drawn, the ordinates 
representing y e /2 and the abscissas € «. The principal strains 6l , €2 will 
be the algebraically greatest and least values of e* as a function of d. 

e greatest value of y 0 /2 will be represented by the radius of the 
circle. Thus the greatest shearing strain y e max . is given by 

'Y6 max. = €2 

11. Measurement of Surface Strains. The strains, or unit elonga- 
jons, on a surface are usually most conveniently measured by means of 
electric-resistance strain gauges. 1 The simplest form of such a gauge 
IS a short length of wire insulated from and glued to the surface. When 
stretching occurs the resistance of the wire is increased, and the strain 
can thus be measured electrically. The effect is usually magnified by 
looping the wires backward and forward several times, to form several 
gauge lengths connected in series. The wire is glued between two tabs 
of paper, and the assembly glued to the surface. 

The use of these gauges is simple when the principal directions are 

1 A detailed account of this method is given in the “Handbook of Experimental 
otress Analysis,” Chaps. 5 and 9. 
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known. One gauge is placed along each principal direction and direct 
measurements of ei, e 2 obtained. The principal stresses <n, <r 2 may then 
be calculated from Hooke’s law, Eqs. (3), with <r x = a 1 , a v = cr 2 , 
0z = o, the last holding on the assumption that there is no stress acting 
on the surface to which the gauges are attached. Then 

(l — V-)<Ti = E(e 1 + V€ 2 ) t (1 — V~)<? 2 — E(*2 4“ V€\) 

When the principal directions are not known in advance, three meas¬ 
urements are needed. Thus the state of strain is completely deter¬ 
mined if e x , €„, yxu can be measured. But since the strain gauges meas- 



Fio. 18. 

ure extensions, and not shearing strain directly, it is convenient to 
measure the unit elongations in three directions at the point. Such a 
set of gauges is called a “strain rosette.” The Mohr circle can be 
drawn by the simple construction 1 given in Art. 12, and the principal 
strains can then be read off. The three gauges are represented by the 
three full lines in Fig. 18a. The broken line represents the (unknown) 
direction of the larger principal strain €j, from which the direction of 
the first gauge is obtained by a clockwise rotation <£. 

If the .r- and //-directions for Eqs. (c) and (/) of Art. 10 had been 
taken as the principal directions, e x would be e lf would be € 2 , and Txy 
would be zero. The equations would then be 

to = €i cos- 0 + e 2 sin 2 0, o = — («i — € 2 ) sin 0 cos 9 

where 0 is the angle measured from the direction of € 1 . 1'hese may be 
written 

e0 = * (ei + e =) + i( e ' - f s) cos 20, ty 0 = -^( e , _ es ) sin 20 

and these values are represented by the point P on the circle in Fig. 18c. 
If 0 takes the value 0, P corresponds to the point .1 on the circle in Fig. 

J'J15X "j^I'l'ofl 1 ' Applicd Mcchani ™ (Trans. A.S.M.E.), vol. 12, p. A-209, 


A 
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i 8 b the angular displacement from the e^axis being 20 . The abscissa 
of this point is e* which is known. If 9 takes the value 0 + a P moves 
toBthroughafurtheraiig 16 ^ FB = 2a, and the abscissa is the known 

If — lf the value * + « + ft P moves on to C, through 

a further angle BFC = 2ft and the abscissa is e a+l3+ <, 

The problem is to draw the circle when these three abscissas and the 
two angles a, p are known. 

12. Construction of Mohr Strain Circle for Strain Rosette. A tem- 

186 ar and°th Z °^ iS dra "' n horiz ° nta ">' any origin O', Fig 

186 and the three measured strains e „ +(3+ , ] aid off a , •* 

Verticals are drawn through these points. Selecting any point D on 
the vertical through lines DA, DC are drawn at angles a and 0 to 

the v ert i at n shown> tQ meet the Qther twQ vertica g , s at A to 

The circle drawn through D, A, and C is the required circle. Its center 
CD ; Crm r d 7 intersection of the perpendicular bisectors of 

R and C Th 6 P01I i tS ;^T nting the three gauge dir ections are A, 

, d C The angle AFB, being twice the angle ADB at the circum¬ 
ference is 2a, and BFC is 2ft Thus A, B, C are at the required angular 

ntervals round the circle, and have the required abscissas. The <=„ 
axis can now be drawn as OF, 

and the distances from 0 to the X 

intersections with the circle give k(cr ) 4 

«i, € 2 . The angle 2 <f> is the angle | * 4 

of FA. below this axis. y | 

13. Differential Equations of h. 4 - 

Equilibrium. We now consider 

the equilibrium of a small rectan- /■&! - 3 fa,y) * -► 

gular block of edges h, k, and * 3 k (a xh 

unity (Fig. 19). The stresses L 2 Vfc. 3 J, 

acting on the faces 1, 2, 3, 4, and rST y ) 2 

their positive directions are in- , 

dicated in the figure. On ac- 

count of the variation of stress Fig * 19, 

throughout; the material, the value of, for instance, «•. is not quite 

mTd-nolnw TF ° f f e rect,an g le in Fig. 19. The values at the 

are verv smtl. ru ^ by ( ° * (<jJ *> etc - Since the faces 

the J u’ t u G corres P° ndin g f° r ces are obtained by multiplying 

hese values by the areas of the faces on which they act. 1 S 


- ) 
OCV'4 


rr *y >3 


^00)3 


fay) 


<°x)l 


(z xyh 


' {7r X y>l 


fay ) 2 


Fig. 19. 
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The body force on the block, which was neglected as a small quantity 
of higher order in considering the equilibrium of the triangular prism 
of Fig. 12, must be taken into consideration, because it is of the same 
order of magnitude as the terms due to the variations of the stress 
components which are now under consideration. If X, Y denote the 
components of body force per unit volume, the equation of equilibrium 
for forces in the x-direction is 

(cTj)ik — (<?x) 3 k + (jxv)th — (r x „) 4 /i + Xhk = 0 


or, dividing by hk, 



If now the block is taken smaller and smaller, i.r., h —> 0, k —> 0, the 
limit of [ (cr r ) 1 — (<r x) 3 ] / h is da x /dx by the definition of such a derivative. 
Similarly [(r^) 2 — {T xv ).\\/k becomes dr xv /d\j. The equation of equi¬ 
librium for forces in the //-direction is obtained in the same manner. 
Thus 



In practical applications the weight of the body is usually the only 
body force. Then, taking the //-axis downward and denoting by p the 
mass per unit volume of the body, Eqs. (18) become 



These are the differential equations of equilibrium for two-dimensional 
problems. 

14. Boundary Conditions. Equations (18) or (19) must be satisfied 
at all points throughout the volume of the body. The stress compo¬ 
nents vary over the volume of the plate, and when we arrive at the 
boundary they must be such as to be in equilibrium with the external 
forces on the boundary of the plate, so that external forces may be 
regarded as a continuation of the internal stress distribution. These 
conditions of equilibrium at the boundary can be obtained from Eqs. 

vf)' 7 aklng the sma11 triangular prism 0I1C (Fig. 12), so that the 
side HC coincides with the boundary of the plate, as shown in Fig. 20, 
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and den ° ting by * f nd ? th e components of the surface forces per unit 
aiea at this point of the boundary, we have 


X = l<r x -f niT^y 
Y = rruT y + l Txv 


( 20 ) 


m which l and m are the direction cosines of the normal N to the 
boundary. 

In the particular case of a rectangular plate the coordinate axes are 
usually taken parallel to the sides of the plate and the boundary condi¬ 
tions (20) can be simplified. Taking, for instance, a side of the plate 

parallel to the z-ax.s we have for this part of the boundary the normal 
N parallel to the ?/-axis; hence l = 0 and 

m “ ±1* Equations (20) then become 


X = ± 


*y> 


Y = + 


“r cr 


y 



Fig. 20. 


Here the positive sign should be taken if the 
normal N has the positive direction of the 
y-axis and the negative sign for the opposite 
direction of TV. It is seen from this that at - 

the boundary the stress components become equal to the components 
ol the surface forces per unit area of the boundary. 

^ ^ J 1 1 . a of the theory of elas- 

ticity usually ,s to determine the state of stress in a body submitted to 

the action of given forces. In the case of a two-dimensional problem 

i is necessary to solve the differential equations of equilibrium (18) 

tf O Utl ° n mUSt be SUCh aS to satisfy the boundary conditions 
{ J°': J hes f equations, derived by application of the equations of 
statics for absolutely rigid bodies, and containing three stress compo- 
nents a x ,^ Txy , are not sufficient for the determination of these compo- 
nents. rhe problem is a statically indeterminate one, and in order to 
obtain the solution the elastic deformation of the body must also be 

considered. 

The mathematical formulation of the condition for compatibility of 

stress distribution with the existence of continuous functions u, v w 

defining the deformation will be obtained from Eqs. (2). In the case 

ot two-dimensional problems only three strain components need be 
considered, namely, 

dw _ dv du , dv 

dx’ ay’ yzv ~ dy + ai (“) 

These three strain components are expressed by two functions u and ir 
nence they cannot be taken arbitrarily, and there exists a certain rela- 


Cr = 
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tion between the strain components which can easily be obtained from 
(a). Differentiating the first of the Eqs. (a) twice with respect to y, 
the second twice with respect to x , and the third once with respect to x 
and once with respect to y , we find 


d 2 e x . d 2 e u _ 
dy 2 dx 2 dx dy 


( 21 ) 


This differential relation, called the condition of compatibility, must be 
satisfied by the strain components to secure the existence of functions 
u and v connected with the strain components by Eqs. (a). By using 
Hooke’s law, [Eqs. (3)], the condition (21) can be transformed into a 
relation between the components of stress. 

In the case of plane stress distribution (Art. 7), Eqs. (3) reduce to 


e x 




2(1 + *0 
E 



( 22 ) 

(23) 


Substituting in Eq. (21), we find 

ip~ w « ) + £ = 2(1 + p) iff y (6) 

This equation can be written in a different, form by using the equations 
of equilibrium. For the case when the weight of the body is the only 
body force, differentiating the first of Eqs. (19) with respect to x and 
the second with respect to y and adding them, we find 


2 d 2 r xv _ _ d 2 (s x _ dV y 

dx dy dx 2 dy 2 

Substituting in Eq. (6), the compatibility equation in terms of stress 
components becomes 

dx 2 + dy 2 ) ^ = 0 C 24 ) 

Proceeding in the same manner with the general equations of equilib¬ 
rium (18) we find 



d 2 \ 

< 3 ^ 2 / a v ) = “(1 + 



In the case of plane strain (Art. 8), we have 




= v(<r* + v v ) 



PLANE STRESS AND PLANE STRAIN 


25 


and from Hooke’s law (Eqs. 3), we find 


Cl E V ~) (T X ^(1 -J- J / )0'y] 


1 


v ~)&y — ^(1 + v)<T x ] 


(26) 


E 

_ 2(1 + p) 

/ XV jrp T xy 


(27) 

Substituting in Eq. (21), and using, as before, the equations of equilib¬ 
rium (19), we find that the compatibility equation (24) holds also for 
plane strain. For the general case of body forces we obtain from Eqs. 

(^1) and (18) the compatibility equation in the following form: 

/ 


d 2 


+ 



(?X + 0-y) 




ax . dY 


+ 


(28) 


■ dx °y-/ " l-r\dx ■ dlj. 

The equations of equilibrium (18) or (19) together with the boundary 
conditions (20) and one of the above compatibility equations give us a 
system of equations which is usually sufficient for the complete deter¬ 
mination of the stress distribution in a two-dimensional problem * 
the particular cases in which certain additional considerations are 
necessary will be discussed later (page 117). It is interesting to note 

strl i constant bod y forces the equations determining 

stress distribution do not contain the elastic constants of the material 

Str6SS dlstnbution is th e same for all isotropic materials, pro¬ 
vided the equations are sufficient for the complete determination of the 

tW SeS ;v CO r ndusion is of Practical importance: we shall see later 

Dossillt T? traDS P arent materials, such as glass or xylonite, it is 
possible to determine stresses by an optical method using polarized 

hght (page 131). From the above discussion it is evident that experi- 

be »n l T T ° b 1 tained with a transparent material in most cases can 
he applied immediately to any other material, such as steel. 

It should be noted also that in the case of constant body forces the 

compa tlblht tiQn (24) holds bQth for the case of p]a J 

or the case of plane strain. Hence the stress distribution is the same 

forced 6 tW ° CaSCS ’ Pr ° vided the sha P e of the boundary and the external 
voices are the same. 2 

fart^YJl^ u reSS there are com P atibil ity conditions other than (21) which are in 

method of^h ^ ° Ur rr Pti0nS ' “ “ Sh ° Wn in Art ' 84 that - -spite of this the 
2 T , . present chapter gives good approximations for thin plates 

for then the Ih " V "T” modi f cati °“ 'vhen the plate or cylinder has holes, 
ments as ^ 
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16. Stress Function. It has been shown that a solution of two- 
dimensional problems reduces to the integration of the differential 
equations of equilibrium together with the compatibility equation and 
the boundary conditions. If we begin with the case when the weight 
of the body is the only body force, the equations to be satisfied are (see 

Eqs. 19 and 24) 





(<Tz + O-y) 




To these equations the boundary conditions (20) should be added. 
The usual method of solving these equations is by introducing a new 
function, called the stress function. 1 As is easily checked, Eqs. (a) are 
satisfied by taking any function <£ of x and \j and putting the following 
expressions for the stress components: 



av= d^~ pgV ' 



In this manner we can get a variety of solutions of the equations of 
equilibrium (a). The true solution of the problem is that which satis¬ 
fies also the compatibility equation (/>). Substituting expressions (29) 
for the stress components into Eq. ( b ) we find that the stress function 
<t> must satisfy the equation 


, 2 3*0 , _ 

ax 4 dx 2 ay 2 ^ dy* 


(30) 


thus the solution of a two-dimensional problem, when the weight of 
the body is the only body force, reduces to finding a solution of Eq. (30) 
which satisfies the boundary conditions (20) of the problem. In the 

following chapters this method of solution will be applied to several 
examples of practical interest. 


Let us now consider a more general case of body forces and assume that these 

forces have a potential. Then the components X and Y in Eqs. (18) are given 
by the equations 


'This function was introduced in the solution of two-dimensional problems by 

G B. Airy Brit Assoc. Advancement Sci. Rept ., 1SG2, and is sometimes called the 
Airy stress function. 
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X = - 


Y — — 


dV 

dx 

dV 

dy 


(C) 


in 


which V is the potential function. Equations (18) become 


= 0 




These equations are of the same form as Eqs. (a) and can be satisfied by taking 


<?x 


— V = 


%- 


— v = 


d 2 <t> 

~dx 2 


T *v = — 


d 2 0 
<>X dy 


(31) 

m which 0 is the stress function. Substituting expressions (31) in the compati¬ 
bility equation (25) for plane stress distribution, we find P 


. 2 0 << t> 

dx* dx 2 d ?/ 2 


+ 


d*<t> 

dy* 


= -(!-»)( 


d 2 E d 2 F\ 


dx 2 


(32) 

f 

Wn al ° r e ri ° n can be obtained for the case of plane strain. 

cJ„7n n u ' b l ° dy f ° rCe “ S Simply the "'eight, the potential V is -no,, In this 

Of (32) e o r r S of ram “ fi 1 fv?' (32) reduces t0 zer °- taki "6 the solution <. 1 0 
or of (30 >> we find the stress distribution from (31), or (29) 


o-x = -pgy, 


<j v = —pgy, 


*V 


= 0 


(d) 


ZNT I- • ° StreSS due to e ravit y- This is a state of hydrostatic pressure 

of any shan ImenS1 T!j ^ ^ StreSS at v = °' 11 can a *ist in a plate or cylinder 

in _ „ h h 5 provided the corresponding boundary forces are applied. Consider 

ng a boundary element as in Fig. 12, Eqs. (13) show that there must be a normal 

be supported 0 ^ and Zero shear stress ' If ‘he plate or cylinder is to 

, • PP t d , ° me other m anner we have to superpose a boundary normal 

^d the P det aD ' hC , nCW " l T P ° rtlng forCes - The two together will be in equilibrium 
body fortes.™ 10n ° f CffCCtS 18 a problem of boundary forces only, without 


rroDiems 


1. Show that Eqs. (12) remain valid when the element of Fig. 12 has acceleration 

metummen 6 ts aPhiCally “ d their ^ 


€ cz+p+<t> 0.95 X 10 3 in. per inch 


«* - 2 X 10 *, €a+4> = 1.35 X 10 - 3 , 

where « = p = 450 . 

side T ot Ea^W and , the « eneral «*“ ° f a potential V such that the right-hand 
(Trans. ^ AM "«*« 


mcs 
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3. Show that the line elements at the point x, y which have the maximum and 
minimum rotation are those in the two perpendicular directions 0 determined by 

/dv du\ / (dv du\ 

tan 20 = {Ty-0i)/\0i + Ty) 

4. The stresses in a rotating disk (of unit thickness) can be regarded as due to 
centrifugal force as body force in a stationary disk. Show that this body force is 
derivable from the potential V = -$pa> 2 (x 2 + i/ 2 ), where p is the density, and o> the 
angular velocity of rotation (about the origin). 

6. A disk with its axis horizontal has the gravity stress represented by Eqs. 
(,/) of Art. 1G. Make a sketch showing the boundary forces which support its 
weight. Show by another sketch the auxiliary problem of boundary forces which 
must be solved when the weight is entirely supported by the reaction of a horizontal 
surface on which the disk stands. 

6. A cylinder with its axis horizontal lias the gravity stress represented by Eqs. 
(r/) of Art. 16. Its ends are confined between smooth fixed rigid planes which 
maintain the condition of plane strain. Sketch the forces acting on its surface, 
including the ends. 

7. Using the stress-strain relations, and Eqs. (a) of Art. 15 in the equations of 
equilibrium (18), show that in the absence of body forces the displacements in 
problems of plane stress must satisfy 

0 2 u . 0 2 u . 1 -f- v d /du dv\ _ 
dx* + Oy 2 "*■ 1 - v dx \dx + ~dy) = U 

and a companion equation. 



8. The figure represents a “tooth” on a plate in a state of plane stress in tho 
plane of the paper. The faces of the tooth (the two straight lines) are free from 
force. Prove that there is no stress at all at the apex of the tooth. ( N.B .: The 
same conclusion cannot be drawn for a reentrant, i.c., internal, corner.) 


CHAPTER 3 


TWO-DIMENSIONAL PROBLEMS 
IN RECTANGULAR COORDINATES 


17. Solution by Polynomials. It has been shown that the solution 
of two-dimensional problems, when body forces are absent or are con¬ 
stant, is reduced to the integration of the differential equation 


d 4 <f> 
d& 


+ 2 


d 4 d> 


+ ^ = 0 


(a) 


dx 2 dy 2 1 dy 4 

having regard to boundary conditions (20). In the case of long 
rectangular strips, solutions of Eq. (a) in the form of polynomials are 
of interest. By taking polynomials 
of various degrees, and suitably ad¬ 
justing their coefficients, a number of 
practically important problems can be 
solved. 1 

Beginning with a polynomial of the 
second degree 


, a * 


-b 







<f>2 = ~ x 2 + b 2 xy ~h^y 2 


'^rrrrrn 


0 b ) 


Fig. 21 


which evidently satisfies Eq. (a), we find from Eqs. (29), putting 

pg = 0, 6 


d 2 <f> 
dy 2 ~ ° 2 ’ 


_ d 2 4>2 _ 
"""'to? ~ 



d 2 02 _ _ 
dx dy 


All three stress components are constant throughout the body, i.e., the 
stress function (6) represents a combination of uniform tensions or 
compressions 2 in two perpendicular directions and a uniform shear. 
The forces on the boundaries must equal the stresses at these points as 
iscussed on page 23; in the case of a rectangular plate with sides 
parallel to the coordinate axes these forces are shown in Fig. 21. 


'A. Mesnager, Compt. rend., vol. 132, p. 1475, 1901. See also A. Timpe, Z. 
Math. Physik, vol. 52, p. 348, 1905. 

* This depends on the sign of coefficients a 2 and b 2 . The directions of stresses 
indicated in Fig. 21 are those corresponding to positive values of a 2 , b 2 , c 2 . 

29 



30 


THEORY OF ELASTICITY 


Let us consider now a stress function in the form of a polynomial of 
the third degree: 



This also satisfies Eq. (a). Using Eqs. (29) and putting pg = 0, we 
find 



CsX + d 3 y 

a 3 x + 


d 2 <t > 3 
dx dy 


— b 3 x — c 3 y 


For a rectangular plate, taken as in Fig. 22, assuming all coefficients 
except (1 3 equal to zero, we obtain pure bending. If only coefficient u 3 
is different from zero, we obtain pure bending by normal stresses 
applied to the sides y = ±c of the plate. If coefficient 6 3 or c 3 is taken 



different from zero, we obtain not only normal but also shearing 
stresses acting on the sides of the plate. Figure 23 represents, for 
instance, the case in which all coefficients, except b 3 in function (c), are 
equal to zero. 1 he directions of stresses indicated are for b 3 positive. 
Along the sides y = ±c we have uniformly distributed tensile and 
compressive stresses, respectively, and shearing stresses proportional 
to x. On the side x = l we have only the constant shearing stress —b 3 l, 
and there are no stresses acting on the side x = 0 . An analogous stress 
distribution is obtained if coefficient c 3 is taken different from zero. 

In taking the stress function in the form of polynomials of the second 
an third degrees we are completely free in choosing the magnitudes of 
t e coefficients, since Kq. (a) is satisfied whatever values they may 
have. In the case of polynomials of higher degrees Eq. (a) is satisfied 
only if certain relations between the coefficients are satisfied. Taking, 
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for instance, the stress function in the form of a polynomial of the 
fourth degree, 

« 7 

d. 

(d) 


* 4 = ^ + A % *v + .si. + ^ 4 


4 • 3 


3 • 2 


3 • 2 


4 • 3 


onltlf bStltUting ^ int ° Eq ' (0) ’ " 6 find tHat the ec l uation is satisfied 

e * = (2c4 + CIa) 

The stress components in this case are 

<9 2 04 

dy 2 = CaX d* xl J — (2c 4 -f- a A )y 2 
d 2 <}> A 


(Jx = 


q x i ~ a * x2 + b A xy -f- c A y 


d 2 0 4 b An fj 

~ tedij = _ 2 x 2ctXy - ~£ y 2 


r„, = 


^° t e ®, lent , S a '[. ■ ■ • ’ di in these expressions are arbitrary, and by 
suitably adjusting them we obtain various conditions of loading of a 

Z llTvett ^ inStanC6 ’ aH COefEcientS exce Pt ^ equal 

= diXy ’ | y* ( e) 

tr Sit T’ the f u rC6S acting ° n the rectan S u iar plate shown 
tudinal! / producing the stresses (e) are as given. On the longi¬ 
tudinal sides y = ± c are uniformly distributed shearing forces - on the 
ends shearing forces are distributed according to a parabolic law The 

shearing forces acting on the boundary 

Of the plate reduce to the couple 1 


*_1_ 

f 7 “ 

{_s_ 

r- X 


M = • 2C — 1 d4 ° 2 . O/. 7 2 7 37 

2 C 3 “IT Zc L = 3 d A c^l 

This couple balances the couple pro¬ 
duced by the normal forces along the 
side x = l of the plate. Fig. 24 . 

fifth e degree nSlder ** StFeSS function in the form of a polynomial of the 

__ «5 


05 = 


H 16 + 41 ^ + 3 A 2 ^ + 3 A 2 + 41 ^ + 5-4 ^ 


(/) 


1 The thickness of the plate is taken equal to unity. 
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Substituting in Eq. (a) we find that this equation is satisfied if 

= — (2 + 3 a 6 ) 

fb = — 5(65 + 2 ds) 


The corresponding stress components are: 


= = c Jl x s + d^x^y - (2+ 3a 5 )a*>/ 2 - ^ (6 6 + 2d 5 )?/ 

<7 V = 4~T = a5-r 3 + + Cb-vy 2 + // 3 


Cr> 


1 


3 


<9.c 




■Txw = — 


_ _ = — \ 1>bX* — Cf>x-y — d*xy* + 73 ( 2 c b + 3 a b )y* 

dx OXJ O A 


Again coefficients a 5 , . . . , (h are arbitrary, and in adjusting them 
we obtain solutions for various loading conditions of a plate. Taking, 


I I M I 1 I 


11*11111 *cts(£*c-4-cV 


-1 i s c j 


(a) 


F10. 25. 



for instance, all coefficients, except d b , equal to zero we find 


<Tz = d b (x-y — tU 3 ) 

cr v = id by 3 (g) 

Txy = — d b xy 2 

The normal forces are uniformly distributed along the longitudinal 

sides of the plate (Fig. 25a). Along the side .r = /, the normal forces 

consist of two parts, one following a linear law and the other following 

the law of a cubic parabola. The shearing forces are proportional to x 

on the longitudinal sides of the plate and follow a parabolic law along 

the side x = l. 1 he distribution of these stresses is shown in Fig. 256. 

Since Eq. (a) is a linear differential equation, it may be concluded 

that a sum of several solutions of this equation is also a solution. We 

can superpose the elementary solutions considered in this article and 

in this manner arrive at new solutions of practical interest. Several 

examples of the application of this method of superposition will be 
considered. 


TWO-DIMENSIONAL PROBLEMS 33 

18. Saint-Venant’s Principle. 1 In the previous article several cases 
were discussed in which exact solutions for rectangular plates were 
obtained by taking very simple forms for the stress function <f>. In 
each case all the equations of elasticity are satisfied, but the solutions 
are exact only if the surface forces are distributed in the manner given. 
In the case of pure bending, for instance (Fig. 22), the bending moment 
must be produced by tensions and compressions on the ends, these 
tensions and compressions being proportional to the distance from the 
neutral axis. The fastening of the end, if any, must be such as not to 
interfere with distortion of the plane of the end. If the above condi¬ 
tions are not fulfilled, i.e., the bending moment is applied in some 
different manner or the constraint is such that it imposes other forces 
on the end section, the solution given in Art. 17 is no longer an exact 
solution of the problem. The practical utility of the solution however 
is not limited to such a specialized case. It can be applied with suffi¬ 
cient accuracy to cases of bending in which the conditions at the ends 
are not rigorously satisfied. Such an extension in the application of 
the solution is usually based on the so-called principle of Saint- Vcnant. 

1 his princip le states that if the forces actin g on a small portion of the 
s urface of an elastic b ody are repl aced b y another statically equivalent 
systegi of forces, acting on the_same poriioii of the surface, this redis¬ 
tribution of loading produces substantial chances in the stresses locally 

^ as a negligible effect on the stresses a t distances which are large in 
comparison with the linear d imensions of the surface on_ which the 
are changed. For instance, in the case of pure bending of a 
rectangular strip (Fig. 22) the cross-sectional dimensions of which are 
small in comparison with its length, the manner of application of the 
external bending moment affects the stress distribution only in the 
vicinity of the ends and is of no consequence for distant cross sections, 
at which the stress distribution will be practically as given by the solu¬ 
tion to which Fig. 22 refers. 

The same is true in the case of axial tension. Only near the loaded 
end does the stress distribution depend on the manner of applying the 
tensile force, and in cross sections at a distance from the end the 
stresses are practically uniformly distributed. Some examples illus¬ 
trating this statement and showing how rapidly the stress distribution 
becomes practically uniform will be discussed later (see page 52). 

* This principle was stated in the famous memoir on torsion in Mini, savants 
grangers, vol. 14, 1855. Its relation to the principle of conservation of energy is 
discussed later (see p. 150). 
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19. Determination of Displacements. When the components of 
stress are found from the previous equations, the components of strain 
can be obtained by using Hooke’s law, Eqs. (3) and (6). Then the 
displacements u and v can be obtained from the equations 


du 

dx 






The integration of these equations in each particular case does not 
present any difficulty, and we shall have several examples of their 
application. It may be seen at once that the strain components (a) 
remain unchanged if we add to u and v the lineal functions 

Ui = a + by , Vi = c - bx (h) 


in which a, b, and c are constants. This means that the displacements 
are not entirely determined by the stresses and strains. On the dis¬ 
placements due to the internal strains a displacement like that of a 
rigid body can be superposed. The constants a and c in Eqs. (6) repre¬ 
sent a translatory motion of the body and the constant b is a small 
angle of rotation of the rigid body about the z-axis. 

It has been shown (see page 25) that in the case of constant body 
forces the stress distribution is the same for plane stress distribution or 
plane strain. The displacements however are different for these two 
problems, since in the case of plane stress distribution the components 
of strain, entering into Eqs. (a), are given by equations 



and in the case of plane strain the strain components are: 

v{a v -f <T Z )] = Ji[(l — v-)(T x — 1/(1 + v)<T y ] 
v{p x -f <T')] = “ [(1 — V-)<T U - K1 + »0<7x] 


It is easily verified that these equations can be obtained from the pre¬ 
ceding set for plane stress by replacing E in the latter by E/( 1 — v 2 ), 
and^by*//(l — v). These substitutions leave G } which is E/2(l v), 

unchanged. The integration of Eqs. (a) will be shown later in dis¬ 
cussing particular problems. 
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20. Bending of a Cantilever Loaded at the End. Consider a canti¬ 
lever having a narrow rectangular cross section of unit width bent by a 
force P applied at the end (Fig. 26). The upper and lower edges are 
free from load, and shearing forces, having a resultant P, are dis¬ 
tributed along the end x = 0. These conditions can be satisfied by a 
proper combination of pure shear, 
with the stresses (e) of Art. 17 repre¬ 
sented in Fig. 24. Superposing the 
pure shear r^ = —62 on the stresses 
(c), we find 

<r x = d*xy, g v = 0 




y 

Fig. 26. 


To have the longitudinal sides y = ±c free from forces we must have 


from which 



V=±c 




To satisfy the condition on the loaded end the sum of the shearing 
forces distributed over this end must be equal to P. Hence 1 


from which 




^ /r) dy = p 


62 - 

Substituting these values of d 4 and 


3 P 

4 c 

62 in Eqs. (a) we find 


3 P 

^ = “ 2 ?^ 




Noting that -Jc 3 is the moment of inertia I of the 
cantilever, we have 


g x = 

Txy = 



cross section of the 



1 The minus sign before the integral follows from the rule for the sign of shearing 
stresses. Stress t xv on the end x = 0 is positive if it is upward (see p. 3). 
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This coincides completely with the elementary solution as given in 
books on the strength of materials. It should be noted that this 
solution represents an exact solution only if the shearing forces on the 
ends are distributed according to the same parabolic law as the shear¬ 
ing stress ttv and the intensity of the normal forces at the built-in end 
is proportional to y. If the forces at the ends are distributed in any 
other manner, the stress distribution ( b ) is not a correct solution for the 
ends of the cantilever, but, by virtue of Saint-Venant’s principle, it can 
be considered satisfactory for cross sections at a considerable distance 

from the ends. 

Let us consider now the displacement corresponding to the stresses 
(b). Applying Hooke’s law we find 


€ r = 


y 


dU _ <J X 

~ E 

du dl) 
d iJ dx 


Pxj/ 

_ T TV _ _ 

~ G 


= 


do 

dy 


vo, 

E 


_ vPxij 
El 


27 G ~ !n 


(c) 

(d) 


The procedure for obtaining the components u and v of the displace¬ 
ment consists in integrating Eqs. (c) and (d). By integration of Eqs. 
(c) we find 


u = — 


Px-y . 

2 El + 


vPxi/ 2 , f / x 

" = 2 liF + /l (x) 


in which /(//) and /i(.r) are as yet unknown functions of y only and x 
only. Substituting these values of u and v in Eq. {(i) we find 


Px 2 

2 El 


, <V(!l) , vP ir I df ,(.r) _ P ( 2 
+ ~djr + 2ET + ^dT - ~ 2IG (c y) 


In this equation some terms are functions of x only, some are functions 
of ij only, and one is independent of both :r and y. Denoting these 
groups by F(. r), G(y), K, we have 


EM = - 


Px 2 , dfdx) 

i—> 


2 El 


dx 


K = - 


G(i/) = 

Pc 2 


df(y) vPy 2 


Py 3 


dy 


2 El 2 IG 


2IG 


and the equation may be written 


EM + G{y) = K 

Such an equation means that E(x) must be some constant d and G(y) 
some constant c. Otherwise E(x) and G{y ) would vary with x and y 9 
respectively, and by varying x alone, or y alone, the equality would be 
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violated. Thus 


e d = — 


and 


Pc 2 
2 IG 


(e) 


dfi(x) 

dx 


Px 2 

2 El 


+ d> 


mu ) 

dy 


Py' I , 
2EI 2 IG + 6 


Functions f(y) and f l (x) are then 


Ku) 


_ _ vPy 3 , Py 


6 El + 6 IG + ey + 9 


M*) = 


Px 3 

Ml 


+ dx + h 


Substituting in the expressions for u and v we find 


_ 


u = — 


v = 


2 El 
vPxij 2 


v Py 3 , Py 3 , , 

+ + ey + g 


6EI 
Px 3 


GIG 


2Wr + Mi + dx + h 


(g) 


The constants d , e, g, h may now be determined from Eq. (c) and from 
the three conditions of constraint which are necessary to prevent the 
beam from moving as a rigid body in the ary-plane. Assume that the 
point A, the centroid of the end cross section, is fixed. Then u and v 
aie zero for x = l } y = 0, and we find from Eqs. ( g) } 


9 = 0 , 


h = — 


PI 3 

GEI 


- dl 


The deflection curve is obtained by substituting y 
second of Eqs. (g). Then 

Px 3 PP 


= 0 into the 


Mv=o = 


6EI GEI 


— d(l — x) 


(h) 


or determining the constant d in this equation we must use the third 
condition of constraint, eliminating the possibility of rotation of the 
beam in the x?/-plane about the fixed point A. This constraint can be 
realized in various ways. Let us consider two cases: (1) When an ele¬ 
ment of the axis of the beam is fixed at the end A. Then the condition 
of constraint is 


(sk -» 


(k) 


(2) When a vertical element of the cross section at the point A is fixed. 



38 


THEORY OF ELASTICITY 


Then the condition of constraint is 





In the first case we obtain from Eq. (h) 


d = - 


Pl- 
2 El 


and from Eq. (e) we find 


c = 


in- 

2 El 


Pc- 
2IG 


Substituting all the constants in Kqs. ((/), we find 


u = — 


p*y 

2EI 
vPxtf- 
2EI 


vPiP , Py 8 , 

(> El (> IC, " r 


( PP _ 
\2EI 


Pc-\ 

2 Ig) 


.3 




0 El 


PP-x PP 
2EI 3 El 


The equation of the deflection curve is 


_ Px 3 / > / 2 .r PP 

(r)t/ ~° GAV 2EI ^ 3A7 


(m) 


(n) 


which gives for the deflection at the loaded end (.r = 0) the value 
PP/SEI. This coincides with the value usually derived in elementary 
books on the strength of materials. 

To illustrate the distortion of cross sections produced by shearing 
stresses let us consider the displacement u at the fixed end (x = l). 
For this end we have from Eqs. (m), 



The shape of the cross section after distortion is as shown in Fig. 27 a. 
Due to the shearing stress t xu = —3 P/Ac. at the point A, an element of 
the cross section at A rotates in the x //-plane about the point A through 
an angle 3P/4cG in the clockwise direction. 

If a vertical element of the cross section is fixed at .1 (Fig. 276), 
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instead of a horizontal element of the axis, we find from condition (l) 
and the first of Eqs. (#) 

PI 2 
C 2 El 

and from Eq. ( e ) we find 



PI 2 Pc 2 
2 El 2IG 


Substituting in the second of Eqs. (g) we find 



Px 3 

(5EI 


PPx PI 3 
2 El + 3EI “ l " 


Pc 2 

2IG 


0 1 ~ x) 



Comparing this with Eq. ( n ) it can be concluded that, due to rotation 




Fig. 27. 


of the end of the axis at A (Fig. 276), the deflections of the axis of the 
cantilever are increased by the quantity 

Pc 2 (7 3P /7 

2 IG (Z x) “ 4 cG (Z 

This is the so-called effect of shearing force on the deflection of the beam. 
In practice, at the built-in end we have conditions different from those 
shown in Fig. 27. The fixed section is usually not free to distort 
and the distribution of forces at this end is different from that given 
by Eqs. (6). Solution (6) is, however, satisfactory for compara¬ 
tively long cantilevers at considerable distances from the terminals. 

21. Bending of a Beam by Uniform Load. Let a beam of narrow 
rectangular cross section of unit width, supported at the ends, be bent 
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by a uniformly distributed load of intensity q y 
The conditions at the upper and lower edges of 


as shown in Fig. 28 
the beam are: 


(t xu ) v ~ ± c = 0, {<T V )y-+c - °» Mv—c V 



The condit ions at the ends x = ± l are 

/_° c Tzy dy = + ql, f: c a, dy = 0, <r,y dy = 0 (fc) 

The last two of Eqs. (b) state that there is no longitudinal force and no 
bending couple applied at the ends of the beam. All the conditions 
(a) and (b) can be satisfied by combining certain solutions in the form 



y 

(a) (&> (O) 


Fio. 28 . 


of polynomials as obtained in Art. 17. We begin with solution ( g) 
illustrated by Fig. 25. To remove the tensile stresses along the side 
y = c and the shearing stresses along the sides y = ±c we superpose a 
simple compression a v = a 2 from solution (/>), Art. 17, and the stresses 
<*v = b 3 y and r xu = — 6 3 x in Fig. 23. In this manner we find 


<r x = d b (x*y — %y 3 ) 

= hhy 3 + b 3 y + a 2 (c) 

> t xv = —dtxy 2 — btfc 

From the conditions (a) we find 


from which 


— d b c 2 — 6 3 = 0 

TfdbC 3 + 6 3 c + flj = 0 

—id&c 3 — b z c + Oo = —q 



3£ 

4 c* 


Substituting in Eqs. (c) and noting that 2c 3 /3 is equal to the moment of 
inertia I of the rectangular cross-sectional area of unit width, we find 
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^ = - \%(x*y -§*«)- ~b) 

~ yZ - C "' y + i C ’) = - 2l(^ y * - ^ + l° 3 ) w 
Tra = _ S (c2 _ »*>* = y^ x 

It can easily be checked that these stress components satisfy not only 

conditions (a) on the longitudinal sides but also the first two conditions 

(b) at the ends. To make the couples at the ends of the beam vanish 

we superpose on solution ( d ) a pure bending, a x = d 3 y, a v = Try — 0, 

shown in Fig. 22, and determine the constant d 3 from the condition at 
x = ±1 





y dy = 0 


from which 


Hence, finally, 

<?x 


» 



(33) 


The first term in this expression represents the stresses given by the 
usual elementary theory of bending, and the second term gives the 
necessary correction. This correction does not depend on x and is 
small in comparison with the maximum bending stress, provided the 
span of the beam is large in comparison with its depth. For such 
beams the elementary theory of bending gives a sufficiently accurate 
value for the stresses <r z . It should be noted that expression (33) is an 
exact solution only if at the ends x = ±1 the normal forces are dis¬ 
tributed according to the law 


^ 3 q (2 3 2 0 \ 

2r = 4?t3 W 6 C V 

if the normal forces at the ends are the same as <j x for x = +1 from 
T (33). These forces have a resultant force and a resultant couple 
equal to zero. Hence, from Saint-Venant’s principle we can conclude 
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that their effects on the stresses at considerable distances from the 
ends say at distances larger than the depth of the beam, can be 
neglected. Solution (33) at such points is therefore accurate enough 

for the case when there are no forces X. 

The discrepancy between the exact solution (33) and the approxi¬ 
mate solution, given by the first term of (33), is due to the fact that m 
deriving the approximate solution it is assumed that the longitudinal 
fibers of the beam are in a condition of simple tension. From solution 
(d) it can be seen that there are compressive stresses * y between the 
fibers. These stresses are responsible for the correction represented 
by the second term of solution (33). The distribution of the com¬ 
pressive stresses a u over the depth of the beam is shown in Fig. 28c* 
The distribution of shearing stress t zv> given by the third of Eqs. (d), 
over a cross section of the beam coincides w’ith that given by the usual 

elementary theory. 

When the beam is loaded by its own weight instead of the distributed load q, 
the solution must be modified by putting q = 2 pgc in (33) and the last two of Eqs. 
(d), and adding the stresses 

ox =0, a u = pg(c — y), r x y = 0 (e) 

For the stress distribution (c) can be obtained from Eqs. (29) by taking 


4 > = ipf/(or 2 -f »/V3) 

and therefore represents a possible state of stress due to weight and boundary 
forces. On the upper edge y = —c. we have <j v = 2 pgr, and on the lower edge 
y = c, Oy = 0. Thus when the stresses (c) are added to the previous solution, 
with q = 2 pgc, the stress on both horizontal edges is zero, and the load on the beam 
consists only of its own weight. 

The displacements u and v can be calculated by the method indi¬ 
cated in the previous article. Assuming that at the centroid of the 
middle cross section (.r = 0, \j = 0) the horizontal displacement is zero 
and the vertical displacement is equal to the deflection 5, we find, using 
solutions ( d ) and (33), 


u 


2EI LV 


v 


V 


t 


c 2 U 2 


- 1— { IL _i 

2 El 112 2 ' 




{V- - **) 




0 


__<7_ 

2 El 


It can be seen from the expression for u that the neut 
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*3 


beam is not at the center line. Due to the compressive st 


ress 


( a u)v=o = ~ K 


Q 

2 


the center line has a tensile strain vq/2E, and we find 


(^)y=0 


vqx 
2 E 


From the expression for v we find the equation of the deflection curve, 


(v) 


v=0 


= 8 - 


2 El 


r^! _ _ i 

L 2 12 5 


c-x 2 4- 


1 + 



C 2 .T 2 


(/) 


8 = 


1 + 


12^/4 
5 l* \5 


+ 



(34) 


Assuming that the deflection is zero at the ends (x = ±1) of the center 
line, we find 

5 ql 
24 El 

The factor before the brackets is the deflection which is derived by the 
elementary analysis, assuming that cross sections of the beam remain 
plane during bending. The second term in the brackets represents the 
correction usually called the effect of shearing force. 

By differentiating Eq. (/) for the deflection curve twice with respect 
to x, we find the following expression for the curvature: 


( _ 

\dx 2 / v= o — 



x 


+ c 



+ 



(35) 


It will be seen that the curvature is not exactly proportional to the 

bending moment 1 q(l 2 - x 2 )/2. The additional' term in the brackets 

represents the necessary correction to the usual elementary formula. 

A more general investigation of the curvature of beams shows 2 that the 

correction term given in expression (35) can also be used for any case of 

continuously varying intensity of load. The effect of shearing force 

on the deflection in the case of a concentrated load will be discussed 
later (page 107). 

An elementary derivation of the effect of the shearing force on the curvature 
o t e deflection curve of beams has been made by Rankine 3 in England and by 
rashof 4 in Germany. Taking the maximum shearing strain at the neutral 

2 WaS P oln ted out first by K. Pearson, Quart. J. Math., vol. 24, p. 63, 1889. 

See paper by T. v. K&rm&n, Abhandl. aerodynam. Inst. y Tech. Hochschule , 
Aachen, vol. 7, p. 3, 1927. 

4 Bankine, “Applied Mechanics,” 14th ed., p. 344, 1895. 

Grashof, “Elastizitat und Festigkeit,” 2d ed., 1878. 
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axis of a rectangular beam of unit width as S«?/2*J). where <?» the shearmg force, 
the corresponding increase in curvature is g.vcn by the der.vat.ve of the above 
shearing strain with respect to x, which gives S(,/2K7). The corrected express.on 
for the curvature by elementary analysis then becomes 


/ 2 - x 


El 


2 + 

2 2cG 


JL. = JL\l 

2cG El L 


2 — X 2 


- + c 2 (l + 0 


] 


Comparing this with expression (35), it is seen that the elementary solution gives 

an exaggerated value 1 for the correction. , 

The correction term in expression (35) for the curvature cannot be attributed 

to the shearing force alone. It is produced partially by the compressive stresses c*. 
These stresses arc not uniformly distributed over the depth of the beam. The 
lateral expansion in the ^-direction produced by these stresses diminishes from the 
top to the bottom of the beam, and in this way a reversed curvature (convex 
upwards) is produced. This curvature together with the effect of shearmg force 
accounts for the correction term in Kq. (35). 

22. Other Cases of Continuously Loaded Beams. By increasing 
the degree of polynomials representing solutions of the two-dimensional 

problem (Art. 17), we may obtain solu¬ 
tions of bending problems with various 
types of continuously varying load. 2 
By taking, for instance, a solution in the 
form of a polynomial of the sixth degree 
and combining it with the previous 
solutions of Art. 17, we may obtain the 
stresses in a vertical cantilever loaded 
by hydrostatic pressure, as shown in 
Fig. 20. In this manner it can bo 
shown that all conditions on the longitudinal sides of the cantilever are 
satisfied by the following system of stresses: 




1 
x 




Fiu. 29. 



Here q is the weight of unit volume of the fluid, so that the intensity of 
the load at a depth x is qx. The shearing force and the bending 
moment at the same depth are qx-/ 2 and qx*/Q>> respectively. It is 

1 A better approximation is given by elementary strain-energy considerations. 
See S. Timoshenko, “Strength of Materials,” 2d od., vol. 1, p. 299. 

2 See papers by Timpe, loc. cit.; W. It. Osgood, J. Research Natl . Bur. Standards , 
vol. 28, p. 159, 1942. 
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evident that the first terms in the expressions for o- x and r xy are the 

values of the stresses calculated by the usual elementary formulas 

On the top end of the beam (.r = 0) the normal stress is zero The 
shearing stress is 


= - 7rr,(c 


8c 3 (c< ~ ^ + 4 ^ f c 5 (c 2 - y’-) 

Although these stresses are different from zero, they are very small all 
over the cross section and their resultant is zero, so that the condition 
approaches that of an end free from external forces. 

By adding to a x in Eqs. (a) the term — q x x, in which q y is the weight 
ot unit volume of the material of the cantilever, the effect of the weight 
o t e beam on the stress distribution is taken into account. It has 
een proposed 1 to use the solution obtained in this way for calculating 
the stresses in masonry dams of rectangular cross section. It should 
be noted that this solution does not satisfy the conditions at the bottom 
° the dam. Solution (a) is exact if, at the bottom, forces are acting 
| V lc are dl stributed in the same manner as <r x and r xy in solution (a), 
n an actual case the bottom of the dam is connected with the founda- 
!on, and the conditions are different from those represented by this 
soution. From Saint-Venant's principle it can be stated that the 
ehect of the constraint at the bottom is negligible at large distances 
rom the bottom, but in the case of a masonry dam the cross-sectional 
intension 2c is usually not small in comparison with the height l and 
this effect cannot be neglected. 2 

^ ^king for the stress function a polynomial of the seventh degree 

e sti esses in a beam loaded by a parabolically distributed load may 
be obtained. 

at ^ genera * case °f a continuous distribution of load q, Fig. 30, the stresses 

2 an ^ ^ ross section at a considerable distance from the ends, say at a distance 

arger t an the depth of the beam, can be approximately calculated from the 
following equations : 3 

2 1 1 ' Compt. rend., vol. 126, p. 1235, 1898. 

t f problem of stresses in masonry dams is of great practical interest and has 
in th ^f Cus . s f^ by various authors. See K. Pearson, On Some Disregarded Points 
a d P of Masonry Dams, Drapers' Co. Research Mems., 1904; K. Pearson 

£, n ' °ll ar d, An Experimental Study of the Stresses in Mason^ Dams, Drapers' 

°. esearch Mems., 1907. See also papers by L. F. Richardson, Trans. Roy. 
oc. ( London ) series A, vol. 210, p. 307, 1910; and S. D. Carothers, Proc. Roy. Soc. 
Hast' ’ V °3' P‘ 292, 1913. I. Muller, Publications du laboratoire de photo- 
Hef/ C !iV 1930. Fillunger, Oesterr. Wochschr. offenil. Baudienst, 1913, 

3 F 8 K ' W ° lf ’ Sitzber ' Akad • Wiss * Wien, vol. 123, 1914. 

1927 eewa ^ c i» Abhandl. aerodynarn. Inst., Tech. Hochschule, Aachen, vol. 7, p. 11, 
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( 36 ) 


-JC 


in which -1/ and Q arc the bending moment 
and shearing forces calculated in the usual 
way and q is the intensity of load at the 
cross section under consideration. These 
equations agree with those previously ob¬ 
tained for a uniformly loaded beam (see Art. 

2i). 

If the load of intensity q, in the down¬ 
ward direction, is distributed along the lower 
edge 0/ = +«•) of the beam, the expressions 

f„r the stresses are obtained from Kqs. (30) by superposing a uniform tensile stress, 

a v = q, and 

My / iF 3 
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23. Solution of the Two-dimensional Problem in the Form of a Fourier Series. 
It has been shown that if the load is continuously distributed along the length of a 
rectangular beam of narrow cross section a stress function in the form of a poly¬ 
nomial may be used in certain simple cases. If the load is discontinuous, a stress 
function in tho form of a trigonometric series should be used. 1 The equation for 
the stress function, 

0U> . - 

Ox 


. o - - 

/»r* ( ix- 0y 2 


+ y? " 0 

0y A 


(a) 


may be satisfied by taking the function </> in the form 


UITTX 


<t> = sin —y /(.'/) 


(*>) 


in which m is an integer and/(»/) a function of 7 only. Substituting (5) 
and using the notation mn/l = «, we find the following equation for 

f(u) : 

«•/(>/) - 2««/"(;/) +/»'(!/) = 0 


into Eq. (a) 
determining 

(c) 


1 The first application of trigonometric series in the solution of beam problems 
was given by M. C. Ilibiere in a thesis, Sur divers cas de la flexion des prismes 
rectangles, Bordeaux, 1889. See also his paper in Compt. rend., vol. 126, pp. 402- 
404 and 1190-1192. Further progress in the application of this solution was made 
by L. N. G. Filon, Phil. Trans., series A, vol. 201, p. 63, 1903. Several particular 
examples were worked out by F. Bleicli, Iiauingenivur , vol. 4, p 255, 1923. 
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The general integral of this linear differential equation with constant coefficients is 

J(y) = C x cosh ay + Co sinh ay C 3 y cosh ay + C\y sinh ay 
The stress function then is 


(d) 


(Jt = 


4> sin <xx(Cx cosh ay + C 2 sinh ay + C 3 y cosh ay + C\y sinh ay) 
and the corresponding stress components are 
d 2 <f> 

dy 2 ~ sin ax [Cxa 2 cosh ay 4 C >a 2 sinh ay + C 3 a(2 sinh ay 

d2<p + eosh “I''* + CW2 cosh ay + ay sinh ay)) 

~dx 2 = ~ a2 sin ax ( c i cosh al J + c 2 sinh ay 4 C 3 y cosh ay 4 C\y sinh ay) 

_ d 2 <2> 

Tzv dxdy ~ ~ a cos aX lCia Sinh ay + C >a cosh ay + C 3 (cosh ay 

+ oty sinh ay) 4 C 4 (sinh ay + ay cosh ay)) 

Let us consider a particular case of a rectangular beam supported at the ends 
and subjected along the upper and lower edges to the action of continuously 


C Tt, = 


(e) 



ki 


Fio. 31. 


Kaure U t t i ed u VertiC t c 1 f ° rces ° f the intensit y A si " «•* and B sin ««, respectively. 
A and R S S the Ca f. G whcn " ~ 47r / 1 and indicates also the positive values of 
™ x e stress distribution for this case can be obtained from solution (e). 

on the m an b ° ^tegration Cx, . . . , C 4 may be determined from the conditions 

For ^f e i and loWCr cdges of the bcam > y = ± c - Th ese conditions are: 

y 1 




= 0, 


= —B sin ecx 


For y = - c> 


(/) 


xy 


= 0, 


<r u = —A sin ax 


Substituting these values in the third of Eqs. (e), we find 
Cxa sinh arc + C 2 ar cosh arc + C 3 (cosll <*C + arc sinh ac) 

— ( 1 „ om » . + C l (sinh arc 4- arc Cosh ac) = 0 

ia sinh arc + C 2 ar COsh arc + C 3 (cosh aC + «c sinll ac) 

— C 4 (sinh ac 4- or c cosh ac) = 0 
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from which 


C 3 = -C 


a COsh aC 


C 4 = -c, 


2 cosh ac 4- ac sinh ac 
a sinh ac 


(g) 


sinh ac + etc cosh ac 


Using the conditions on the sides y = ±c in the second of Eqs. (c), we find 

a-{C\ cosh ac + Cl sinh ac + C 3 c cosh ac + C\c sinh ac) = B 
cosh ac — Ci sinh or — C 3 c cosh ac + C«c sinh ac) = A 

By adding and subtracting these equations and using Eqs. (g), we find 


C, = 


A 4- B sinh ac 4- ac cosh ac 


C2 = — 


C 3 = —^r 


a - sinh 2aC 4~ 2aC 

A — B cosh ac -f ac sinh ac 
a 2 

A - B 

2 


sinh 2ac — 2ac 
a cosh aC 


(M 


c 4 = 


a* sinh 2ac — 2ac 
A + B a sinh ac 
a 2 sinh 2ac 4~ 2ac 


Substituting in Eqs. (c), we find the following expressions for the stress components: 

(ac cosh ac — sinh ac) cosh a y — ay sinh a y sinh ac m ^ 


sin ax 


a, = (A + B) si nh 2ac + 2ac 

(ac sin h ac — cosh ac) sinh a y — ay cosh ay cosh ac b 
^ ' sinh 2 occ — 2 etc 

riv (ac cosh ac 4- sinh ac) cosh ay — ay sinh ay sinh ac u . 

- - {A + B) -sinh 2ar + 2 ac “ X 

... (ac sinh ac H- cosh ac) sinh ay — ay cosh ay cosh ac _ 

+ (A - K) -— sinh 2„r - 2ac ““ “ X 

, . . ... ac cosh ac sinh ay — ay cosh ay sinh ac 

T,y — —(A + B) - 10.0 ‘ COS aX 

v Slllll 2aC 4- 2ac 

, , . ... ac sinh ac cosh ay — ay sinh ay cosh ac 

4- (A - B) -. . •' 0 --* cos ax 

Slllll 2ac — 2aC 


(k) 


These stresses satisfy the conditions shown in Fig. 31 along the sides y = ±c. 
At the ends of the beam x = 0 and x = 1, the stresses a x are zero and only shearing 
stress t xu is present. This stress is represented by two terms [see Eqs. (fc)J. Tho 
first term, proportional to /I 4~ B, represents stresses which, for the upper and 
lower halves of the end cross section, are of the same magnitude but of opposito 
sign. The resultant of these stresses over the end is zero. The second term, 
proportional to .1 — B , has resultants at the ends of the beam which maintain 
equilibrium with the loads applied to the longitudinal sides (y = ±c). 

If these loads are the same for both sides, coefficient A is equal to B , and tho 
reactive forces at the ends vanish. Let us consider this particular case more in 
detail, assuming that the length of the beam is large in comparison with its depth. 
From the second of Eqs. (A.) the normal stresses <r v over the middle plane y = 0 
of the beam arc 




ac cosh ac 4- sinh ac 
sinh 2ac 4- 2ac 


sin ax 


(0 
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For long beams ac, equal to rrnrc //, is small, provided the number of waves m is not 
large. Then, substituting in (/), 


sinh exc = a.c + 


i<xc) 

C 


+ 


(ac ) 5 

120 


cosh ac = 1 + 


( ac ) 2 ( a c) 4 

2 + 24 



and neglecting small quantities of higher order than (ac) 4 , we find 


= 


— .4 sin 


ctX 


0 - 


Hence for small values of ac the distribution of stresses over the middle plane is 
practically the same as on both hori¬ 
zontal edges (y = ±c) of the beam. It 
can be concluded that pressures are 
transmitted through a beam or plate 
without any substantial change, pro¬ 
vided the variation of these pressures 
along the sides is not rapid. 

The shearing stresses t xu for this case 
are very small. On the upper and 
lower halves of the end cross sections 
they add up to the small resultants 
necessary to balance the small difference 

between the pressures on the horizontal edges (y = ±c) and the middle plane 

(y = 0 ). 

In the most general case the distribution of vertical loading along the upper 
and lower edges of a beam (Fig. 32) can be represented by the following series : 1 

For the upper edge, 



Fig. 32. 


q u = A 

For the lower edge, 


00 


2 


+ > A 

m = 1 


m 


7mrX 

sin —J -b 


oo 


i 


A 


m 


COS 


7YIttX 

~T~ 


m 


qi — B 


CO 


(m) 


CO 


+ Z s 

m = 1 


m 


. VItvX 

sm -h 


2 
m = 1 


0 , rtiTrx 
cos 


l 


e constant terms A 0 and B 0 represent a uniform loading of the beam, which was 
discussed in Art. 21. Stresses produced by terms containing sin (rrnrx/l) are 
o tained by summing up solutions (k). The stresses produced by terms containing 
cos (rrnrx/l) are easily obtained from (k) by exchanging sin ax for cos ax and vice 
versa, and by changing the sign of r xu . 

To illustrate the application of this general method of stress calculation in 
rectangular plates, let us consider the case shown in Fig. 33. For this case of 
symmetrical loading the terms with sin (nnrx/l) vanish from expressions (m) and 
the coefficients A 0 and A m ' are obtained in the usual manner; 

1 For Fourier series see Osgood, “Advanced Calculus,” 1928; or Byerly, “Fourier 
eries and Spherical Harmonics,” 1902; or Churchill “Fourier Series and Bound¬ 
ary Value Problems,” 1941. 
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,1.. = B. - f. 


m 



rn7ra 


7//7TX 


= *«' = 7 / « co8 ~r' /ar = 


2 ? sm —^ 


trt7T 


(n) 


The terms . 1 ,, find B» represent a uniform compression in the {/-direction equal to 


qa/l. The stresses produced by t he trigonomet¬ 
ric terms are obtained by using solutions (A - ), 
exchanging sin cyj: for cos «.c in this solution 
and changing the sign of t xu . 

Let us consider the middle plane y = 0, on 
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which there is only the normal stress a v . By using the second of Eqs. (A) we find 


<7„ = 


qa 

( 



vina 


Sill 


/ 


W7rC . Vine , . , WnC 

cosh - .— -+- sum 


/ 


l 


l 


m 


in = 1 


. , 2 Vine , _ vine 
sum — j — + 2 — j — 


VI nX 
COS —j — 


This stress was evaluated by Filon 1 for an infinitely long strip when the dimension 
a is very small (i.c., concentrated force l* = 2 qa). The results of this calculation 


JPb 

l 



Fm. 35. 

are shown in Fig. 31. It will he seen that a„ diminishes very rapidly with x. At ft 
value x/e = 1.35, it becomes zero and is then replaced by tension. Filon discusses 

1 Ij. N. G. 1‘ilon, 'Trans. Roy. Soe. (London), series A, vol. 201, p. 07, 1003. The 
same problem was discussed also by A. Timpe, Z. Math. Physik, vol. 55, p. 140, 
1007; G. Mesmer, \ ergleiohende spannungsopt ischc Untersiichungen . . . , 
Dissertation, Gottingen, 1020; F. Scewahl, Abhandl. acrodynam. Inst., Tech. 
Hoehsehnlc, Aachen, vol. 7, p. 11, 1027; and II. Bay, Inyenicur-Arehie , vol. 3, 
p. 435, 1032. An approximate solution of the same problem was given by M. 
Pigeaud, Compt. rend., vol. 101, p. 073, 1015. The investigation of the problem in 
the case of a rectangular plate of finite length was made by J. N. Goodier, J . 
Applied Mechanics (Trans. A.S.M.E.), vol. 54, no. IS, p. 173, 1032. 
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also the case shown in Fig. 35 when the forces P are displaced one with 
the other. The distribution of shearing stresses over the cross section 
case is of practical interest and is shown in Fig. 30. 
values of the ratio b/c this distribution does not resemble the 
given by the elementary theory, and that there 

y 



respect to 
nn in this 
It may be seen that for small 
parabolic distribution 
are very large stresses at the top 
and bottom of the beam while the middle 
portion of the beam is practically free 
from shearing stresses. 

In the problem of Fig. 34 there will by 
symmetry be no shear stress and no 
vertical displacement at the middle line 
V = 0. The upper half therefore corre¬ 
sponds to an elastic layer resting on a 
rigid smooth base.* 

Let us consider now another extreme 
case when the depth of the plate 2 c is 

, I*, , 

rr~ 


c 



2cz 


xy 


Fig. 36. 


y 

Fig. 37. 


large in comparison with the length 21 (Fig. 37). We shall use this case to show 
that the distribution of stresses over cross sections rapidly approaches uniformity 
as the distance from the point of application of the forces P increases. By using 
the second of Eqs. (k) with cos <xx instead of sin ax and expressions ( n) for coeffi¬ 
cients Am', equal to B m ' } we find 


00 




_ Q a 4q ^ sin oca (ac cosh orc+sinh ac) c osh or?/ — ay sinh ay sinh ac 


7T L, 
m — 1 


m 


sinh 2ac + 2ac 


COS ocX ( P ) 


in which qa = P/2. If l is small in comparison with c, ac is a large number and it 
can be neglected in comparison with sinh ac. We can also put 


sinh ore = cosh etc = \e ac 

For cross sections at a large distance from the middle of the plate we can write 

1 The rough base is considered bj r K. Margucrre, Ingenieur-Archiv, vol. 2, p. 108, 
1931, and a flexible but inextensible layer embedded in the elastic material, a case 
of interest in soil mechanics, by M. A. Biot, Physics , vol. 6, p. 367, 1935. 
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sinh nij = cosh «// = h' nu - Substituting those in Eq. (/■>), we find 


SO 


^1/ = 


7" 


b/ sin an 

ir / j 2tn 


[(«C + l)C' < * (l/-< ' > — OJ/e« ( *'“'>] COS orX 


m = 1 

oo 


7« 


50 . mira mx 


< 1 / —<0 


cos 


tn7rX 


m = 1 


If <• - ? / is not. very small, say r - ?/ > 1/2, this series converges very rapidly and 
it is only necessary to take a few terms in calculating a u . Then we can take 


sin 


mira 


if i tv a 


l 


l 


and putting 2 aq = P> we find 


ao 


m** 


= 


r _ p 

21 




(v — c) 


ttlirX 
COS — 


771 = 1 


For y — c — /, for instance, 


O’ u = 


P /> /7T + 1 7TJ- . 

= - 21 - 7 ( «— ~s T + 


27T + 1 2tTX . 37T + 1 
cos -7— H- 


2X 


l 


ir 


SttX . 

cos — + 


) 





The first three terms of the series are sufficient, to give good accuraey and the 
stress distribution is as shown in Fig. 385. In the same figure the stress distribu¬ 
tions for c — y = 1 /2 and c — y — 21 are 
also given. 1 It is evident that at a distanco 
from the end equal to the width of the strip 
the stress distribution is practically uniform, 
which confirms the conclusion usually made 
on the basis of Saint-Venant’s principle. 

For a long strip such as in Fig. 37 the a t 
stresses will be transmitted through the 
width 21 of the plate with little change, pro¬ 
vided the rate of variation along the edge is 
not too rapid. The stresses of the present 
solution will, however, require some correc¬ 
tion on this account, especially near the ends, 
y — ±c. A solution of the problem of Fig. 
37 with c = 21, by a different method, 1 
yields a practically uniform compressive 
stress over the middle horizontal section, in 
agreement with Fig. 38c. The stresses in 
the vicinity of the points of application of the loads P will be discussed later (see 
page 85). 


(b) 



c-y-l 


(c) 



Fio. 3S. 


1 See paper by F. Rleich, for. cit. 

2 J. N. Goodicr, Trans. A.S.M.E., vol. 54, p. 173, 1932. 
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240th ®f APPkcations of Fourier Series. Gravity Loading. The problems 
considered in Art. 23 concerned a single “span ” l or 21. The solutions, however 
can equally well be regarded as representing periodic states of stress in long strips 
parallel to the x-axis, since a Fourier series represents a periodic function. A con- 
muous beam consisting of a sequence of equal spans similarly loaded will have 
such a periodic stress distribution if the end conditions are appropriate. If, as 
m certain reinforced-concrete bunker constructions, the beam is essentially a wall 
supported at points whose distance apart is comparable with the depth (Fig. 39), 
useful results can be obtained by the present method. 1 The elementary beam 



theory is not adequate. A uniformly distributed load q i on the lower edge, sup¬ 
ported by upward reactions uniformly distributed in widths 2b at intervals l, 
presents a special case covered by Eqs. (m) of Art. 23. If the load qi is applied 
on the upper edge it is merely necessary to add the stress distribution due to equal 
and opposite uniformly distributed pressures 7, on both upper and lower edges. 

If the load is the weight of the beam itself the resulting body-force problem may 
at once be reduced to an edge-load problem. The simple stress distribution 

<r x =0, o v = —pg(y 4* c), r X y = 0 

satisfies the equations of equilibrium and compatibility (19) and (24). It clearly 

represents support by uniformly distributed pressure 2 pgc on the lower edge in 

ig. 39. The condition that <r u is zero at the lower edge, except at the supports 

(of width 26), is satisfied by adding this stress distribution to that represented by 

ig. 39 when qi is replaced by 2 pgc, and the stress is due to q and 71 without body 
force. 


Problems 

Investigate what problem of plane stress is solved by the stress function 

3 FI xy*\ . p 

= + 


<t> 


3c 2 7 


y 


Investigate what problem is solved by 



- Ti xyH3d - 2 y) 


applied to the region included in y = 0, y = d, x = 0, on the side x positive. 

Problems of this kind are discussed, with references, in the book “Die Statik im 
lsenbetonbau,” by K. Beyer, 2d ed., p. 723, 1934; see also H. Craemer, Ingenieur- 
Archiv, vol. 7, p. 325, 1936. 
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3. Show that 

+ = l, (»■ -+ 2f3 ) 



is a stress function, ami find what problem it solves when applied to the region 
included in y = ±r, x = 0, on the side x positive. 

4. The stress function 





ljT\ 

Ac 2 ) 


is proposed as giving the solution for a cantilever (y = ±c, 0 < x < l) loaded by 
uniform shear along the lower edge, the upper edge and the end x = l being free 
from load. In what respects is this solution imperfect? Compare the expres¬ 
sions for the stresses with those obtainable from elementary tension and bending 
formulas. 

6 . The beam of Fig. 28 is loaded by its own weight instead of the load q on tho 
upper edge. Find expressions for tho displacement components u and t». Find 
also an expression for the change of the (originally unit) thickness. 

6 . The cantilever of Fig. 2(5, instead of having a narrow rectangular cross sec¬ 
tion, has a wide rectangular cross section, and is maintained in plane strain by 
suitable forces along the vertical sides. The load is T per unit width on the end. 

Justify the statement that the stresses a x , a u , t zv are the same as those found 
in Art. 20. Find an expression for the stress <r„ and sketch its distribution along 
the sides of the cantilever. Write down expressions for the displacement com¬ 
ponents u and v when a horizontal element of the axis is fixed at x = l. 

7. Show that if l' is a plane harmonic function, hr., it satisfies the Laplace 
equation 

^ + »*r = o 

Ox 2 Oy 2 


then the functions xV, yV, (x 2 -f y 2 )V will each satisfy Eq. (n) of Art. 17, and 
so can be used as stress functions. 

8 . Show that 

(Av a » + Hc~ nu + Cyc + Dyc~ au ) sin cxX 

is a stress function. 

Derive series expressions for the stresses in a semi-infinite plate, y > 0, due to 
normal pressure on the straight edge (i/ = 0) having the distribution 


V . • 111-jtX 

) b m sin 
tn = 1 

Show that, the stress <r x at a point on the edge is a compression equal to the applied 
pressure at that point. Assume that the stress tends to disappear as y becomes 
large. 

9. Show that (o) the stresses given by Eqs. (c) of Art. 23 and (6) the stresses in 
Prob. 8 satisfy Eq. (/>) of Art. lt>. 



CHAPTER 4 

TWO-DIMENSIONAL PROBLEMS IN POLAR COORDINATES 


26. General Equations in Polar Coordinates. In discussing stresses 
in circular rings and disks, curved bars of narrow rectangular cross sec¬ 
tion with a circular axis, etc., it is advantageous to use polar coordi¬ 
nates. The position of a point in the middle plane of a plate is then 
defined by the distance from the origin 0 (Fig. 40) and by the angle d 
between r and a certain axis Ox fixed in the plane. 

Let us now consider the equilibrium of a small element 1234 cut out 
from the plate by the radial sections 04, 02, normal to the plate, and by 
two cylindrical surfaces 3, 1, normal to the 
plate. The normal stress component in 
the radial direction is denoted by a r , the 
normal component in the circumferential 
direction by ao, and the shearing-stress 
component by r r o, each symbol represent¬ 
ing stress at the point r, 6, which is the 
mid-point P of the element. On account 
of the variation of stress the values at the 
mid-points of the sides 1, 2, 3, 4 are not 
quite the same as the values <r r , <re, r re , and 

aie denoted by (<r r )i, etc., in Fig. 40. The radii of the sides 3, 1 are 
denoted by r 3 , ?q. The radial force on the side 1 isoviri dd which may 
be written (ovr)i dd , and similarly the radial force on side 3 is —(ov ) 3 
dd. The normal force on side 2 has a component along the radius 
through P of -( <r e ) 2 (ri — r 3 ) sin (dd/ 2 ), which may be replaced by 
— (^ 0)2 dr (dd/ 2). The corresponding component from side 4 is 
~~ ( 0 ^ 0)4 dr (dd/ 2). The shearing forces on sides 2 and 4 give [(r r0 ) 2 — 

(T r e)4]dr. 

Summing up forces in the radial direction, including body force R 
per unit volume in the radial direction, we obtain the equation of 

equilibrium 



(* r r)idd - (a r r) 3 dd - (* 0)2 dr 


dd 

2 


(ao). x dr 


dd 

~2 


+ [(^ 0)2 — (^ 0 ) 4 ] dr Rr dd dr = 0 
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Dividing by <7r <70 this becomes 

~ (< ^ - i [(a.), + («)J Hr J, (T ~ + ^ = 0 

If the dimensions of the element are now taken smaller and smaller, to 
the limit zero, the first term of this equation is in the limit d(o r r)/dr. 
The second becomes cr*, and the third dT r 0 /dO. The equation of equi¬ 
librium in the tangential direction may be derived in the same manner. 
The two equations take the final form 


dor \ drr0 , Ojr - CT0 R = q 

dr ^ r dO ^ r 


1 < 9(70 <9 Trd , 27>0 

r 7)0 dr r 


( 37 ) 


= 0 


These equations take the place of Eqs. (18) when we solve two- 
dimensional problems by means of polar coordinates. When the body 
force It is zero they are satisfied by putting 


<r T 


<*o 


TrO 


1 d<t> 1 d-4> 
r dr ' r 2 dO 2 
d 2 * 
dr 2 

1 d<t> 1 <9 2 (f> 

7~d0 ~ r dr dO 




where </> is the stress function as a function of r and 0. This of course 
may be verified by direct substitution. A derivation of (38) is included 
in what follows. 

To yield a possible stress distribution, this function must ensure that 
the condition of compatibility is satisfied. In Cartesian coordinates 
(see page 20) this condition is 


dx 4 dx 2 < 9 //- dy 4 


(«) 


For the present purpose we need this equation transformed to polar 
coordinates. The relation between polar and Cartesian coordinates is 
given by 


r 2 = x' 2 4- y\ 


from which 


dr x 

— = - = cos 0, 
dx r 


0 = arc tan — 

x 


dr // . . 

— = - = sin 0 

dy r 


dO 


!/ 


dx 


r- 


sin 0 
r 


-, 


<90 

d// 


.r 

7 


cos 0 


r 
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Using these, and considering 0 as a function of r and 0 , we find 


d 0 d 0 dr d 0 dd d<f> n 1 dd> . 

= -r- t- 1 - -r- = — cos Q -— sin 9 

dx dr dx dd dx dr r d6 

To get the second derivative with respect to x, it is only necessary to 
repeat the above operation; hence 


2 ± = (± 

x 2 \dr 


d~4> 
dx 


dr 
d 2 0 
dr 2 


cos 


e -\ s ' ne -S)( 


cos 2 d 


dr 

d 2 0 sin 9 cos d 


d<f> . 1 d 0 

cos d - 


dd dr 


+ 


r dd 
d 0 sin 2 9 
dr r 


sin 0 ^ 


+ 2 


+ 


d(f> sin 9 cos 9 
~dd r 2 
d 2 0 sin 2 6 


dd 2 




In the same manner we find 


d 2 (f> 

By 2 


d 2 0 • 2 a o d 2 0 s ^ n B COS d d0 COS 2 9 
sm d Z - 


dr 2 


dd dr 


dr r 

0 d 0 sin 0 cos 0 , d 2 0 cos 2 0 

^ o I 


dd 


dd 2 


(c) 


Adding together ( 6 ) and (c), we obtain 


d 2 4> ^ d 2 0 


dx 2 


By 


B 2 <f> 1 d 0 1 d 2 0 

I __ " I" __o 


dr 2 


r dr r 2 d 0 2 


(d) 


Using the identity 


d 4 0 

dx 4 


+ 2 


d 4 0 


+ 


dx 2 d ?/ 2 df/ 


d 4 0 / d 2 

d */ 4 \dx 2 


d 2 d 2 

dx 2 d*/ 


)(£ 


d 2 0 d 2 0 

2 + dp 


and Eq. (d), the compatibility equation (a) in polar coordinates 
becomes 


d 2 

dr 2 


+ 


1 a, 1 d 2 \ / d 2 0 1 d 0 j. d^\ = 0 

r dr r 2 d 0 2 / \ dr 2 r dr r 2 dd 2 ) 


( 39 ) 


From various solutions of this partial differential equation we obtain 
solutions of two-dimensional problems in polar coordinates for various 
boundary conditions. Several examples of such problems will be dis¬ 
cussed in this chapter. 

The first and second of the expressions (38) follow from Eqs. ( b) and (o). If 
we choose any point in the plate, and let the x-axis pass through it, we have 0 = 0 , 
and c r Xf <r v are the same, for this particular point, as o r , erg. Thus from (c), putting 
0 = 0 . 


Or 


_ (d 2 4>\ 150.1 d 2 0 

- o ~ r dr r 2 d0 2 
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This expression continues to represent <r r whatever the orientation of the 
We find similarly from (l»), putting 0 = 0, 


x-axis. 


<ro = <y y 



Or 2 


ami the third expression of (38) ran be obtained likewise by finding the expression 
for —0 3 4>/0x <>!/ analogous to (b) aiul (<’). 


26. Stress Distribution Symmetrical about an Axis. If the stress 
distribution is symmetrical with respect to the axis through 0 per¬ 
pendicular to the .r//-plane (Fig. 40), the stress components do not 
depend on d and are functions of r only. From symmetry it follows 
also that the shearing stress r rrt must vanish. Then only the first of 
the two equations of equilibrium (37) remains, and we have 



(40) 


If the body force R is zero, we may use the stress function <£. 
When this function depends only on r, the equation of compatibility 
(30) becomes 


(tj2_ , i <!\ 

\dr~ r dr) \dr- r dr) 

— ^ ^ d 3 4> 

dr* r dr 1 


1 d~<f> 1 d<t> 

r- dr- + r 3 dr 



(41) 


This is an ordinary differential equation, which can be reduced to a 
linear differential equation with constant coefficients by introducing a 
new variable t such that r = e*. In this manner the general solution 
of Kq. (41) can easily be obtained. This solution has four constants of 
integration, which must be determined from the boundary conditions. 
By substitution it can be checked that 


<t> ~ .1 log r -f- Br~ log r -f- Cr 2 -f- D (42) 

is the general solution. The solutions of all problems of symmetrical 
stress distribution and no body forces can be obtained from this. The 
corresponding stress components from Kqs. 3S arc 


= = ^ + />>U + 2 log r) + 2C 

(to = ~ = — ^4 T B{3 + 2 log /•) + 2 C 

TrO = 0 



If there is no hole at the 
ish, since otherwise the 


origin of coordinates, constants A and B van- 
stress components (43) become infinite when 
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r = 0. Hence, for a plate without a hole at the origin and with no 
body forces, only one case of stress distribution symmetrical with 
respect to the axis may exist, namely that when v r = <ro = constant 
and the plate is in a condition of uniform tension or uniform compres¬ 
sion in all directions in its plane. 

If there is a hole at the origin, other solutions than uniform tension 
or compression can be derived from expressions (43). Taking B as 
zero, 1 for instance, Eqs. 43 become 


«r, = 4 + 2 C 

r~ 

o 0 — --f- 2 C 

r~ 


(44) 


This solution may be adapted to represent the stress distribution in a 
hollow cylinder submitted to uniform pressure on the inner and outer 
surfaces 2 (Fig. 41). Let a and b denote the inner and outer radii of the 
cylinder, and p, and p Q the uniform internal and external pressures. 
Then the boundary conditions are: 

(cr r ) r —a — P», (o”r) r=b Po (®) 


Substituting in the first of Eqs. (44), we obtain the following equations 
to determine A and C: 


£ + 2C_ 


-P> 


from which 






Substituting these in Eqs. (44) the following expressions for the stress 
components are obtained: 


a 2 b 2 (p 0 — Pi) I , p.a 2 — Pob 2 
b 2 - a 2 ' r 2 W^a 2 - 
a 2 b 2 (p 0 — pi) 1 j_ p,a 2 — Pob 2 
b 2 - a 2 ~ ' r* ^ b 2 - a 2 


(45) 


1 Proof that B must be zero requires consideration of displacements. See p. 68 
* The solution of this problem is due to Lame, “Logons sur la theorie . . . 
de l’61asticiteParis, 1852. 
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It is interesting to note that the sum e» -f- ere is constant through the 
thickness of the wall of the cylinder. Hence the stresses <r r and <r 9 pro¬ 
duce a uniform extension or contraction in the 
direction of the axis of the cylinder, and cross 
sections perpendicular to this axis remain plane. 
Hence the deformation produced by the stresses 
(45) in an element of the cylinder cut out by 
two adjacent cross sections does not interfere 
with the deformation of the neighboring ele¬ 
ments, and it is justifiable to consider the ele¬ 
ment in the condition of plane stress as we did 
in the above discussion. 

In the particular case when ;>«, = 0 and the cylinder is submitted to 
internal pressure only, Eqs. 45 give 



Fkj. 41. 


= a !g'. ( { _*!) 

r b 2 -a 2 \ r-) 

= _£>■• ( \ _L l f\ 

' b 2 - a 2 y + r 2 ) 


(46) 


These equations show that. <r r is always a compressive stress and a 9 a 
tensile stress. The latter is greatest at the inner surface of the cylin¬ 
der, where 

, x _ Vi(«\ +_*!> 


(47) 


{ere )is always numerically greater than the internal pressure and 
approaches this quantity as /> increases, so that it can never be reduced 
below p,, however much material is added on the outside. Various 
applications of ICqs. (46) and (47) in machine design are usually dis¬ 
cussed in elementary books on the strength of materials. 1 

The corresponding problem for a cylinder with an eccentric bore is 
considered in Art. 66. It was solved by G. B. Jeffery. 2 If the radius 
of the bore is a and that of the external surface />, and if the distance 
between their centers is r, the maximum stress, when the cylinder is 
under an internal pressure p ly is the tangential stress at the internal 
surface at the thinnest part, if c < } 2 a y and is of the magnitude 


" Pi [(«*- 


- a 2 - 2a c - r 2 ) 1 

- - a 2 - 2ac - 7-) ~~ 1 J 


2b 2 (ir- + a 2 - 

4- b 2 j{b 

If e — 0, this coincides with Kq. (47). 

‘ See, for instance, S. Timoshenko, “Strength of Materials,” vol. 

2 J runs. Roy. Soc. (London), series A, vol. 221, p. 265, 1021. 
Assoc. Advancement Sci. Rcpts.. 1021. 


2, p. 236, 1041. 
See also Brit. 
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27. Pure Bending of Curved Bars. Let us consider a curved bar 
with a constant narrow rectangular cross section 1 and a circular axis 
bent in the plane of curvature by couples M applied at the ends (Fig. 
42). The bending moment in this case is constant along the length of 
the bar and it is natural to expect that the stress distribution is the 
same in all radial cross sections, and that the solution of the problem 



can therefore be obtained by using expression (42). Denoting by a 

and b the inner and the outer radii of the boundary and taking the 

width of the rectangular cross section as unity, the boundary conditions 
are 


(1) ov = 0 for r = a and r — b 

(2) (T 0 dr = 0, J b cor dr = —M (a) 

(3) T r0 = 0 at the boundary 

Condition (1) means that the convex and concave boundaries of the 

bar are free from normal forces; condition (2) indicates that the normal 

stresses at the ends give rise to the couple M only, and condition (3) 

indicates that there are no tangential forces applied at the boundary. 

Using the first of Eqs. (43) with (1) of the boundary conditions (a) we 
obtain 


— 2 + £(1 + 2 log a) + 2C = 0 

Cl 

p + £( 1 + 2 log b) + 2C = 0 



1 From the general discussion of the two-dimensional problem, Art. 15, it follows 
at the solution obtained below holds also for another extreme case when the 
unension of the cross section perpendicular to the plane of curvature is very large, 
as, for instance, in the case of a tunnel vault (see Fig. 10), if the load is the same 
along the length of the tunnel. 
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<>2 

From (2) of conditions (a) we find 

b 



CTO 


dr 


-/. 


6 d - 4> 
dr- 


dr = 


d(f> 


dr 


= 0 


a 


or substituting for 4> its expression (42), we find 



+ B{b + 2b log b) + 2 C 



_ A 
a 


-f /?(« + 2 a log a) + 2r« 


l = ° 


(c) 


Comparing this with (/>), it. is easy to see that (c) is satisfied, and the 
forces at the ends are reducible to a couple, provided conditions (6) are 
satisfied. To have the bending couple equal to M, the condition 



-/. 


. i d ~<t> / 

or dr = I ^-2 r dr 

a dr 


= -M 


w 


must be fulfilled. We have 



a 


d-<f> 

dr 2 


r dr = 


d<t> 


dr 


- [ b ( 2± 

Jo dr 


dr = 


d<f> 


dr 


r 


a 


<t>\ 


and noting that on account of (/>) 


d<f> 

dr 


= 0 


a 


we find from (d), 


k \a = -1/ 


or substituting expression (42) for <f>, 


A log-b B{b- log b — a 2 log a) -f- C(b 2 — a 2 ) = M (c) 

CL 


This equation, together with the two Eqs. (6), completely determines 
the constants A, B } C, and we find 


t 4 Af . b „ 24/ 0 „ 

A = ~ a ~ b ~ log a’ B “ “ -}f “ a ) 

C = -y [b 2 — a 2 + 2(/; 2 log b — a 2 log a)] 



where for simplicity we have put 





TWO-DIMENSIONAL PROBLEMS IN POLAR COORDINATES (33 


Substituting the values (/) of the constants into the expressions (43) 
for the stress components, we find 



(Td 



4 M 
N 

4 M 
N 



l + '<* 5 + “*>«« “) 

log a + log 6 + ° 2 log V- 


+ b 2 



(48) 


This gives the stress distribution satisfying all the boundary conditionsi 
(a) for pure bending and represents the exact solution of the problem, 
provided the distribution of the normal forces at the ends is that given 
by the second of Eqs. (48). If the forces giving the bending couple M 
are distributed over the ends of the bar in some other manner, the stress 
distribution at the ends will be different from that of the solution (48). 
But on the basis of Saint.-Yenant’s principle it can be concluded that 
the deviations from solution (48) are very small and may be neglected 
at large distances from the ends, say at distances greater than the 
depth of the bar. 

It is of practical interest to compare solution (48) with the elemen¬ 
tary solutions usually given in books on the strength of materials. If 
the depth of the bar, b — a, is small in comparison with the radius of 
the central axis, (b + a)/ 2, the same stress distribution as for straight 
bars is usually assumed. If this depth is not small it is usual in prac¬ 
tice to assume that cross sections of the bar remain plane during the 
bending, from which it can be shown that the distribution of the nor¬ 
mal stresses a 0 over any cross sections follows a hyperbolic law. 1 2 In 
all cases the maximum and minimum values of the stress a Q can be pre¬ 
sented in the form 


(T0 




1 This solution is due to H. Golovin, Trans. Inst. Tech., St. Petersburg, 1881. 
The paper, published in Russian, remained unknown in other countries, and the 
same problem was solved later by M. C. Ribiere {_Com.pt. rend., vol. 108, 1889, 
and vol. 132, 1901) and by L. Prandtl. See A. Foppl, “Vorlesungen fiber tech- 
nische Mechanik,” vol. 5, p. 72, 1907; also A. Timpe, Z. Math. Physik , vol. 52, 
P- 348, 1905. 

2 This approximate theory was developed by H. R6sal, Ann. mines, p. 617, 1862, 
and by E. Winkler, Zivilingenieur, vol. 4, p. 232, 1858; see also his book “Die 
Lehre von der Elastizitat und Festigkeit,” Chap. 15, Prag, 1867. Further develop¬ 
ment of the theory was made by F. Grashof, “Elastizitat und Festigkeit,” p. 251, 

1878, and by K. Pearson, “History of the Theory of Elasticity,” vol. 2, pt. 1, p. 422, 
1893. 



04 Til KORY OF ELASTICITY 

The following table gives the values of the numerical factor m calcu¬ 
lated by the two elementary methods, referred to above, and by the 


Coe kficiknt m of Kq. (/j) 


6 

a 

Linear stress 
dist ribut ion 

Hyperbolic stress 
(list ribution 

Exact solution 

1 .3 

± on. r>7 

4- 72.98, 

— 61.27 

473.05, 

— 61 35 

2 

± 6.000 

4 7.725, 

- 4.863 

7. / oo, 

- 4 917 

3 

± 1.500 

4 2.285, 

- 1.095 

+ 2.292, 

- 1.130 


exact formula (48). 1 It can be seen from this table that the elementary 
solution based on the hypothesis of plane cross sections gives very 

accurate results. 


8 

6 

5 4 
b*2ct 2 

2 o 
£ 2 
4 


Values of 77- 


b=2a 

% 

£ 

Co 0.3 
0 

Values of 
Flu. 43. 




It will be shown later that, in the case of pure bending, the cross 
sections actually do remain plane, and the discrepancy between the 
elementary and the exact solutions comes from the fact that in the 
elementary solution the stress component <x r is neglected and it is 

1 The results are taken from the doctorate thesis, Univ. Michigan, 1931, of 
V. Billevicz. 
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assumed that longitudinal fibers of the bent bar are in simple tension 
or compression. 

From the first of Eqs. (48) it can be shown that the stress <r r is always 
positive for the direction of bending shown in Fig. 42. The same can 
be concluded at once from the direction of stresses ae acting on the ele¬ 
ments 7i — n in Fig. 42. The corresponding tangential forces give 
resultants in the radial direction tending to separate longitudinal fibers 
and producing tensile stress in the radial direction. This stress 
increases toward the neutral surface and becomes a maximum near this 
surface. This maximum is always much smaller than (ao)m*x.. For 
instance, for b/a = 1.3, (o- r ) ma *. = O.OGO(o- 0 ) ma x.; for b/a = 2, (o>) max . = 
O.138(o- 0 ) ma5: .; for b/a — 3, (cr r ) ina x. = O.193(o- 0 ) max .. In Fig. 43 the dis¬ 
tribution of cro and a r for b/a = 2 is given. From this figure we see that 
the point of maximum stress <r r is somewhat displaced from the neutral 
axis in the direction of the center of curvature. 

28. Strain Components in Polar Coordinates. In considering the 
displacement in polar coordinates let us denote by u and v the compo¬ 



nents of the displacement in the radial and tangential directions, respec¬ 
tively. If u is the radial displacement of the side ad of the element 
abed (Fig. 44), the radial displacement of the side be is u + (du/dr) dr . 
Then the unit elongation of the element abed in the radial direction is 



(49) 


As for the strain in the tangential direction it should be observed that 
it depends not only on the displacement v but also on the radial dis¬ 
placement u. Assuming, for instance, that the points a and d of the 
element abed (Fig. 44) have only the radial displacement u, the new 
length of the arc ad is (r -f- u ) dd and the tangential strain is therefore 

(r -f- u ) dd — r dd _ u 
r dd r 

The difference in the tangential displacement of the sides ab and cd of 
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the element abed is (dv/dd) dd, and the tangential strain due to the dis¬ 
placement v is accordingly dv/r dd. The total tangential strain is thus 1 



(50) 


Considering now the shearing strain, let a'b'c'd ' be the position of the 
element abed after deformation (Fig. 44). The angle between the 
direction ad and a'd' is due to the radial displacement u and is equal to 
du/r d6. In the same manner the angle between a'b' and ab is equal 
to dv/dr. It should be noted that only part of this angle (shaded in 
the figure) contributes to the shearing strain and the other part, equal 
to v/r, represents the angular displacement due to rotation of the ele¬ 
ment abed as a rigid body about the axis through O. Hence the total 
change in the angle dab , representing the shearing strain, is 


7r0 




Substituting now the expressions for the strain components (49), (50), 
(51) into the equations of Ilooke’s law, 2 



we can obtain sufficient equations for determining u and v. 

29. Displacements for Symmetrical Stress Distributions. Sub¬ 
stituting in the first of Eqs. (52) the stress components from Eqs. 43, 
we find 


du 

dr 


_ jT(i + 

E [_ r 2 


’)A 


+ 2(1 - v)B log r -b (1 -3v) B -f 2(1 


- *-)<?] 


By integration we obtain 

“-sf -— 24 


4- 2(1 — v)Br log r — 7?(1 -f- *>)r 


+ 2C(1 - Or] + m 


(«) 


1 The symbol t 0 wns used with a different meaning in Art . 10. 

It. is assumed here that we have to do with plane stress, i.c., that there is no 
stress o z perpendicular to the plane of the plate (see p. 11). 
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in which/(0) is a function of 0 only. From the second of Eqs. (52), we 
find, by using Eq. 50, 



from which, by integration, 


v = 


4 BrQ 




f(Q) dd + /i(r) 



where/i(r) is a function of r only. Substituting (a) and (6) in Eq. (51) 
and noting that y r o is zero since t t o is zero, we find 


i me) 

r ae 


a/i(r) 

dr 


\S 


m de - -Mr) = 0 


from which 


/i(r) = Fr, /(0) = II sin 6 + K cos 0 


(c) 

W 


where F, H , and K are constants to be determined from the con¬ 
ditions of constraint of the curved bar or ring. Substituting expres¬ 
sions ( d) into Eqs. (a) and (5), we find the following expressions for the 

displacements. 1 


= A _ 

E _ 


(1 + v)A 


+ 2(1 — v)Br log r — J?(l + v)r 


+ 2C(1 


- y)rj 


+ II sin 0 K cos 0 (53) 


4:Br0 


+ Fr + II cos 0 — K sin 0 


in which the values of constants A, B, and C for each particular case 
should be substituted. Consider, for instance, pure bending. Taking 
the centroid of the cross section from which 0 is measured (Fig. 42) and 
also an element of the radius at this point, as rigidly fixed, the condi¬ 
tions of constraint are 


Dv , a T b 

u = 0, y = 0. — = 0 for 0 = 0 and r = r 0 = —^— 

dr * 

Applying these to expressions (53), we obtain the following equations 
for calculating the constants of integration F, H, and K: 

1 Equation (c) is satisfied only when / /(0) dd is taken from ( d ) without an addi¬ 
tive constant. 
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(»8 


E 


- .L?—jr v) - ~ 4 - 2(1 — v)Br 0 log r 0 — B{\ + r )?* 0 
ro 


+ 2C(1 - v)ro 4- K = 0 


Fro 4- H 
F 


0 

0 


From this it follows that F = 77 = 0, and for the displacement v we 
obtain 

4Z?r0 


y = 


E 


— K sin 0 


(54) 



This means that the displacement of any cross section consists of a 
translators displacement — K sin 0 , the same for all points in the cross 
section, and of a rotation of the cross section by the angle 4 BO/E about 
the center of curvature O (Fig. 42). We see that cross sections remain 
plane in pure bending as is usually assumed in the elementary theory 
of the bending of curved bars. 

In discussing the symmetrical stress distribution in a full ring (page 
59) the constant B in the general solution (43) was taken as zero, and 

in this manner we arrived at a solution of Lamp’s 
problem. Now, after obtaining expressions (53) for 
displacements, we see what is implied by taking B 
as zero. B contributes to the displacement v the 
term 4 BrO/E. This term is not single valued , as it 
changes when we increase 0 by 2ir y i.e. y if we arrive 
at a given point after making a complete circle round 
the ring. Such a many-valued expression for a dis¬ 
placement is physically impossible in a full ring, and so, for this case, 
we must take B = 0 in the general solution (43). 

A full ring is an example of a multiply-connected body, i.e., a body 
such that some sections can be cut clear across without dividing the 
body into two parts. In determining the stresses in such bodies we 
usually arrive at the conclusion that the boundary conditions referring 
to the stresses are not sufficient to determine completely the stress dis¬ 
tribution, and additional eejuations, representing the conditions that 
the displacements should be single valued, must be considered (see 
page 118). 

1 he physical meaning of many-valued solutions can be explained by 
considering the initial stresses possible in a multiply-connected body. 
If a portion of the ring between two adjacent cross sections is cut out 
(f ig. 45), and the ends of the ring are joined again by welding or other 


I Ki. -15. 
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means, a ring with initial stresses is obtained, i.c., there are stresses in 
the ring when external forces are absent. If a is the small angle meas¬ 
uring the portion of the ring which was cut out, the tangential dis¬ 
placement necessary to bring the ends of the ring together is 

v = ar (c) 

The same displacement, obtained from Eq. (54) by putting 6 = 2-n-, is 


From (e) and (/) we find 



The constant B , entering into the many-valued term for the displace¬ 
ment (54) has now a definite value depending on the way in which the 
initial stresses were produced in the ring. Substituting ( g ) into Eqs. 
(/) of Art. 27 (see page 62), we find that the bending moment necessary 
to bring the ends of the ring together (Fig. 45) is 



From this the initial stresses in the ring can easily be calculated by 
using the solution (48) for pure bending. 

30. Rotating Disks. The stress distribution in rotating circular 
disks is of great practical importance. 1 If the thickness of the disk is 
small in comparison with its radius, the variation of radial and tan¬ 
gential stresses over the thickness can be neglected 2 and the problem 
can be easily solved. 3 If the thickness of the disk is constant Eq. (40) 
can be applied, and it is only necessary to put the body force equal to 
the inertia force. 4 Then 

R = pco 2 r (a) 

1 A complete discussion of this problem and the bibliography of the subject can 
be found in the well-known book by A. Stodola, “Dampf- und Gas-Turbinen, 
6 th ed., pp. 312 and 889, 1924. 

2 An exact solution of the problem for a disk having the shape of a flat ellipsoid 
of revolution was obtained by C. Chree, see Proc. Roy. Soc. (London), vol. 58, p. 39, 
1895. It shows that the difference between the maximum and the minimum stress 
at the axis of revolution is only 5 per cent of the maximum stress in a uniform disk 
with thickness one-eighth of its diameter. 

3 A more detailed discussion of the problem will be given later (see Art. 119). 

4 The weight of the disk is neglected. 
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whore p is the mass per unit volume of the material of the disk and co 

the angular velocity ot the disk. 

Equation (40) can then be written in the form 

■i- (ro r ) — <T 0 + pco 2 r- = 0 (6) 

dr 

This equation is satisfied if we derive the stress components from a 
stress function F in the following manner: 

dF 

T<J r = F, OO = + pCoY 2 (c) 


The strain components 
and (50), 


in the case of symmetry are, from Eqs. (49) 




u 

r 


Eliminating u between these equations, we find 


. de 0 

~ e - + r 777 




Substituting for the strain components their expressions in terms of 
the stress components, (52), and using Eqs. (c), we find that the stress 
function F should satisfy the following equation: 



tPF 

dr 2 


+ r 



- F + (3 + cW-Y 3 




It can be verified by substitution that the general solution of this 
equation is 


F = Cr + C, - 

r 

and from Eqs. (c) we find 

Or = C + (\ i 

oo = c - c. 4 

r- 


3 v 
8 


2«3 


pco-r 


3 + 


•y . •> 


8 

1 + 3c 
8 


pco-r- 


pco“/ 




The integration constants C and (\ 
condit ions. 


are determined from the boundary 


Foi a solid dish we must take (\ = 0 since otherwise the stresses (< 7 ) 
become infinite at the center. The constant C is determined from the 
condition at the periphery (r = b) of the disk. If there are no forces 


TWO-DIMENSIONAL PROBLEMS IN POLAR COORDINATES 71 


applied there, we have 

(o- r ) r= *> 


from which 



3 + v 

8 pwb ' 



3 + v 
8 




and the stress components, from Kqs. (g), are 



C0 


3 + v 

8 

3 + y 

— 8 "' 




1 + 
8 


pu) 2 r 2 



These stresses are greatest at the center of the disk, where 



3 + v 
8 



(56) 


In the case of a disk with a circular hole of radius a at the center, the 
constants of integration in Eqs. ( g) are obtained from the conditions 
at the inner and outer boundaries. If there are no forces acting on 
these boundaries, we have 

(<Jr)r=a = 0, (o>)r=6 = 0 (k) 

from which we find that 


C = ^±-%co 2 (5 2 + a 2 ); 


Ci = - 


3 + ^ 

— 8~ 


pco 2 a 2 6 2 


Substituting in Eqs. ( g ), 


(Jr = 


3 + 


(JQ ~ 


8 


3 + v 


v * ( 
- pw- l 


h 2 + a 


2 _ 


a 2 h 2 


2 


— r 


r 

■> (,° . + «*** 1+3V A 

-[b* + a- + - 7 r 3 +v r ) 


pco 


(57) 


We find the maximum radial stress at r = -\/ab, where 


(<Jr)m*x. = 3 V - • pco 2 (h — a ) 2 (58) 

The maximum tangential stress is at the inner boundary, where 

(eg) max. = pu 2 ( b 2 + g-qr; fl2 ) 

It will be seen that this stress is larger than (a r) max. • 


(59) 
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When (bo radius a of the hole approaches zero, the maximum tan¬ 
gential stress approaches a value twice as great as that for a solid disk 
(r>(V); ?>., by making a small circular hole at the center of a solid 
rotating disk we double the maximum stress. This phenomenon of 
stress concentration at a hole will be discussed later (see page 78). 

Assuming that the stresses do not vary over the thickness of the disk, 
the method of analysis developed above for disks of constant thickness 
can be extended also to disks of variable thickness. If h is the thickness 
of the disk, varying with radius r, the equation of equilibrium of such 
an element as shown in Fig. -40 is 

-i- ( hra T ) — hoo 4~ hpoj 2 r 2 = 0 (k) 

dr 


This equation is satisfied by putting 


hra r = F, 


dF 

hco = —b hpu> 2 r 2 

dr 


where F is again a stress function. 

Substituting these expressions for the stress components into the com¬ 
patibility equation ( d ) we arrive at the following equation for the stress 
function F : 


d 2 F 

dr 


dF 


2 4~ r -jjj — F T (3 T* v)poj 2 hr 


r dh ( % dF 
h dr \ r dr 


= 0 


(0 


In this manner the problem of finding the stress distribution in a disk 
of variable thickness is reduced to the solution of Eq. (/). In the 
particular case where the thickness varies according to the equation 

h = Cr" (to) 

in which C is a constant and n any number, Eq. ( l ) can easily be 
integrated. 1 The general solution has the form 


in which 


F = ?tir n+3 -f- Ar a T Br& 


m = — 


(3 + F)pa> 2 C 
(m + 3 n 4 - 8 ) 


while a and (3 are the roots of the quadratic equation 

•r 2 — fix -f- i>n —1=0 

and A and B are integration constants which arc determined from the 
boundary conditions. 

1 This case was investigated by Stodola, lor. cit. See also H. Holzer, Z. ges. 
1 urbinenwescn, 1915. 
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A good approximation to the actual shapes of rotating disks can be 
obtained by dividing the disk into parts and fitting approximately to 
each part a curve of the type (ra ). 1 The case of a conical disk has been 
discussed by several authors . 2 Very often the calculations are made 
by dividing the disk into parts and considering each part as a disk of 
constant thickness . 3 

31. Bending of a Curved Bar by a Force at the End. 4 We begin 


with the simple case shown in Fig. 46. A bar 
of a narrow rectangular cross section and 
with a circular axis is constrained at the lower 
end and bent by a force P applied at the upper 
end in the radial direction. The bending 
moment at any cross section mn is propor¬ 
tional to sin 6, and the normal stress c to, 
according to elementary theory of the bending 
of curved bars, is proportional to the bending 
moment. Assuming that this holds also for 
the exact solution, an assumption which the 



results will justify, we find from the second of Eqs. (38) that the stress 


function 0 , satisfying the equation 


, u j. _a 2 \ (d2± , l jl d*A = 

\dr 2 r dr r 2 dd 2 ) \ dr 2 r dr r 2 dd 2 ) 

should be proportional to sin 6. Taking 



0 — /(r) sin d (b) 

and substituting in Eq. (a), we find that/(r) must satisfy the following 
ordinary differential equation: 

1 See M. Grubler, V.D.I., vol. 50, p. 535, 1906. 

2 See A. Fischer, Z. oesterr. Ing. Arch. Vereins, vol. 74, p. 46, 1922; H. M. Martin, 
Engineering , vol. 115, p. 1, 1923; B. Hodkinson, Engineering , vol. 116, p. 274, 

1923; K. E. Bisshopp, J. Applied Mechanics (Trans. A.S.M.E. ), vol. 11, p. A-l, 
1944. 

3 This method was developed by M. Donath; see his book, “Die Berechnung 
rotierender Scheiben und Ringe,” Berlin, 1912. It is described in English by 
H. Hearle in Engineering, vol. 106, p. 131, 1918. A further development of the 
method was given by R. Grammel, Dinglers Polytech. J ., vol. 338, p. 217, 1923. 
The case when material does not follow Hooke’s law was investigated by M. 
Grubler, V.D.I. , vol. 41, p. 860, 1897, and vol. 44, p. 1157, 1900. See also H. 
Schlechtweg, Z. angew. Math. Mech., vol. 11, p. 17, 1931, and Ingenieur-Archiv, 
v °l- 2, p. 212, 1931. 

* H. Golovin, loc. cit. 
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<r- . I ± _ 

dr- r dr 


i \(<nf + I fV _ A = o 

r -7 \rfr 2 ^ r dr r-) 


(c) 


This equation can he transformed into a linear differential equation 
with constant coefficients (see page 58), and its general solution is 


1 


/(r) = Ar 3 -h B - + Cr + Dr log r 


(d) 


in which A, B , C, and D are constants of integration, which are deter¬ 
mined from the boundary conditions. Substituting solution ( d ) in 
expression (b) for the stress function, and using the general formulas 
(38), we find the following expressions for the stress components: 


_ 1 d( t> I 1 = (9 \ r — 

r dr ^ r 2 00 - \ 


2 B 


+ 




sin 0 


<*o 


d*4> f r 

= ar=" V 


. ,2 B , n 


'A sin e 


( 00 ) 


TrO 


= - = - (-2Ar -^-+-)cos9 

dr \ r 00 / \ r 3 r/ 


From the conditions that the outer and inner boundaries of the curved 
bar (Fig. 40) are free from external forces, we require that 

07 = T r0 = 0 for r = a and r = b 

or, from Eqs. (00), 

2 B . D 


2 A a - 


i + - = 0 

a-* a 


0 .. 2B , /> _ _ 

2/16 “ 6 *' + b “ ° 




The last condition is that the sum of the shearing forces distributed 
over the upper end of the bar should equal the force P. Taking the 
width of the cross section as unity—or P as the load per unit thickness 
of the plate—we obtain for 0 = 0 , 

6 

TrO 



* - - /: i g 3 ) * - 


l 0<t> 


B 


r 00 

a 


= A r 2 + ^ + C + £> log r 


16 

= P 


or 


-,1(6= — a=) + B ~ D log | = P 


a 


(/) 


From Eqs. (c) and (/) we find 


- - & 


B-- p “'!i, 

2 N 


D = 


N 


(a- + b‘) 


(</) 
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in which 

N = o 2 - b- + (a- + V~) log - 

CL 

Substituting the values ( g ) of the constants of integration in Eqs. (GO), 
we obtain the expressions for the stress components. For the upper 
end of the bar, 0 = 0 , we find 


ae = 0 

Pi", l.o, ,oJ 

T '« = ~ X I r + -jr - r + fc ')J 


For the lower end, 6 = 7 t/2 , 



TtO = 0 

= Jf [ 3r - ^ v] 



The expressions (60) constitute an exact solution of the problem only 
when the forces at the ends of the curved bar are distributed in the 



Fig. 47. 

manner given by Eqs. (h) and (k ). For any other distribution of 
forces the stress distribution near the ends will be different from that 
given by solution (60), but at larger distances this solution will be 
valid by Saint-Venant’s principle. Calculations show that the simple 
theory, based on the assumption that cross sections remain plane dur- 
ln g bending, again gives very satisfactory results. 

In Fig. 47 the distribution of the shearing stress r re over the cross 
section 6 = 0 (for the cases b = 3 a, 2a, and 1.3a) is shown. The 
abscissas are the radial distances from the inner boundary (r = a). 
The ordinates represent numerical factors with which we multiply the 
average shearing stress P/(b — a) to get the shearing stress at the 
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point in question. A value 1.5 for this factor gives the maximum 
shearing stress as calculated from the parabolic distribution for 
rectangular straight beams. From the figures it may be seen that the 
distribution of shearing stresses approaches the parabolic distribution 
when the depth of the cross section is small. For such proportions as 
are usual in arches and vaults the parabolic distribution of shearing 
stress, as in straight rectangular bars, can be assumed with sufficient 

I et us consider now the displacements produced by the force P 
(Fig. 40). By using Eqs. (49) to (52), and substituting for the stress 

components the expressions (00), we find 


du __ 
dr “ 
dv _ 
dO ~ 

y r o = 


?‘^.®[2.1r(l - 3r) 


~ B (l + f) + v (1 




- »0 


reo — u 


du 


(D 


dv _ V 

r dO ' dr r 


(m) 


From the first of these e(piations we obtain by integration 

u = - 3f) + ” (1 + y) + D( 1 - f) log r] + f(0) 

where/(fl) is a function of 6 only. Substituting O) in the second of 
Imjs. (/) together with the expression for e 0 and integrating, we find 




_ r A r 2 (5 + v) + ^ (1 + v) - D log r(t - v) 

E L r " 


/ 


in which F(r) is a function of r only. Substituting now (m) and ( n) 
in the third of Eqs. (/) we arrive at the equation 



J(0) (10 + /'(*) + rF'(r) - F(r) 


This equation is satisfied by putting 


-1/) cos 0 

E 


F(r) = Ifr, f{0) = 


— - 0 cos 0 T K sin 0 + L cos 0 

l'j 


(p) 


in which II, K, and L are arbitrary constants, to be determined from 
the conditions of constraint. The components of displacements, from 
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( m) and (n), are then 


u = 


- ^ 0 cos 0 + D( 1 - v) log r + 4(1 - 3 »)r* 


E 


E 


+ 


B( 1 + 


r 2 



+ 7v sin 0 + 1/ cos 0 


v = 


2D cos e[ x 0 . D(1 + v) 

0 sin 0-— 4(5 + v)r 2 + — 


(0) 


E 


E 


r 2 


—D(1 — v) log r + 


D(1 + v) 

E 


cos 0 + K cos 0 — L sin 0 + Hr 


The radial deflection of the upper end of the bar is obtained by putting 
0 = 0 in the expression for u, which gives 

(u ) 0 =o = L (r) 

The constant L is obtained from the condition at the built-in end 
(Fig. 46). For 0 = tt/ 2 we have v = 0; dv/dr = 0, hence, from the 
second of Eqs. (q), 

H = 0, L = («) 


E 


The deflection of the upper end is, therefore, using ( g ), 


(u)e= Q = 


Dtt 

~E 


Pir(a 2 + b 2 ) 


E (a 2 - ft 2 ) + (a 2 + & 2 ) log ^ j 


(61) 


The application of this formula will be given later. When b approaches 
a , and the depth of the curved bar, h = b — a, is small in comparison 
with a, we can use the expression 

, & , A . h\ h 1 h 2 , 1 h* 

log r l0E l 1 + a) = r2? + ^- 

Substituting in (61) and neglecting small terms of higher order, we 

obtain 


(u) e = o = — 


3tt a 3 P 
Eh z 


which coincides with the elementary formula for this case. 1 
By ^ a king the stress function in the form 

<t> = f( r ) cos 0 

1 See S. Timoshenko, “Strength of Materials/’ vol. 2, Art. 13, 1941. 
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and proceeding as above, we get a solution for the case when a veitical 
force and a couple are applied to the upper end of the bar (Fig. 46). 
Subtract ing from this solution the stresses produced by the couple (see 
Art. 27), the stresses due to a vertical force applied at the upper end of 
the bar remain. I laving the solutions for a hoiizontal and foi a 
vertical load, the solution for any inclined force can be obtained by 

superposition. 

In the above discussion it was always assumed that Eqs. (c) are 
satisfied and that the circular boundaries of the bar are free from 
forces. By taking the expressions in (c) different from zero, we obtain 
the case when normal and tangential forces proportional to sin 6 and 
cos 0 are distributed over circular boundaries of the bar. Combining 
such solutions with the solutions previously obtained for pure bending 
and for bending by a force applied at the end we can approach the 
condition of loading of a vault covered with sand or soil. 1 

32. The Effect of Circular Holes on Stress Distributions in Plates. 
Figure 48 represents a plate submitted to a uniform tension of magni- 


zn t 



Flo. 48. 


tude S in the ^-direction. If a small circular hole is made in the middle 
of the plate, the stress distribution in the neighborhood of the hole will 
be changed, but we can conclude from Saint-Venant’s principle that the 
change is negligible at distances which are large compared with a, the 
radius of the hole. 

Consider the portion of the plate within a concentric circle of radius 
6, large in comparison with a. The stresses at the radius b are effec¬ 
tively the same as in the plate without the hole and are therefore given 

by 


(o-r)r=/> — cos- 0 = jN(l -f- cos 20) 

(r r o)r^b = — -JN sin 2 0 



1 Several examples of this kind were discussed hv Golovin, lor. 
lor. rit., and Coni pi. rrnrf., vol. 132, p. 315, 1001. 


c/7., and Ribifcre, 
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These forces, acting around the outside of the ring having the inner 
and outer radii r = a and r = b, give a stress distribution within the 
ring which we may regard as consisting of two parts. The first is due 
to the constant component -%S of the normal forces. The stresses it 
produces can be calculated by means of Eqs. (45) (page 59). The 
remaining part, consisting of the normal forces cos 26, together 
with the shearing forces —%S sin 26, produces stresses which may be 
derived from a stress function of the form 


4> = f(r) cos 26 ( 5 ) 

Substituting this into the compatibility equation 

\dr 2 ^ r dr ^ r 2 66 2 ) \dr 2 “ r r dr “ r r 2 66 2 ) 
we find the following ordinary differential equation to determine /(r): 

(E + l£_±)(Tf + 'Nl_E) = 0 

\dr 2 r dr r 2 ) \dr 2 r dr r 2 J 

The general solution is 

/(r) = Ar* + Br* + C + D 

r 

The stress function is therefore 

<t> = ^4r 2 + Br* + C t cos 28 (c) 

and the corresponding stress components, from Eqs. (38), are 


1 <30 1 6 2 <t> 

r dr ' r 2 66 2 


TrO 


dr 2 \ 

_ d_ (1 d 
dr \r d 




4 D 


cos 26 


A + 12 Br 2 + 


6 C\ 

r 4 ) 


cos 26 


d<f> 

66 


Ua + 6 Br- - ^ sin 28 



The constants of integration are now to be determined from conditions 
(a) for the outer boundary and from the condition that the edge of the 
hole is free from external forces. These conditions give 
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24+55 + 1 ^ 

^ b* ^ b 2 

2A+ <i£ i + *» = 

sy •* /i *- 


-5 s 


= 0 


a 


a 


2A + 6B6 2 - jt ~ 

or 

2.1 4- 6Ba*-r - r *f = 0 


2D 

// 2 

2 /> 


a 


a 2 



Solving these equations and putting a/6 = 0, i.e., assuming an infinitely 
large plate, we obtain 

,1 = - f, B = 0, C = -~ S, D = ^ S 

4 4 -s 


Substituting these values of constants into Eqs. (r/) and adding the 
stresses produced by the uniform tension ^*S on the outer boundary 
calculated from Eqs. (45) we find 1 



If r is very large, <r r and r r o approach the values given in Eqs. (a). At 
the edge of the hole, r = a and we find 


(T r = T r 0 = 0, (TO = S — 2*8 COS 2 0 

It can be seen that ao is greatest when 0 = tt/2 or 0 = 3tt/ 2, t‘.c., at 
the ends m and n of the diameter perpendicular to the direction of the 
tension (Fig. 48). At these points (<x<>) Iimx . = 3.8. This is the maxi¬ 
mum tensile stress and is three times the uniform stress S , applied at 
the ends of the plate. 

At the points p and q, 0 is equal to it and 0 and we find 


(To = — S 

so that there is a compression stress in the tangential direction at these 
points. 

‘This solution was obtained by Prof. G. Kirsch; see V.D.7., vol. 42, 1S98. It 
has been well confirmed many times by strain measurements and by the photo- 
elastic method (see Gimp. 5 and the books cited on p. 131). 
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For the cross section of the plate through the center of the hole and 
perpendicular to the x-axis, 6 = tt/2, and, from Eqs. (02), 

Trfl = 0, <r* = f ( 2 + ^2 + 3 ^ 

It is evident that the effect of the hole is of a very localized character , 
and, as r increases, the stress ao approaches the value S very rapidly. 
The distribution of this stress is shown in the figure by the shaded area. 
The localized character of the stresses around the hole justifies the 
application of the solution (e), derived for an infinitely large plate, to a 
plate of finite width. If the width of the plate is not less than four 
diameters of the hole the error of the solution (62) in calculating (o-*) max . 
does not exceed 6 per cent. 1 

Having the solution (d) for tension or 
compression in one direction, the solution 
for tension or compression in two perpen¬ 
dicular directions can be easily obtained by 
superposition. By taking, for instance, 
tensile stresses in two perpendicular direc¬ 
tions equal to S , we find at the boundary 
of the hole a tensile stress a Q = 2 S (see 
page 72). By taking a tensile stress S in 
the x-direction (Fig. 49) and a compressive 

stress — S in the ^-direction, we obtain the case of pure shear. The 
tangential stresses at the boundary of the hole are, from Eqs. (62), 

Co = S — 2S cos 26 — [5 — 2 S cos (26 — tt)] 

For 6 = tt/ 2 or 6 = Stt/ 2, i.e., at the points n and m, we find ao = 4 S. 
For 6 = 0 or 6 = 7r, i.e., at n\ and mi, ao = — 4&. Hence, for a large 
plate under pure shear, the maximum tangential stress at the boundary 
of the hole is four times larger than the applied pure shear. 

The high stress concentration found at the edge of a hole is of great 
practical importance. As an example, holes in ships’ decks may be 
mentioned. When the hull of a ship is bent, tension or compression is 
produced in the decks and there is a high stress concentration at the 
holes. Under the cycles of stress produced by waves, fatigue of the 
metal at the overstressed portions may result finally in fatigue cracks. 2 

1 See S. Timoshenko, Bull. Polytech. Inst., Kiew, 1907. We must take S equal 
to the load divided by the gross area of the plate. 

2 See paper by T. L. Wilson, The S.S. Leviathan, Damage, Repairs and Strength 
Analysis, presented at a meeting of the American Society of Naval Architects and 
Marine Engineers, November, 1930. 



y 

Fig 49. 
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It, is often necessary to reduce the stress concentration at holes, such 
as access holes in airplane wings and fuselages. This can be done by 
adding a bead 1 or reinforcing ring. 2 The analytical problem has been 
solved by extending the method employed for the hole, and the results 
have been compared with strain-gauge measurements. 2 

The case of a circular hole near the straight boundary of a semi- 
infinite plate under tension parallel to this boundary (Fig. 50) was 
analyzed by G. B. Jeffery. 3 A corrected result and a comparison with 
photoelastic tests (see Chap. 5) were given later by R. D. Mindlin. 4 



The stress at the hole, at the point n nearest the edge, becomes a very 
large multiple of the undisturbed tensile stress when mn is small com¬ 
pared with 7ip. 

G. B. Jeffery also investigated the case of a uniform normal pressure 
p { acting on the boundary of the hole. r l his is a problem of practical 
interest. It gives the stresses near a rivet hole while the hot plastic 
rivet is being forced home under pressure. If the hole is very far from 
the straight edge the stresses at the boundary of the hole, from Fqs. 
(4C)) (page GO), are 

(TO = Pi , <7r = — Pi 

If the hole is near the straight edge, the tangential stresses are no 
longer constant along the boundary of the hole. The maximum tan¬ 
gential stress is at the points I: and I and is given by the formula 


, v _ <r-_- f r 2 

\&0)u\nx. 


(03) 


» See 8. Timoshenko, J. Franklin Inst., vol. 197, p. 505, 1024; also S. Timoshenko, 
“Strength of Materials,” 2d oil., vol. 2, p. 317. 

2 S. Ix'vy, A. 10. McPherson, and F. Smith, J. Applied J tcchamcs (7 runs. 
A.S.M.E.), vol. 15, p. 100, 1948. References to prior work may be found in this 
paper. 

3 Trans. Rot/. Soc. (London), series A, vol. 221, p. 205, 1921. 

4 I*roc. Soc. Expl. Stress A nali/sis, vol. 5, p. 50, 19 18. 
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This stress should be compared with the tensile stress at the point m 
on the straight edge of the plate, given by the formula 



For d = r \/3, the two expressions have the same magnitude. If d 
is greater than this the maximum stress is at the circular boundary, 
and if it is less, the maximum stress is at the point m. 

The case of a plate of finite width with a circular hole on the axis of 
symmetry (Fig. 51) was discussed by R. C. J. Howland. 1 He found, 
for instance, that when 2 r = \d, 

(To = 4.3S at the point n and 

Co — 0.75*8 
at the point m. 

The method used in this article for 
analyzing stresses round a small cir¬ 
cular hole can be applied when the plate is subjected to pure bending. 2 
The cases of a row of circular holes in an infinite plate, 3 - 4 - 5 a row of 
holes in a strip, 5 - 6 and in a semi-infinite plate, 5 and a ring of holes in 
a plate 7 (under all-round tension) have also been investigated. A 
method devised by Hengst has been applied to the case of a hole in a 
square plate 8 under equal tension in both directions, and under shear 9 
when the hole is plain or reinforced. 

Solutions have been obtained for the infinite plate with a circular 
hole when forces are applied to the boundary of the hole, 10 for the corre- 



1 R. C. J. Howland, Trans. Roy. Soc. {London), Series A, vol. 229, p. 49, 1930. 

2 Z. Tuzi, Phil. Mag., February, 1930, p. 210; also Sri. Papers Inst. Phys. Chem. 
Research {Tokyo), vol. 9, p. 65, 1928. The corresponding problem for an elliptical 
hole was solved earlier by K. Wolf, Z. tech. Physik, 1922; p. 160. The circular 
hole in a strip is discussed by R. C. J. Howland and A. C. Stevenson, Trans. Roy. 
Soc. {London), series A, vol. 232, p. 155, 1933. A proof of convergence of the series 
solutions is given by R. C. Knight, Quart. J. Math., Oxford series, vol. 5, p. 255, 
1934. 

3 M. Sadowsky, Z. angew. Math. Mech., vol. 8, p. 107, 1928. 

4 R. C. J. Howland, Proc. Roy. Soc. {London), series A, vol. 148, p. 471, 1935. 

c K. J. Schulz, Proc. Nederl. Akad. van Wetenschappen, vol. 45, pp. 233, 341, 457, 
and 524, 1942, vol. 48, pp. 282 and 292, 1945. 

6 C. B. Ling, P. S. Wang, and K. S. Jing, Tech. Rept. No. 9, Bur. Aeronaut. 
Research, Chengtu, China, Jan. 1944. 

7 C. B. Ling and P. S. Wang, Tech. Rept. No. 6, ibid., June, 1943. 

8 H. Hengst, Z. angew. Math. Mech., vol. 18, p. 44, 1938. 

9 C. K. W ang, J. Applied Mechanics {Trans. A.S.M.E.), vol. 13, p. A-77, 1946. 
10 W. G. Bickley, Trans. Roy. Soc. {London), series A, vol. 227, p. 383, 1928. 
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sponding problem of the strip, 1 and for a row of holes parallel and near 
to the straight edge of a semi-infinite plate 2 (row of rivet holes). 

If an elliptical hole is made in an infinite plate under tension S, with 
one of the principal axes parallel to the tension, the stresses at the ends 
of the axis of the hole perpendicular to the direction of the tension are 



+ 27 



( 65 ) 


where 2 a is the axis of the ellipse perpendicular to the tension, and 2b 
is the other axis. This and other problems concerning ellipses, hyper¬ 
bolas, and two circles are discussed in Chap. 7, where references will 

be found. 

A very slender hole ( a/b large) perpendicular to the direction of the 
tension causes a very high stress concentration. 3 This explains why 
cracks transverse to applied forces tend to spread. The spreading can 
be stopped by drilling holes at the ends of the crack to eliminate the 
sharp curvature responsible for the high stress concentration. 

When a hole is filled with material which is rigid or has elastic con¬ 
stants different from those of the plate (plane stress) or body (plane 
strain) itself, we have the problem of the rigid or elastic inclusion. 
This has been solved for circular 4 and elliptic inclusions. 5 The results 
for the rigid circular inclusion have been confirmed by the photoelastic 
method 6 (see Chap. 5). 

The stresses given by Eqs. (02) for the problem indicated by Fig. 48 
are the same for plane strain as for plane stress. In plane strain, how¬ 
ever, the axial stress 

a. = v(<r r + (To) 

must act on the plane ends, which are parallel to the .ry-plane, in order 
to make e t zero. Removal of these stresses from the ends, to arrive at 
the condition of free ends, will produce further stress which will not 
be of a two-dimensional (plane stress or plane strain) character. If 

1 It. C. Knight, Phil. Mag., series 7, vol. 10, p. 517, 1035. 

2 C. 11. Ling and M. C. Hsu, Tech. Rcpt . No. 16, Bur. Aeronaut. Research , 
Chengtu, China, February, 1045. 

3 The problem of a narrow slot was discussed by M. Sadowsky, Z. angew. Math. 
Mcch., vol. 10, p. 77, 1030. 

4 K. Sezawa and G. Nishimura, Rcpl. Aeronaut. Research Inst., Tokyo Imp. 
Univ., vol. 6, no. 25, 1031; J. N. Goodier, Trans. A.S.M.E., vol. 55, p. 30 (1933). 

5 L. II. Donnell, “Theodore von K&rm&n Anniversary Volume,” p. 293, Pasa¬ 
dena, 1041. 

0 W. E. Thibodeau and Li. A. Wood, J. Research Natl. Bur. Standards , vol. 20, 
p. 303, 1038. 
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the hole is small in diameter compared with the thickness between the 
ends, the disturbance will be confined to the neighborhood of the ends. 
But if the diameter and the thickness are of the same order of magni¬ 
tude, the problem must be treated as essentially three-dimensional 
throughout. Investigations of this kind 1 have shown that a 0 remains 
the largest stress component and its value is very close to that given 
by the two-dimensional theory. 

33. Concentrated Force at a Point of a Straight Boundary. Let us 

consider now a concentrated vertical force P acting on a horizontal 





let) CbJ 

Fig. 52. 

straight boundary AB of an infinitely large plate (Fig. 52a). The dis¬ 
tribution of the load along the thickness of the plate is uniform, as indi¬ 
cated in Fig. 52 b. The thickness of the plate is taken as unity so that 
P is the load per unit thickness. 

The distribution of stress in this case is a very simple one 2 and is 
called a simple radial distribution. Any element C at a distance r from 
the point of application of the load is subjected to a simple compression 
in the radial direction, the radial stress being 



2 P cos 0 
7 r r 


( 66 ) 


1 A. E. Green, Trans. Roy. Soc. {London), series A, vol. 193, p. 229, 1948; E. 
Sternberg and M. Sadowsky, J. Applied Mechanics {Trans. A.S.M.E. ), vol. 16, 
P- 27, 1949. 

2 The solution of this problem was obtained by way of the three-dimensional 
solution of J. Boussinesq (p. 362) by Flamant, Compt. rend., vol. 114, p. 1465, 
1892, Paris. The extension of the solution to the case of an inclined force is due to 
Boussinesq, Compt. rend., vol. 114, p. 1510, 1892. See also the paper by J. H. 

Iichell, Proc. London Math. Soc., vol. 32, p. 35, 1900. The experimental investi¬ 
gation of stress distribution, which suggested the above theoretical work, was done 
by Carus Wilson, Phil. Mag., vol. 32, p. 481, 1891. 
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The tangential stress <r 0 and the shearing stress r r o are zero. It is easy 
to see that these values of the stress components satisfy the equations 

of equilibrium (37) (page 50). 

The boundary conditions are also satisfied because <?o and r r o are zero 
along the straight edge of the plate, which is free from external forces 
except at the point of application of the load (r = 0). Here becomes 
infinite. The resultant of the forces acting on a cylindrical surface of 
radius r (Fig. 5 2b) must balance P. It is obtained by summing the 
vertical components <j,r <16 cos 6 acting on each element r dO of the sur- 
face. In this manner we find 



0 • r (10 



cos 2 0 (10 = —1 


To prove that solution (66) is the exact, solution of the problem we 
must consider also the equation of compatibility (39). The above 
solution is derived from the stress function 


p 

<f> - - rO sin 0 

7r 


(a) 


We can verify this by using Kqs. (38) as follows: 


W )<p 1 <V-<f> 2 P cos 0 

° r ~ r ~d? + r 2 00- ” 7T r 


(TO = 


T r 0 = 


0-<t> 

dr- 


= 0 


( 66 ') 



0 


which coincides with solution (66). Substituting the function (a) into 
Eq. (39), we can easily show that this equation is satisfied. Hence, (a) 
represents the true stress function and Kqs. (66') give the true stress 
distribut ion. 

Taking a circle of any diameter d with center on the .r-axis and tan¬ 
gent to the y-axis at () (Fig. 52a), we have, for any point C of the circle, 
d cos 0 = r. Hence, from Eq. (66), 

2 P 


(Jr = - 


7 rd 


i.c., the stress is the same at all points on the circle, except the point 0, 
the point of application of the load. 

Taking a horizontal plane mn at a distance a from the straight edge 
of the plate, the normal and shearing components of the stress on this 
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plane at any point M (Fig. 52 a) are calculated from the simple com¬ 
pression in the radial direction, 


(r 2 = <j r cos 2 6 = - 
a v = (j r sin 2 6 = - 
Txv = <J r sin 0 cos 6 


2 P cos 3 6 2P 

-= — — cos 4 6 

7r r 7r a 

2 P 

- sin 2 6 cos 2 9 

ira 

2 P sin 9 cos 2 9 2P . , ^ 

----sin 0 cos 3 0 

7 r r 7 ra 


(67) 


In Fig. 53 the distribution of stresses a x and r xy along the horizontal 
plane mn is represented graphically. 

At the point of application of the load the stress is theoretically 
infinitely large because a finite force is acting on an infinitely small 



area. In practice, at the point of application there is always a certain 
yielding of material and as a result of this the load will become dis¬ 
tributed over a finite area. Imagine that the portion of material 
which suffered a plastic flow is cut out from the plate by a circular 
cylindrical surface of small radius as shown in Fig. 52 b. Then the 
equations of elasticity can be applied to the remaining portion of the 
plate. 

An analogous solution can be obtained for a horizontal force P 
applied to the straight boundary of the semi-infinite plate (Fig. 54). 
The stress components for this case are obtained from the same Eqs. 
(66'); it is only necessary to measure the angle 9 from the direction of 
the force, as shown in the figure. By calculating the resultant of the 
forces acting on a cylindrical surface, shown in Fig. 54 by the dotted 
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lino, we find 



cos 2 0 (16 



This resultant balances the external force P, and, as the stress compo¬ 
nents Tro and an at the straight edge are zero, solution (66') satisfies the 

boundary conditions. 

Having the solutions for vertical and horizontal concentrated forces, 
solutions for inclined forces are obtained by superposition. Resolving 
the inclined force P into two components, P cos a vertically and P sin 



a horizontally (Fig. 55), the radial stress at any point C is, from Eqs. 
( 66 '), 




P cos a. cos 0 + P sin a. cos 


(l + •)] 


= — cos (« + 0) (68) 

7i r 


Hence Eqs. (66') can be used for any direction of the force, provided in 
each case we measure the angle 0 from the direction of the force. 

The stress function (a) may be used also in the ease when a couple is acting on 
the straight boundary of an infinite plate (Fig. 56a). It is easy to see that the 
stress function for the case when the tensile force P is at the point 0», at a distance a 
from the origin, is obtained from </>, Eq. (a), regarded for the moment as a function 
of x and y instead of r and 0, by writing y -f a instead of y and also —P instead of P. 
This and the original stress function <t> can be combined, and we then obtain the 
stress function for the two equal and opposite forces applied at O and O», in the form 

— +«) + «*>(*,!/) 


When a is very small, this approaches the value 



Substituting (a) in Eq. (5), and noting (see page 57) that 


04 * 

d!/ 


0 4 > . _ . 

—- sin 0 -f 
Or 


0<t> cos 0 
00 r 
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we find 



(0 + sin 0 cos 0) 



(0 + sin 0 cos 0) 


(69) 


in which M is the moment of the applied couple. 

Reasoning in the same manner, we find that by differentiation of <f> i, we obtain 
the stress function <t >-2 for the case when two equal and opposite couples M are 


acting at two points O and O i a very 
small distance apart (Fig. 566). We thus 
find that 

^ ^ , , d<t>\ _ _ d<t>\ 

4 - - a — 

= - cos 3 0 (70) 

7rr 

If the directions of the couples arc 
changed it is only necessary to change 
the sign of the function (70). 

A series of stress functions obtained 
by successive differentiation has been 
employed to solve the problem of stress 
concentration due to a semicircular notch 
in a semi-infinite plate in tension parallel 
to the edge. 1 The maximum tensile 
stress is slightly greater than three times 
the undisturbed tensile stress away from 
the notch. The strip with a semicircular 
notch in each edge has also been investi¬ 
gated. 2 The stress-concentration factor 
(ratio of maximum to mean stress at mini¬ 
mum section) falls below three, approach¬ 
ing unity as the notches are made larger. 



X 



X 

Fig. 5G. 


Having the distribution of stresses, the corresponding displacements 
can be obtained in the usual way by applying Eqs. (49) to (51). For 
a force normal to the straight boundary (Fig. 52) we have 


du _ 2 P cos 9 

dr 7 rE r 

u . dv __ 2 P cos 9 

r r 89 V -ttE r 


y r e = 




1 F. G. Maunsell, Phil. Mag., vol. 21, p. 765, 1936. 

2 C. B. Ling, J. Applied Mechanics (Trans. A.S.M.E.), vol. 14, p. A-275, 1947; 

H. Poritsky, H. D. Snively, and C. R. Wylie, ibid., vol. 6, p. A-63, 1939. 
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Integrating the first of these equations, we find 


u = — cos 0 log r + f(0) 

7 rJ!s 


(d) 


where f(0) is a function of B only. Substituting in the second of Eqs. 
(c) and integrating it, we obtain 

v = sin B + log r sin 0 — J f(B) dO + F(r) (e) 


ttE 


ttE 


in which F(r) is a function of r only. Substituting (d) and (c) in the 
third of Kqs. (c), we conclude that 


m = - 


(1 - v)P 


IT 


E 


0 sin 0 + A sin 0+7? cos 0, E(r) = Cr 


(/) 


where A , B, and C are constants of integration which are to be deter¬ 
mined from the conditions of constraint. The expressions for the dis¬ 
placements, from Eqs. ( d ) and (c), arc 


?/ = 


v = 


_ cos 0 log r — —- rT~~~ 0 sin 0 + A sin 0 + B cos B 

7 rE 


ttE 


2 vP 2 P y . n (1 - 

VE s,n 0 + SB log r sm 0 - VE 


y)P 


0 cos B 


( 0 ) 


+ —- ,sin 0 + A cos 0 — B sin B + Cr 

tvTj 


Assume that the constraint of the semi-infinite plate (Fig. 52) is such 
that the points on the .r-axis have no lateral displacement. Then 
v — 0, for 0 = 0, and we find from the second of Eqs. (</) that A — 0, 
C = 0. With these values of the constants of integration the vertical 
displacements of points on the .r-axis are 


(u)o-o — 


2 P 

- log r + B 

7r 11/ 


w 


To find the constant B lot us assume that a point of the .r-axis at. a dis¬ 
tance d from the origin does not move vertically. Then from Eq. (/i) 
we find 

2 P 


Having the values of all the constant s of integration, the displacements 
of any point of the semi-infinite plate can be calculated from Eqs. ( g ). 
Let us consider, for instance, the displacements of points on the 
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straight boundary of the plate. The horizontal displacements are 
obtained by putting 6 = ±tt/2 in the first of Eqs. (</). We find 



The straight boundary on each side of the origin thus has a constant 
displacement (71), at all points, directed toward the origin. We may 
regard such a displacement as a physical possibility, if we remember 
that around the point of application of the load P we removed the por¬ 
tion of material bounded by a cylindrical surface of a small radius (Fig. 
52 b) within which portion the equations of elasticity do not hold. 
Actually of course this material is plastically deformed and permits 
displacement (71) along the straight boundary. The vertical dis¬ 
placements on the straight boundary are obtained from the second of 
Eqs. ( g ). Remembering that v is positive if the displacement is in the 
direction of increasing 6, and that the deformation is symmetrical with 
respect to the x-axis, we find for the vertical displacements in the down¬ 
ward direction at a distance r from the origin 



2 P (1 + p)P 

■irE 1o ® r - ^E — 



At the origin this equation gives an infinitely large displacement. To 
remove this difficulty we must assume as before that a portion of mate¬ 
rial around the point of application of the load is cut out by a cylindri¬ 
cal surface of small radius. For other points of the boundary, Eq. (72) 
gives finite displacements. 

34. Any Vertical Loading of a Straight Boundary. The curves for 
<r x and of the preceding article (Fig. 53) can be used as influence 
lines. We assume that these curves represent the stresses for P equal 
to a unit force, say 1 lb. Then for any other value of the force P the 
stress cr x at any point H of the plane mn is obtained by multiplying the 
ordinate HK by P. 

If several vertical forces P, Pi, P 2 , . . . , act on the horizontal 
straight boundary AB of the semi-infinite plate, the stresses on the 
horizontal plane mn are obtained by superposing the stresses produced 
by each of these forces. For each of them, the a x and t xu curves are 
obtained by shifting the a x and curves, constructed for P, to the new 
origins Ox, 0 2 , .... From this it follows that the stress <r x produced, 
for instance, by the force Pi on the plane mn at the point D is obtained 
by multiplying the ordinate H X K\ by Pi. In the same manner the a x 
stress at D produced by P 2 is P 2 /v 2 • P 2 , and so on. The total normal 
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stress at D on the plane mn produced by P, Pi, P 2 , . . . is 

<r x = TTDi • p + THRi • Pi + H 2 K 2 • P 2 + • • • 

Hence t lie o x curve shown in Fig. 53 is the influence line for the normal 
stress o x at the point D. In the same manner we conclude that the 
curve is the influence line for the shearing stress on the plane mn at the 
point D. 



Fia. 57. 


Having these curves, the stress components at D for any kind of 
vertical loading of the edge A B of the plate can easily be obtained. 

If, instead of concentrated forces, we have a uniform load of inten¬ 
sity q , distributed over a portion Ss of the straight boundary (Fig. 53), 
the normal stress o x produced by this load at the point D is obtained by 
multiplying by q the corresponding influence area shaded in the figure. 

The problem of the uniformly distributed load can be solved in 
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another manner by means of a stress function in the form 

c p = Ar 2 Q (a) 


in which A is a constant. The corresponding stress components are 


1 dcf> 1 d 2 </> 
r~dr + V- hr- 


2 Ad 


<re 


d 2 <t> 

dr 2 


2 Ad 


TrO = 





Applying this to the semi-infinite plate we arrive at the load distribu¬ 
tion shown in Fig. 57 a. On the straight edge of the plate there acts a 
uniformly distributed shearing force of intensity —A and a uniformly 
distributed normal load of the intensity Air, abruptly changing sign at 
the origin O. The directions of the forces follow from the positive 
directions of the stress components acting on an element C. 

By shifting the origin to 0 1 and changing the sign of stress function 
<£, we arrive at the load distribution shown in Fig. 57 b. Superposing 
the two cases of load distribution (Figs. 57 a and 575), we obtain the 
case of uniform loading of a portion of the straight boundary of the 
semi-infinite plate shown in Fig. 57c. To obtain the given intensity q 
of uniform load, we take 

2Att = q, A = ^ q 


The stress at any point of the plate is then given by the stress function 1 


<2> = A(r 2 0 - ri 2 0i) = £ (r*6 - n 2 *?,) (c) 

From Eqs. ( b ) we see that the first term of the stress function (c) gives, at any 
point M of the plate (Fig. 58a), a uniform tension in all directions in the plane of 
the plate equal to 2AG and a pure shear —A. In the same manner the second 
term of the stress function gives a uniform compression — 2A0i and a pure shear A. 
The uniform tension and compression can be simply added together and we find a 
uniform compressive stress 

p = 2AG - 2A= 2A(0 - 0i) = 2Act (d) 

in which « is the angle between the radii r and r\. 

In superposing the two kinds of pure shear, one corresponding to the direction r 
and the other to the direction ri, we shall use Mohr’s circle (Fig. 586), which in this 
case has a radius equal to the numerical value of the pure shears A. By taking 

1 This solution of the problem is due to J. H. Michell, Proc. London il lath. *Soc., 
vol. 34, p. 134, 1902. 
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the two diameters, DD X parallel to r and FF\ perpendicular to r, as the r- and cr-axes, 
we have a representation of the pure shear corresponding to the r-direction. The 
radii CF and C’F, represent the principal stresses A and —-4 making angles tt/4 
with r at the point M, corresponding to this pure shear, and the radius CD repre¬ 
sents the shearing stress —A on the plane mn perpendicular to r. For any piano 
Wl n, inclined at an angle p to mn (Fig. 58 a), the stress components are given by the 
coordinates <x and r of the point G of the circle, with the angle GC D ecpiul to 2p. 


O O / 



Hi 



H 

(5) 


Fui. 58. 

The same circle can be used also to get the stress components due to pure shear 
in the direction r x (see page 16). Considering again the plane mini, and noting 
that the normal to this plane makes an angle a — & with the direction r\ (Fig. 58<i), 
it appears that the stress components are given by the coordinates of the point // 
of the circle. To take care of the sign of the pure shear corresponding to the 
ri-direction, we must change the signs of the stress components, and we obtain in 
this manner the point II i on the circle. The total stress acting on the plane mini 
is given by the vector CK y the components of which give the normal stress 
— (<r -f- <xi) and the shearing stress n — r. The vector CK has the same magnitude 
for all values of /3 since the lengths of its components CII\ and CG t and the angle 
between them, 7 r — 2or, are independent of p. Hence, by combining two pure 
shears we obtain again a pure shear (see page 17). 
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When r i — r = 0, the angle (3 determines the direction of one of the principal 
stresses at M. From the figure we see that r and n are numerically equal 
if 2/3 = 2(a — /3), from which /3 = «/2. The direction of the principal stress 
therefore bisects the angle between the radii r and r i. The magnitudes of the 
principal stresses are therefore 


±2cr = +2.4 sin 2/3 = +2.4 sin a (e) 

Combining this with the uniform compression (cl) we find, for the total values of 
the principal stresses at an}' point M, 


— 2.4 (or 4- sin oc), —2.4 (a — sin a) (/) 

Along any circle through O and 0\ the angle a remains constant, and so the prin¬ 
cipal stresses (/) are also constant. At the boundary, between the points O and Oi 



(Fig. 58a), the angle a is equal to x, and we find, from (/), that both principal 
stresses are equal to —2 irA — —q. For the remaining portions of the boundary 
« = 0, and both principal stresses are zero. 

Hence if an arbitrary load distribution (Fig. 59) is regarded as composed of a 
large number of loads of varying intensities on short elements of the boundary, 
the horizontal stress <r x under one such load element (as indicated in Fig. 59) is 
entirely due to that element, and 

o-x = <r y = —q (g) 

all along the straight boundary. 

Several other cases of distributed load on a straight boundary of the semi¬ 
infinite plate were discussed by S. D. Carothers, 1 and by M. Sadowsky. 2 Another 
manner of solving this problem will be discussed later (see page 125). 

The deflections of the straight boundary of the plate can be found 
for any load distribution by using Eq. (72) obtained for the case of a 
concentrated force. If q is the intensity of vertical load distribution 
(Fig. 59), the deflection produced at any point O at a distance r from 
the shaded element q dr of the load, from Eq. (72), is 


2 £ 
7 tE 


log ^ dr 


(1 + 

7 tE 



Proc. Roy. Soc. (London) , series A, vol. 97, p. 110, 1920. 
2 Z. angew. Math. Mech vol. 8, p. 107, 1928. 
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and the total deflection at O is 


Vo = 


2 f l+ ' 

7tA’ J x 


q log — dr — 


i + - r +x , 

-nr l q dr 


(W 


In the case of a uniformly distributed load, q is constant and we find 


Vo = 


% [ V + - T) log 7 


+ X 


— .r log 





(0 


In the same manner, for a point under the load (Fig. GO), we find 


- - Ie- [ <' - 


') log r=~x +1 108 1] + hnr «' 


U) 


Equation (//) can be used also for finding the intensity q of load dis¬ 
tribution, which produces a given deflection at the straight boundary 








♦ a- 





y 

1'ig. 61 


Assuming, for instance, that the deflection is constant along the loaded 
portion of the straight boundary (Fig. 01), it can be shown that the dis¬ 
tribution of pressure along this portion is given by the equation 1 


<7 = 


7T 


V’a 2 — x 2 


35. Force Acting on the End of a Wedge. The simple radial stress 
distribution discussed in Art. 33 can be used also in investigating the 
stresses in a wedge duo to a concentrated force at its apex. Let us con¬ 
sider a symmetrical case, as shown in Fig. G2. The thickness of the 
wedge in the direction perpendicular to the a*?/-plane is taken as unity. 
The conditions along the faces, 0 = ± «, of the wedge are satisfied by 
taking for the stress components the values 


kP cos 0 

<T r = — -> 

r 


<70 = 0 , 


T r 0 = 0 


(«) 


1 Sadowsky, loc. cit. 
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The constant k will now be adjusted so as to satisfy the condition of 
equilibrium at the point O. Making the resultant of the pressures on 
the cylindrical surface (shown by the dotted line) equal to — P we find 


from which 


- 2 io 


kP cos 2 0 


r (IQ = — 


= -kP (a + i si 



-P 


k = 


1 


Then, from Eqs. (a), 1 


a -}- ^ sin '2cx 


P cos 6 


<r r = — 


r(a + ^ sin 2a) 


(73) 


By making a = tt/2 we arrive at solution (6G) for a semi-infinite plate, 
which has already been discussed. It may be seen that the distribu¬ 




tion of normal stresses over any cross section mn is not uniform, and 
the ratio of the normal stress at the points m or n to the maximum 
stress at the center of the cross section is found to be equal to cos 4 a.. 

If the force is perpendicular to the axis of the wedge (Fig. 63), the 
same solution (a) can be used if 6 is measured from the direction of the 
force. The constant factor k is found from the equation of equilibrium 


from which 



cos 0 • r dO 



and the radial stress is 


<Tr 



1 

a. — i sin 2 a. 


P cos 0 

r(cx — % sin 2a) 


(74) 


1 This solution is due to Michell, loc. cit. See also A. Mesnager, Ann . pants et 
chausstes, 1901. 
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The normal and shearing stresses over any cross section mn are 


<?v = 


T xy 


Pyx sin 1 0 


y*(a — \ sin 2a) 
Par 2 sin 4 9 


(b) 


?/ 3 (a — v sin 2a) 


In the case of a small angle a, we can put 


2a — sin 2 a = 


(2a) 

0 


Then writing / for the moment of inertia of the cross section mn we 
find from (b) that 

Pyx (tan a\ 3 . 

“ -r ' V— J s,n 0 


xy 


Px 2 (tan «\ 3 . . 

= - -r ' \-^r ) s,n 0 


(r) 


For small values of a, the factor (tan a/a) 3 sin 4 9 can be taken as nearly 
unity. Then the expression for <r„ coincides with that given by the 
elementary beam formula. The maximum shearing stress occurs at 
the points m and n and is twice as great as that given by the elementary 
theory for the centroid of a rectangular cross section of a beam. 

Since we have solutions for the two cases represented in Figs. 62 and 
63, we can deal with any direction of the force P in the .ry-plane by 
resolving the force into two components and using the method of super¬ 
position. 1 It should be noted that solutions (73) and (74) represent 
an exact solution only in the case when, at the supported end, the 
wedge is held by radially directed forces distributed in the manner 
given by the solutions. Otherwise the solutions are accurate only at 
points at large distances from the supported end. 

The problem of the wedge loaded by a bending couple Af , in the 
plane of the wedge, and concentrated at the tip, is solved by the stress 
function. 2 

, , , sin 29 — 20 cos 2a , « 

* “ 2(sin 2a^-^ 2a cos 2a) 

where 0 is as indicated in Fig. 62 and the applied couple M is counter- 

1 Several examples of stress distribution in wedges arc discussed by Akira Miura, 
“Spannungskruveil in reehteekigen und keilfbrmigen Tragern,” Berlin, 1928. 
Forces not at the vertex, on a wedge, or a plate from which a wedge has been cut., 
are considered by J. II. A. Brahtz, Physics, vol. 4, p. 56, 1933, and by W. M. 
Shepherd, Proc. Roy. Soc. (London), series A, vol. 148, p. 284, 1935. 

2 C. E. Inglis, Trans. Inst. Nav. Arch. (Tendon), 1922, vol. 64. 
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clockwise. The stresses are 



TrO 


M 


2 (sin 2a: — 2a: cos 2a) ? 


• — sin 26, <T 0 = 0 


M 


2 (sin 2a — 2a cos 2a) r~ 


—„ (cos 26 — cos 2a) 



36. Concentrated Force Acting on a Beam. The problem of stress 
distribution in a beam subjected to the action of a concentrated force 
is of great practical interest. It was shown before (Art. 22) that in 
continuously loaded beams of narrow rectangular cross section the 
stress distribution is obtained with 
satisfactory accuracy by the usual 
elementary theory of bending. 

Near the point of application of a 
concentrated force, however, a seri¬ 
ous local perturbation in stress dis¬ 
tribution should be expected and a 
further investigation of the problem 
is necessary. The first study of these local stresses was made experi¬ 
mentally by Carus Wilson. 1 Experimenting with a rectangular beam 
of glass on two supports (Fig. 64) loaded at the middle, and using 
polarized light (see page 132), he showed that at the point A , where the 
load is applied, the stress distribution approaches that produced in a 
semi-infinite plate by a normal concentrated force. Along the cross 
section AD the normal stress <r x does not follow a linear law, and at the 
point D, opposite to A , the tensile stress is smaller than would be 
expected from the elementary beam theory. These results were 
explained on the basis of certain empirical assumptions by G. G- 
Stokes. 2 The system represented in Fig. 64 can be obtained by super¬ 
posing two systems shown in Fig. 65. The radial compressive stresses 
acting on the sections mn, np, and pq of a semi-infinite plate (Fig. 65a) 
are removed by equal radial tensile stresses acting on the sides of the 
rectangular beam supported at n and p (Fig. 656). The stresses in 
this beam should be superposed on the stresses in the semi-infinite 
plate in order to get the case discussed by Stokes. 

In calculating the stresses in the beam, the elementary beam 
formula will be applied. The bending moment at the middle cross 
section AD of the beam is obtained by taking the moment of the reac- 

1 Loc. dt. 

2 Wilson, loc. cit.; also G. G. Stokes, “ Mathematical and Physical Papers,” vol. 5, 
P. 238. 
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tion P /2 and subtracting the moment of all the radially directed tensile 
forces applied to one-half of the beam. This latter moment is easily 
calculated if we observe that the radially distributed tensile forces are 
statically equivalent to the pressure distribution over the quadrant ab 
of the cylindrical surface abc at the point A (Fig. 05c) or, using Eq. (66), 
are equivalent to a horizontal force P/tt and a vertical foice P/ 2, 



y 

1m o. 05. 


applied at A (Fig. 05*/). Then the bending moment, i.e., the moment 
about, the point O , is 



and the corresponding bending stresses are 1 


, P(l c\ 3 P(l c\ 

1 \2 tt) y 2c* \2 n) y 


To these bending stresses the uniformly distributed tensile stress 
P/2ttc produced by the tensile force P/ic should be added. The normal 
stresses over the cross section A /), as obtained in this elementary way, 
are therefore 


_ 3 P (l c\ , i 

Vi *) u + 2 


7TC 


This coincides with the formula given by Stokes. 

1 As before we take /* as the force per unit thickness of the plate. 
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A better approximation is obtained if we observe that a continuously 
distributed load is applied to the bottom of the beam (Fig. 656) and use 
Eqs. (36'). The intensity of this load at the point D, from Eq. ( 66 ), is 
P/ttc. Substituting this in (36') and combining with the value of a x 
above, we obtain, as a second approximation, 

_ 3 P (l c\ . P , P / y 3 3 ?A 
“ 2&\2 ~ x) y + 2^ + Te \2c 3 ~ 10 c) 

v 2 ttc 7 tc \4c 4c 3 / 

These stresses should be superposed on the stresses 



2 P 
4- y) 



as for a semi-infinite plate, in order to obtain the total stresses along 
the section AD. 

A comparison with a more accurate solution, given below (see table, 
page 106), shows that Eqs. (a) and ( 6 ) give the stresses with very good 
accuracy at all points except the point D at the bottom of the beam, at 
which the correction to the simple beam formula is given as 


3 P 
2.7rc 




0.254 



c 


while the more accurate solution gives only — 0.133 (P/c). 

The first attempt to get a more accurate solution of the problem was 
made by J. Boussinesq . 1 He used Flamant’s solution (see Art. 33) for 
the semi-infinite plate. To annul the stresses over the boundary np 
(Fig. 65a), he superimposes an equal and opposite system of stresses 
and uses again the Flamant solution, i.e., considers the beam as a semi- 
infinite plate extending above the line np. This corrective system 
introduces extra stresses over the top of the beam, which again can be 
removed by repeated application of Flamant’s solution, and so on. 
This process is too slowly convergent and did not lead to a satisfactory 

result. 

A solution of the problem by means of trigonometric series was 
obtained by L. N. G. Filon . 2 He applied this solution to the case of con¬ 
centrated loads and made calculations for several particular cases (see 
Art. 23), which are in good agreement with more recent investigations. 


* Compt. rend., vol. 114, p. 1510, 1892. 

L- N. G. Filon, Trans. Roy. Soc. (London ), series A, vol. 201, p. 63, 1903. 



102 


THEORY OF ELASTICITY 


Further progress in the solution of the problem was made by H. 
Lamb 1 Considering an infinite beam loaded at equal intervals by 
equal concentrated forces acting in the upward and downward direc¬ 
tions alternately, he simplified the solution of the two-dimensional 
problem and obtained for several cases expressions for the deflection 
curves. It was shown in this manner that the elementary Bernoulli- 
Luler theory of bending is very accurate if the depth of the beam is 
small in comparison with its length. It was shown also that the cor¬ 
rection for shearing force as given by Rankine’s and Grashof’s ele¬ 
mentary theory (see page 43) is somewhat exaggerated and should be 

diminished to about 0.75 of its value.- 

A more detailed study of the stress distribution and of the curvature near the 
point of application of a concentrated load was made by T. v. Kdrman 3 and 1«. 
Seewald. 3 Karman considers an infinitely long beam and makes use of the solution 
for a semi-infinite plate with two equal and opposite couples acting on two neigh¬ 
boring points of its straight boundary (Fig. 50M. The stresses along the bottom 
of the beam which are introduced by this procedure can be removed by using a 
solution in the form of a trigonometric series (Art. 23) which, for an infinitely long 
beam, will be represented by a Fourier integral. In this manner KArnUln arrives 

at the stress function 
Ma f 

* “ — Jo 

» («r si nh etc + cosh or) sinli o// — cosh or cosh <»;; • nr/ / cog aX da ^ 

sinli 2oc — 2oc 

This function gives the stress distribution in 
the beam when the bending moment diagram 
consists of a very narrow rectangle, as shown 
in Fig. (*>(>. For the most general loading of 
the beam by vertical forces applied at the top 
of the beam 4 the corresponding bemling-mo- 
ment diagram can be divided into elementary 
rectangles such as the one shown in Fig. 66, 
and the corresponding stress function will be 
obtained by integrating expression (c) along the 
length of the beam. 

This method of solution was applied by Seewald to the case of a beam loaded by a 
concentrated force /' (Fig. til). He shows that the stress a x can be split- into two 

1 II. Lamb, Atti IV conge. intern, inntenmt ., vol. 3, p. 12, Rome, 1900. 

2 Filon came to the same conclusion in his paper (foe. cit). 

3 Ahhandl. acrodynam. Inst., Tech. Iloehschulc , Aachen, vol. 7, 1027. 

4 The case of a concentrated load applied half way between the top and bottom 
of the beam was discussed by 1L O. J. Howland, I*roe. Roy. Sac. (London}, vol. 124, 
j). SO, 1020 (sec* p. 1 1 ”> below), and pairs of forces within the beam by K. Cirkmann, 
I ngenit ur-Arehir, vol. 13, p.273, 10 13. Concentrated longitudinal forces in the web 
of an I-beam are considered by (iirkmann in Oesterr. Ingenienr-Archrc, vol. 1, p. 420, 
101(1. 
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parts• one, which can he calculated by the usual elementary beam formula; and 
another, which represents the local effect near the point of application of the load. 
This latter part, called a /, can he represented in the form fHR/c), in which 0 is a 
numerical factor depending on the position of the point for which the local stresses 
are calculated. The values <>f this factor are given in Fig. 67. The two other 
stress components and can also he represented in the form p(P/c). The 
corresponding values of fi are given in Figs. 08 and 69. It can be seen from the 
figures that the local stresses decrease very rapidly with increase of distance from 


y 2 


3.0 2.5 2.0 1.5 10 0.5 



<^=0 c- 

0.5 1.0 1.5 2j0 2.5 3.0 

» a i a 
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1.5 2.0 2.5 3.0 



(b) 


1.5 2.0 2.5 3.0 


slip 

<3 os S* 

i i » r i 


SI 1 

(c) 


Flu. OS. 


the point of application of the load and at a distance equal to the depth of the 
beam are usually negligible. Using the values of the factor fi for x = 0, the local 
stresses at five points of the cross section AD under the load (Fig. 64) are tabulated 
below. For comparison the local stresses, 1 as obtained from Kqs. (a) and (b) 
(page 101), are also given. It is seen that these equations give the local stresses 
with sufficient accuracy. 

Knowing the stresses, the curvature and the deflection of the beam can be 
calculated without any difficulty. These calculations show that, the curvature 
of the deflection curve can also he split into two parts—one as given by the 


1 That is, stresses which must In* superposed on those obtained from the ordinary 
beam formula. 
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Table ok Factors /3 for the Middle 


V = 

— c 

C 

~ 2 

c 

0 2 

c 

Kxact solution 

II II 

v a 

* * 

CO 

0. 128 
- 1 .23 

0.121 
-o .45b 

— 0 13b 
-0.145 

-0.133 

0 

Approximate solut ion 

/ 

<*x — 

<7* = 

0.573 

0 12 b 
-1 .22 

0.150 
-0.-177 

-0 108 

-0.155 

-0.254 

0 


elementary beam theory and the other representing the local effect of the concen¬ 
trated load I*. This additional curvature of the center line can be represented 
by the formula 



in which « is a numerical factor varying along the length of the beam. Several 
values of this factor are given in Fig. 70. It. is seen that at cross sections at a 



distance greater than half of the depth of the beam the additional curvature is 
negligible. 



Fuj. 71. 


On account of this localized effect on the curvature, the two branches of the 
deflection curve .1/* and AC (Fig. 71) may be considered to meet at an angle 
equal to 
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The corresponding derttclion al the middle is 


__ yi _ ( 3 3 Sv \ 

1 4 4c \4G 10 E 4E) 


(/) 


From this deflection a small further correction S_., removing the sharp change of 
slope at .4, should be subtracted. This quantity was also calculated by Scewald 
and is equal to 

a 2 = o.2i ^ 

Denoting now by 5 0 the deflection as calculated by using the elementary theory, 
the total deflection under the load is 


5 — 5o + — 5> = 

Taking v — 0.3, this gives 


PP PI / 
48 El 4c 


(A __ 3 _ *L\ — o 21 — 

\40 10 E 4 EJ E 


(75) 


5 = 4S7 t 1 + 2-85 (t ) 2 — 0 84 (t) 3 ] 


(75') 


The elementary Rankine-Clrashof theory (see page 43) gives for this case 


Pi 3 r 

48 El I 


1 + 3 


.9° (£)’] 


(g) 


It appears that Eq. (< 7 ) gives an exaggerated value for the correction due to shear. 
In these formulas the deflection due to 
local deformation at the supports is not 
taken into account. 


x 


37. Stresses in a Circular Disk. 

Let us begin with the simple ease 
of two equal and opposite forces 
P acting along a diameter AB (Fig. 

72). Assuming that each of the 
forces produces a simple radial 

stress distribution [Eq. (66)], we can 
find what forces should be applied 
at the circumference of the disk in 
order to maintain such a stress dis¬ 
tribution. At any point M of the 
circumference we have compressions in the directions oi r and r 1 equal to 

2P cos 6 , 9 P cos , i- 

and —--respectively. 1 Since r and ri are perpendic- 



y 

Fig. 72. 
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ular to each other and 


cos 6 _ cos 6 1 
r r 1 


1 

d 


(a) 


It 


is assumed that P is the force per unit thickness of the disk. 
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where d is the diameter of the disk, we conclude that the two principal 
stresses at M are two equal compressive stresses of magnitude 2P/ivd. 
Hence the same compressive stress is acting on any plane through M 
perpendicular to the plane of the disk, and normal compressive forces 
of the constant intensity 2 P/ird should be applied to the circumference 
of the disk in order to maintain the assumed pair of simple radial stress 
distributions. 

If the boundary of the disk is free from external forces, the stress at 
any point is therefore obtained by superposing a uniform tension in the 
plane of the disk of the magnitude 2P/ird on the above two simple 
radial stress distribut ions. Let us consider the stress on the horizontal 
diametral section of the disk at N. From svmmetrv it can be con- 
eluded that there will be no shearing stress on this plane. The normal 
stress produced by the two equal radial compressions is 

0 2P cos 0 

— 2 --- cos- 0 

7 r r 

in which r is the distance .lA r , and 0 the* angle between AN and the 

vertical diameter. Superposing on this the 
uniform tension 2P/ird t the total normal 
stress on the horizontal plane at N is 



<r„ = — 


AP cos 3 0 2 P 
7 r r 7 rd 


or, using the fact that 


cos 0 = 


we find 


Vd 2 + 4x* 


Fio. 73. 


-n\'~ 


Ad 


(d 2 + 


4x 2 ) 2 ] 


(&) 


d'he maximum compressive stress along the diameter CD is at the cen¬ 
ter of the disk, where 

OP 


Oy = ~ 


7 rd 


At the ends of the diameter the compressive stress <j v vanishes. 

C onsidei now the case of two equal and opposite forces acting along 
a choid A P (I* ig. /.I). Assuming again two simple radial distributions 
radiating from A and B y the stress on a plane tangential to the circum¬ 
ference at M is obtained by superposing the two radial compressions 
2 P cos 0 . 2P cos 0i 

acting in the directions r and 7 * 1 , respectively. 


and 


TV 


r 


r 1 
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The normal MN to the tangent at M is the diameter of the disk; hence 
MAN and MBN are right-angled triangles and the angles which the 
normal MO makes with rand r x are tt/2 — 9 X and tt/2 — 6, respectively. 
The normal and shearing stresses on an element of the boundary at M 
are then 

2 P cos 6 . /t r ~ \ 2 P cos Gi / 7 r 

-cos- I - — 6 

7 T r i \2 


a = — 


cos 





— e 


cos 6 sin 2 di cos 9 X sin 2 d 


r 


r i 


(c) 




2 P (cos 0 . cos 6 1 . „ 

— I - sin 0i cos -sin 0 cos 0 

7 T V r n 


These equations can be simplified if we observe that, from the triangles 
MAN and MBN, 

r = d sin 9 X , r x — d sin 6 
Substituting in Eqs. (c), we find 


a = — 


9 p 

-j- sin (9 + 00, 


= 0 


(d) 


From Fig. 73 it may be seen that sin (0 -j- 00 remains constant around 
the boundary. Hence uniformly distributed compressive forces of the 
intensity 2P /rrd sin (0 + 9 X ) should be applied to the boundary in order 
to maintain the assumed radial stress distributions. To obtain the 
solution for a disk with its boundary 
free from uniform compression it is 
only necessary to superpose on the 
above two simple radial distributions 
a uniform tension of the intensity 
2P/ird sin (0 + 9 X ). 



The problem of the stress distribution in 
a disk can be solved for the more general 
case when any system of forces in equilibrium 
is acting on the boundary of the disk. 1 Let 
us take one of these forces, acting at A in the 
direction of the chord AB (Fig. 74). Assum- 
mg again a simple radial stress distribution we have at point M a simple radial 
compression of the magnitude (2 P/tt) cos 0i/ri acting in the direction of AM. 

1 The problems discussed in this article were solved by H. Hertz, Z. Math. Physik, 
vol. 28, 1883, or “Gesammelte Werke,” vol. 1, p. 283; and J. H. Michell, Proc. 
London Math. Soc., vol. 32, p. 44, 1900, and vol. 34, p. 134, 1901. The problem 
corresponding to Fig. 72 when the disk is replaced by a rectangle is considered by 
J- N. Goodier, Trans. A.S.M.E., vol. 54, p. 173, 1932, including the effects of 
distribution of the load over small segments of the boundary. 
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J x >t us take as origin of polar coordinates the center O of the disk, and measure 0 
as shown in the figure. Then the normal and the shearing components of the 
stress acting on an element tangential to the boundary at M can easily be calcu¬ 
lated if we observe that the angle between the normal MO to the element and the 
direction r i of the compression is equal to tt/ 2 — 0 2 . Then 


Or 


TrO 


2 P co s 0 t 
t r r, 

2P cos 0i 
tt r i 


sin 2 0 2 


sin 0 2 cos 0 2 



Since, from the triangle A MX, r, = <1 sin 0 2 , Kqs. (r) can be written in the form 


p p 

o r = -, sin (0i + 0 2 ) --.sin (0 2 — 0i) 

7 T(l 7T(l 

I* I* 

T r 0 = -, COS (01 + 0?) —-} COS (02 — 0l) 

7 T(l TT<( 


(/) 


This stress acting on the element tangential to the boundary at point M can be 
obtained by superposing the following three stresses on the element. 

(1) A normal stress uniformly distributed al mg the boundary: 


P 

7 ril 


sin (0i 0») 



(2) A shearing stress uniformly distributed along the boundary 


— —i cos (0i 0s) 

7 Til 



(3) A stress of which the normal and shearing components are 


/* . 

, sin 

7 Ul 





— -COS (02 — 0|) 

7 Til 



Ol)serving that the angle between the force P and the tangent at M is 0i — 0 3 , it 
can be concluded that the stress (A) is of magnitude P/ir<l and acts in the direction 
opposite to the direction of the force P. 

Assume now that there are several forces acting on the disk and each of them 
produces a simple radial stress distribution. Then the forces to be applied at the 
boundary in order to maintain such a stress distribution are: 

(1) A normal force uniformly distributed along the boundary, of intensity 


V P 

— ' sin (0, + 0 2 ) 


(0 


(2) Shearing forces of intensity 


V P 

— > —) COS (0! -f 02> 

7 Til 



(3) A force, the intensity and direction of which are obtained by vectorial sum¬ 
mation of expressions (k). r l he summation must extend over all forces acting on 
the boundary. 
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The moment of all the external forces with respect to 0, from Fig. 74, is 


V P cos (0i + 0 2 )d 

L 2 

and, as this moment must be zero for a system in equilibrium, we conclude that 
the shearing forces (m) are zero. The force obtained by summation of the stresses 
(k), proportional to the vectorial sum of the external forces, is also zero for a system 
in equilibrium. Hence it is only necessary to apply 
at the boundary of the disk a uniform compression ( l) 
in order to maintain the simple radial distributions. 

If the boundary is free from uniform compression, the 
stress at any point of the disk is obtained by super¬ 
posing a uniform tension of magnitude 


2 


—; sin ( 0 x -f- 0 -) 

7ra 


on the simple radial distributions. 

By using this general method, various other eases of 
stress distribution in disks can easilv be solved . 1 We 
may select, for instance, the case of a couple acting on 
the disk (Fig. 75), balanced by a couple applied at the 
center of the disk. Assuming two equal radial stress 
distributions at A and B, we see that, in this case, 

(l) and the summation of ( k ) are zero and only shearing 
forces (m) need be applied at the boundary in order to 
maintain the simple radial stress distributions. The intensity of these forces, 
from (m), is 



2P „ x 2M t 

~ « J cos (9 ‘ + 0,) = ~ Vd* 


(n) 


where M t is the moment of the couple. To free the boundary of the disk from 
shearing forces and transfer the couple balancing the pair of forces P from the 
circumference of the disk to its center, it is necessary to superpose on the simple 
radial distributions the stresses of the case shown in Fig. 756. These latter 
stresses, produced by pure circumferential shear, can easily be calculated if we 
observe that for each concentric circle of radius r the shearing stresses must give a 
couple M t . Hence, 


Trgl-Trr 2 = Alt, 


Mt 

Tre 2-n-r 2 



These stresses may also be derived from the general equations (38) by taking as 
the stress function 


from which 




1 Several interesting examples are discussed by J. H. Michell, loc. cit. 
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38. Force at a Point of an Infinite Plate. If a force P acts in the 
middle plane of an infinite plate (Fig. 70a), the stress distribution can 
easily be obtained by superposition of systems which we have already 
discussed. We cannot, however, construct a solution by simple super¬ 
position of two solutions for a semi-infinite plate as shown in Figs. 766 
and 76c. Although the vertical displacements are the same in both 
these cases, the horizontal displacements along the straight boundaries 
are different. While in the case 766 this displacement is away from 




the point O, in the case 76c it is toward the point O. The magnitudes 
of these displacements in both cases, from Fq. (71), is 



This difference in the horizontal displacements may be eliminated by 
combining the cases 766 and 76c with the cases 76 d and 76c in which 
shearing forces act along the straight boundaries. The displacements 
for these latter cases can be obtained from the problem of bending of a 
curved bar, shown in Fig. 46. Making the inner radius of this bar 
approach zero and the outer radius increase indefinitely, we arrive at 
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the case of a semi-infinite plate. The displacement along the straight 
boundary of this plate in the direction of the shearing force acting on 
the boundary is, from Eq. (01), 


Dtt 

If 



The constant of integration D must now be adjusted so as to make the 
displacement resulting from (a) and (b) vanish. Then 


I) IT 

~E 





With this adjustment the result of superposing cases 70 b, 70c, 76d, and 
76c is an infinite plate loaded at a point, Fig. 70a. 

The stress distribution in the plate is now easily obtained by super¬ 
posing the stresses in a semi-infinite plate produced by a normal load 
P/2 at the boundary (see Art. 33) on the stresses in the curved bar con¬ 
taining the constant of integration D. Observing the difference in 
measuring the angle 6 in Figs. 46 and 76 and using Eqs. (00), the 
stresses in the curved bar are, for 0 as in Fig. 76, 
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Combining this with stresses (60) calculated for the load P/2, we obtain 
the following stress distribution in the infinite plate: 



<to 


TrO 


1 — v P cos 6 
Att r 

1 — v P cos 0 
Att r 

1 — v P sin 0 
Att r 


P cos 6 

TTV 


(3 + v) P cos 0 
Att r 

(76) 


By cutting out from the plate at the point O (Fig. 76a) a small element 
bounded by a cylindrical surface of radius r, and projecting the forces 
acting on the cylindrical boundary of the element on the x- and y-axes, 
we find 


X = 
Y = 


(cr r cos 6 — T r e sin 6)r dd = P 
(o> sin 6 + T r & cos 6)r dQ = 0 
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?>., the forces acting on the boundary of the cylindrical element repre¬ 
sent the load P applied at the point O. By using Eqs. (13) the stress 
components, in Cartesian coordinates, are found from Eqs. (76): 


(Jr = 


a „ = 


Try = 


P cos 0 
4 -tt r 
P cos 0 . 
47 r r 

_ JL sin 6 

4 7r r 


[ — (3 + v) + 2(1 + v) sin 2 0] 


- v — 2(1 + v) sin 2 0] 

[1 — v 4- 2(1 4- v) cos 2 0] 


(77) 


From solution (77), for one concentrated force, solutions for other 

kinds of loading can be obtained by super¬ 
position. Take, for instance, the case shown 
in Fig. 77, in which two equal and opposite 
forces acting on an infinite plate are applied at 
two points O and O i a very small distance d 
apart. The stress at any point M is obtained 
by superposing on the stress produced by the 
force at () the stress produced by the other 
force at Oj. Considering, for instance, an 
element at M perpendicular to the .r-axis and 
denoting by <7, t he normal st l ess produced on t he element by the force at 
(), t he normal st ress <jJ produced by the two forces shown in the figure is 



= - + Sir ,l ) = “ 


da T 

d al 


1 ( d<T * n d<Tr S,n °\ 

\0r dd r / 


Thus the stress components for the case of Fig. 77 are obtained from 
Eqs. (77) by differentiation. In this manner we find 


(T , = 


dP 
4 71 -r- 


[ — (3 4- v) cos 2 0 4- (1 - *0 sin 2 0 4- 8(1 4- >>) sin 2 6 cos 2 0] 


<*v = 


(IP 

i - ((1 - v) cos 2 0 4- (1 4- Sv) sin 2 0 

\7rr~ 


(78) 


— 8(1 4- v) sin 2 0 cos 2 0] 


dP 


t iu = — 0 [ — (6 4- 2 v) 4~ 8(1 4~ v) sin 2 0] sin 0 cos 0 

*17T r ~ 


It can be seen that the stress components decrease rapidly, as r increases, 
and arc negligible when r is large in comparison with d. Such a result 
is to be expected in accordance with Saint-Venant’s principle if we have 
two forces in equilibrium applied very near to each other. 

By superposing two stress distributions such as given by Eqs. (78), 
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we can obtain the solution of the problem shown in Fig. 78. The 
stress components for this case are 
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= -2(1 - v) 


= 2(1 - v) 


dP 

4n-r 2 

dP 


(1—2 sin 2 0) 


Airr- 


(1-2 sin 2 6) 
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— v) -—x sin 2 Q 
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The same stress distribution expressed in 
polar coordinates is 


(Jr = 


- 2(1 - y) 


dP 

Att r 2 


<7g = 2(1 — v) 


dP 
4t rr 2 



r rO = 0 (79) 


This solution can be made to agree with solution (4G) for a thick cylin¬ 
der submitted to the action of internal pressure 
if the outer diameter of the cylinder is taken 
as infinitely great. 

In the same manner we can get a solution 
for the case shown in Fig. 79a. The stress 
components are 1 

(Tr = <70 = 0, TrO = — (80) 



2irr 



They represent the stresses produced by a 
couple M applied at the origin (Fig. 795). 


c 

-x 

c 


y 

Fig. 80. 



If instead of an infinite plate we have to deal with an infinitely long strip sub¬ 
jected to the action of a longitudinal force P (Fig. 80), we may begin with solution 
(7 /) as if the plate were infinite in all directions. The stresses along the edges of 
the strip resulting from this procedure can be annulled by superposing an equal and 
opposite system. The stresses produced by this corrective system can be deter¬ 
mined by using the general method described in Art. 23. Calculations made by 
R~ C. J. Howland 2 show that the local stresses produced by the concentrated force 
P diminish rapidly as the distance from the point of application of the load 
increases, and at distances greater than the width of the strip the distribution of 
stresses over the cross section is practically uniform. In the table below several 

1 A. E. H. Love, “Theory of Elasticity,” p. 214, Cambridge, 1927. 

2 Loc. cit. See also a paper by E. Melan, Z. angew. Math. Mech ., vol. 5, p. 314, 
1925. 
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values of the stresses a z and a v are given, calculated on the assumption that the 
strip is fixed at the end x = 4- and Poisson’s ratio is J. 
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Stresses produced in a semi-infinite plate by a force applied at some distance 
from the edge have been discussed by K. Melan . 1 

39. General Solution of the Two-dimensional Problem in Polar Coordinates. 
Having discussed various particular cases of the two dimensional problem in polar 
coordinates we are now in a position to write down the general solution of the 
problem. The general expression for the stress function <f>, satisfying the com¬ 
patibility ecpiation (39) is 2 

<t> = a 0 log r -f- b 0 r 2 4- c 0 r 2 log r -f- d o r 2 0 4~ «o'0 

+ 7 ^ rO sin 0 -f- (b t r 3 + a/r -1 + b/r log r) cos 0 

— ~ rO cos 0 (dir 3 4* c/r -1 4" d/r log r) sin 0 

oo 

4“ ^ (d, t r n 4~ b n r n +* 4- a„'r~ n 4- /> n V“" +J ) cos nO 
«*=2 

00 

4- ^ (c„r" 4- d„r n+2 4- c n 'r~ n -f d n 'r ~" +2 > sin nO (81) 

71 =2 

1 Z. angcw. Math. Mcch., vol. 12, p. 313, 1932. 

2 This solution was given by J. II. Michell, Proc. London Math. Soc., vol. 31, 
p. 100, 1899. See also A. Tiinpe, Z. Math. Physik , vol. 52, p. 3-18, 1905. An 
analogous solution for the case of an elliptical ring was given by A. Timpe, Math. 
Z., vol. 17, p. 189, 1923. 
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The first three terms in the first line of this expression represent the solution for 
the stress distribution symmetrical with respect to the origin of coordinates (see 
Art. 26). The fourth term gives the stress distribution for the case shown in 
Fig. 57. The fifth term gives the solution for pure shear (Fig. 755). The first 
term in the second line is the simple radial distribution for a load in the direction 
0=0. The remaining terms of the second line represent the solution for a 
portion of a circular ring bent by a radial force (Fig. 46). By a combination of 
all the terms of the second line the solution for a force acting on an infinite plate 
was obtained (Art. 38). Analogous solutions are obtained also from the third line 
of expression (81), the only difference being that the direction of the force is changed 
by 7 t/ 2 . The further terms of (81) represent solutions for shearing and normal 
forces, proportional to sin nd and cos nd , acting on the inner and outer boundaries 
of a circular ring. We had an example of this kind in discussing the stress distribu¬ 
tion around a small circular hole (Art. 32). 

In the case of a portion of a circular ring the constants of integration in expres¬ 
sion (81) can be calculated without any difficulty from the boundary conditions. 
If we have a complete ring, certain additional investigations of the displacements 
are sometimes necessary in determining these constants. We shall consider the 
general case of a complete ring and assume that the intensities of the normal and 
shearing forces at the boundaries r = a and r = b are given by the following 
trigonometrical series: 


00 


CO 


+ X A n cos nd + 1 B n sin 710 


71= 1 
oo 


71 = l 
oo 


(o>) 


r —b 


= Aq' + ^ An 


cos nO + 


^ B n ' Si 


sin nO 


71 = 1 
oO 


71 = 1 
oo 


(a) 


(TrO^ r—a 


= Co + 2 


Cn COS 7lB -J— 


^ D„ si 


sin nd 


71 = 1 
oo 


71 = 1 
CO 


C Tro) r -b = Co' + Cn cos nd + ^ D n ' sin nd 

n = 1 n = 1 


in which the constants A 0 , A n , B n , . . . , are to be calculated in the usual manner 
from the given distribution of forces at the boundaries (see page 49). Calculating 
the stress components from expression (81) by using Eqs. (38), and comparing 
the values of these components for r = a and r = b with those given by Eqs. (a), 
we obtain a sufficient number of equations to determine the constants of integra¬ 
tion in all cases with n ^ 2. For n = 0, i.e., for the terms in the first line of 
expression (81), and for n = 1, i.e., for the terms in the second and third lines, 
further investigations are necessary. 

Taking the first line of expression (81) as a stress function, the constant ao' is 
determined by the magnitude of the shearing forces uniformly distributed along 
the boundaries (see page 111). The stress distribution given by the term with the 
factor d 0 is many valued (see page 93) and, in a complete ring, we must assume 
do = 0. For the determination of the remaining three constants a 0 , b 0 , and Co 
we have only two equations, 

r) r—a = Ao and r 0-b == Ao 
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The additional equation for determining these constants is obtained from the 
consideration of displacements. The displacements in a complete ring should be 
single-valued functions of 0. Our previous investigation shows (see Art. 26) that 
this condition is fulfilled if we put c 0 = 0. Then the remaining two constants 
a o and b 0 are determined from the two boundary conditions stated above. 

Let us consider now, in more detail, the terms for which n — 1. For determin¬ 
ing the eight constants ay, />,, . . . , dy entering into the second and the third 
lines of expression (81), we calculate the stress components a r and r r(? using this 
portion of </>. Then using conditions («) and equating corresponding coefficients 
of sin nO and cos nO at the inner and outer boundaries, we obtain the following 
eight equations: 

(a i 4~ />i')a 1 4~ 2h x a — 2ai a 3 = .li 

(ai d- by')b~ x d- 2 b x b - 2 ai'b-* = . 1 ,' 

(ri -f- d x ')a~ x d - 2d x a — 2 r*i'a —3 = liy 


(*) 


r. + 

dy' 

)b- 

1 + 2dyb 

- 2 Cy'h 

,-3 — 

*2d \a 

— 

2 r, 

i'a 

3 

4 - dy 

'a = 

-Cy 

2 dy}, 

— 

2r 

y’b~ 

3 

-f dy 

= 

-Cy' 

2h yfl 

— 

2 a 

i'tt~ 

3 

4- by 

'a~ x = 

Dy 

2b yb 

— 

2a 

ylr 

3 

4- by 

'b~ x = 

Dy' 

1 (r) 

it v 

an 

be 

SC 

'Oil tl 

lat the 

v are 
* 


(c) 


from which it follows that 


aya~ l = 
ayb~ x = 

c x a~ x = 

Cyb~ l = 


Ay - Dy 

Ay' - /V 

By d- Cy 
By' + Cy' 


('/) 


a(Ay - I)y) = HAy' - Dy'), «(/*, d- Ct) = b(By' + Cy') 


(e) 


It can be shown that Kqs. (c) are always fulfilled if the forces acting on the ring 
art* in equilibrium. Taking, for instance, the sum of the components of all the 
forces in the direction of the j*-axis as zero, we find 


f 


{[b(<T r )r-J. — a{<Tr)r-.>] COS 0 — [h(r r o)r_S — Q (Tr<>) r_al sill 0} <10 


0 


Substituting for a r and r T 0 from (a), we arrive at the first of Kqs. (r). In the same 
manner, by resolving all tin* forces along the //-axis, we obtain the second of Kqs. (c). 

When «i and r x are determined from Kqs. (</) the two systems of Kqs. (h) and 
(c) become identical, and we have only four equations for determining the remain¬ 
ing six constants. The necessary two additional equations are obtained by con¬ 
sidering the displacements. The terms in the second line in expression (SI) repre¬ 
sent the stress function for a combination of a simple radial distribution and the 
bending stresses in a curved bar (Fig. -10). By superposing 1 the general expres¬ 
sions for the displacements in these two cases, namely Kqs. ( g ) (page 90) and 
Kqs. ( 7 ) (page 77), and, substituting a,/2 for —P/ir in Eqs. (g) and by' for D in 

1 It should be noted that 0 -f- ( tt/2 ) must be substituted for 0 if the angle is 
measured from the vertical axis, as in Fig. 52; instead of from the horizontal axis, 
as in Fig. -10. 



TWO-DIMENSIONAL PROBLEMS IN POLAR COORDINATES 119 


Eqs. (r/), we find the following many-valued terms in the expressions for the 
displacements u and v, respectively: 

a, 1 - . . „ , 2 bT n „ 

~pr — r, — 9 sin 9 -f- 9 sin $ 

Z Us 

o,l , 26/ „ 

~2 — ~j £— 0 cos 6 H- jjr 9 cos 9 

These terms must vanish in the case of a complete ring, hence 

Qi 1 — v 26/ _ 

2 E ^ E 


or 


6 / = 


a i (1 — v) 


(/> 


Considering the third line of expression (81) in the same manner, we find 


rf/ = - 


Ci(l — v ) 


(9) 


Equations (/) and ( g ), together with Eqs. (6) and (r), are now sufficient for deter¬ 
mining all the constants in the stress function represented by the second and the 
third lines of expression (81). 

We conclude that in the case of a complete ring the boundary conditions (a) are 
not sufficient for the determination of the stress distribution, and it is necessary to 
consider the displacements. The displacements in a complete ring must be single 
valued and to satisfy this condition we must have 

». , «»(1 — *) j / c»(l — v ) /oo\ 

Co = 0, £>i — — -^-» ai — ^ (82) 

We see that the constants 6/ and d/ depend on Poisson’s ratio. Accordingly 
the stress distribution in a complete ring will usually depend on the elastic proper¬ 
ties of the material. It becomes independent of the elastic constants only when 
o, and ci vanish so that, from Eq. (82), 6/ = d/ = 0. This particular case occurs 
if Isee Eqs. (d)l 

A i == Di and B i = — C\ 


We have such a condition when the resultant of the forces applied to each boundary 
of the ring vanishes. Take, for instance, the resultant component in the x-direc- 
tion of forces applied to the boundary r = a. This component, from (a), is 



cos 9 — ttq sin 9)a d9 = a-n-(A i — D i) 


If it vanishes we find A\ = D\. In the same manner, by resolving the forces in 
the ^-direction, we obtain B x = —C\ when the y-component is zero. From this 
we may conclude that the stress distribution in a complete ring is independent 
of the elastic constants of the material if the resultant of the forces applied to each 
boundary is zero. The moment of these forces need not be zero. 
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K 1 


Those conclusions for the case of a circular ring hold also in the most general 
case of the two-dimensional problem for a multi ply-connected body. From general 
investigations made by J. II. Michell, 1 it follows that, for multiply-connected 
bodies (Fig. 81), equations analogous to Eqs. (82) and expressing the condition 
that the displacements are single valued should be derived for each independent 

_ circuit such as the circuits .1 and R in the figure. 

The stress distributions in such bodies generally 
y' /z' '\'' j depend on the elastic constants of the material. 

/ // J' 's''** *Vi | They are independent of these constants only if the 

| J ( s"'// )/ j resultant force on each boundary vanishes. 2 Quanti- 

I ft / tatively the effect of the moduli on the maximum 

\ v / stress is usually very small, and in practice it can be 

*— ''s' neglected. 3 This conclusion is of practical impor- 

tance. We shall see later that in the case of trans¬ 
parent. materials, such as glass or bakelite, it is possi¬ 
ble to determine the stresses by an optical method, using polarized light (see 
page 131) and this conclusion means that the experimental results obtained with 
a transparent material can be applied immediately to any other material such as 
steel if the external forces arc the same. 


j;,z 

t 


Fits. HI. 



(cc) (b) 

Fiu. 82 . 


It was mentioned before (see page 08) that the physical meaning of many¬ 
valued solutions can be demonstrated by considering initial stresses in a multiply- 
connected hotly. Suppose, for instance, that Eq. (/) above is not satisfied. The 
corresponding displacement, is shown in Fig. 82a. Such a displacement can be 
produced by cutting the ring and applying forces I*. If now the ends of the ring 
are joined again by welding or other means, a ring with initial stresses is obtained. 
The magnitudes of these stresses depend on the initial displacement d. A A similar 


1 hoc. cit. 

2 It must be remembered that, the body forces were taken as zero. 

3 An investigation of this subject is given by I,. N. G. Filon, Brit. Assoc. Advance¬ 
ment Sci. Ilept ., 1921. Sec E. G. Coker and I,. N. G. Filon, “Photo-elasticity,” 
Arts. f>.07 and 6.16. 


4 A discussion of such stresses is given by A. Timpc, Z. Math . Physik, vol. 52, 
p. 348, 1905. A general theory is given by V. Volterra, Ann. tcolc norm ., Paris, 
series 3, vol. 24, pp. 401-517, 1907. See also A. E. II.Tx>ve, “Mathematical 
Theory of Elasticity,” 4th ed., p. 221, 1927; J. N. Goodier, Proc. Fifth Intern 
Congr. Applied Mechanics, 1938, p. 129. 
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effect is obtained by making a cut along a vertical radius and imposing an initial 
displacement of one end of the ring with respect to the other in the vertical direc¬ 
tion (Fig. 826). The initial stresses produced in the cases shown in Figs. 82a and 
826 correspond to the many-valued terms of the general solution when Eqs. (/) and 
( g ) are not satisfied. 

The complete solution of these problems can be obtained by applying the results 
of Art. 31. The displacements given by Eqs. (q) of Art. 31 will be found to have 
the required type of discontinuity when applied to a ring (see l’rob. 4, page 126). 



Fig. 83. 


40. Applications of the General Solution in Polar Coordinates. As a first 
application of the general solution of the two-dimensional problem in polar coordi¬ 
nates let us consider a circular ring compressed by two equal and opposite forces 
acting along a diameter 1 (Fig. 83a). We begin with the solution for a solid disk 
(Art. 37). By cutting out a concentric hole of radius a in this disk, we are left 
with normal and shearing forces distributed round the edge of the hole. These 
forces can be annulled by superposing an equal and opposite system of forces. 
This latter system can be represented with sufficient accuracy by using the first 
few terms of a Fourier series. Then the corresponding stresses in the ring are 
obtained by using the general solution of the previous article. These stresses 
together with the stresses calculated as for a solid disk constitute the total stresses 


1 See S. Timoshenko, Bull. Polytecli. Inst. Kiev ), 1910, and Phil. Mag. y vol. 44, 
p. 1014, 1922. See also K. Wieghardt, Sitzber. Akad. TFtss., Wien, vol. 124, Abt. 
II, p. 1119, 1915. 
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in the ring. The ratios er#: 2 P/irb, calculated in this manner for variovis points of 
the cross sections mn and mpt 1 for the case 5 = 2a, are given in the table below. 1 


r = 

b 

0.95 

0.85 

0.75 

0.65 

0.55 

Exact theory 

mn 

mini 

2.610 
— 3.788 

1 .477 
-2.185 

-0.113 
— 0.594 1 

— 2.012 

1 .240 

— 4.610 

4 .002 

- 8.942 
10.147 


Hyperbolic stress distribution 


mn 

min i 

2.885 
- 7.036 

1 .602 
-5.010 

0.001 

— 2.482 

— 2 .060 

0.772 

- 4 .806 
5.108 

- 8.653 

11.18 

Linear stress distribution 

m n 

m i n i 

3.90 

-8.67 

1 .71 

- 5.20 

— 0.48 
-1.73 

- 2 .67 

1 73 

—1 . S6 

5 .20 

- 7 .04 

8.67 


For comparison we give the values of the same stresses calculated from the two 
element ary theories bast'd on the following assumptions: (1) that cross sections 
remain plane; in which case the normal stresses over the cross section follow a 

hyperbolic law; (2) that the stresses are distributed 
according to a linear law. The table shows that for 
the cross section mn, which is at a comparatively large 
distance from the points of application of the loads/', 
the hyperbolic stress distribution gives results which 
are very nearly exact. The error in the maximum 
stress is only about 3 per cent. For the cross section 
»hi»! the errors of the approximate solution are much 
larger. It is interesting to note that the resultant of 
the normal stresses over the cross section mpij is P/ir, 
This is to be expected if we remember the wedge action 
of the concentrated force illustrated by Fig. 65 ci. The 
distribution of normal stresses over the cross section 
mn and mpi» calculated by the three above methods is 
shown in Figs. 835 and S3r. The method applied 
above to the case of two equal and opposite forces can be used for the general case 
of loading of a circular ring by concentrated forces. 2 3 

As a second example we consider the end of an eyebar* (Fig. 84). The distribu¬ 
tion of pressures along the edge of the hole depends on the amount of clearance 
between the bolt and the hole. The following results are obtained on the assvunp- 



Fia. 84. 


1 The thickness of the plate is taken as unity. 

2 Ij. N. G. I* ilon, The Stresses in a Circular Ring, Selected Engineering Papers , 
No. 12, Ixmdcm, 1924, published by the Institution of Civil Engineers. 

3 II. Reissner, Jahrb. wiss. Gesellseh. Luftfahrt , p. 126, 1928; II. Reissner, and 
F. Strauch, Ingenieur-Archiv, vol. 4, p. 481, 1933. 
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tion that there are only normal pressures acting on the inner and outer boundaries 
having the magnitudes: 1 



(o>) r—b 


2 P cos 0 

IT G 

2 P cos 0 

7T b 



IT 

2 




3v 

2 


i.e., the pressures are distributed along the lower half of the inner edge and the 
upper half of the outer edge of the eye-shaped end of the bar. After expanding 



these distributions into trigonometric series, the stresses can be calculated by using 
the general solution (81) of the previous article. Figure 85 shows the values of the 
ratio <r e :P/2a, calculated for the cross sections mn and mini for b/a = 4 and 
b/a = 2. 2 It should be noted that in this case the resultant of the forces acting on 
each boundary does not vanish, hence the stress distribution depends on elastic 
constants of the material. The above calculations are for Poisson’s ratio v = 0.3. 

41. A Wedge Loaded along the Faces. The general solution (81) can be used 
also for polynomial distributions of load on the faces of a wedge. 3 By calculating 

1 P is the force per unit thickness of the plate. 

2 For experimental determinations of the stress distribution in eyebars by the 
photoelastic method see E. G. Coker and L. N. G. Filon, “Photo-elasticity,” Art. 
6.18, and K. Takemura and Y. Hosokawa, Rept. 12, 1926, Aeronaut. Research Inst., 
Tdkyd Imp. Univ. The stress distribution in steel eyebars was investigated by 
J. Mathar, Forschungsarbeiten, No. 306, 1928. 

3 See S. Timoshenko, “Theory of Elasticity,” Russian edition, p. 119, St. Peters¬ 
burg, 1914. 
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the stress components from Eq. (81) in the usual way, and taking only the terms 
containing r n with n ^ 0 , we find the following expressions for the stress com¬ 
ponents in ascending powers of r: 

ao = 2b n + 2 d o 0 + 2 a 2 cos 26 + 2 r 2 sin 20 

+ 6 r( 6 i cos 0 4- d x sin 0 + a 3 cos 30 + o 3 sin 30) 

+ 12r 2 (b 2 cos 20 + </ 2 sin 2d + a 4 cos -1 0 + c« sin 40) 

(a 4- 2)(n 4- l)r n (>>„ cos nO 4- d n sin nO 4- a u+2 cos (a 4 - 2)0 

4- r n+2 sin (n 4- 2)0] 

.;. (S3) 

t t o — — d 0 4- 2a 2 sin 20 — 2r 2 cos 2 0 

4- r(2b x sin 0 — 2il x cos 0 4~ 6 a 3 sin 30 — 6 c 3 cos 30) 

4- r 2 ( 6/> 2 sin 20 — 6 d 2 cos 20 4 - 12a« sin 40 — 12 r t cos 40) 

4- r n [a(a 4- l)?>„sin nO — a(a -f- 1 )d n cos nO 4- (n 4- l)(n 4- 2) 

a n+2 sin (a 4- 2)0 — (a 4~ 1 )(n 4~ 2)r n+2 cos (a 4- 2)0] 


Thus each power of r is associated with four arbitrary parameters so that, if the 
applied stresses on the boundaries, 0 = « and 0 = d, are given as polynomials in r, 
the stresses in the wedge included between these boundaries are determined. 

If, for instance, the boundary conditions are 1 

(<To)o—a — N 0 4~ iVjr 4- A 2 r 2 4~ • • • 

(<* 0 ) 0 —/? = A o' 4~ A i'r 4- A 2 V 2 4- • • • 

(c r 0 ) 0—0 = So 4- S x r 4~ S*r 2 4- • • • 

0 = A(/ 4 - Si'r 4~ Sz'r* 4~ • • • 

we have, by equating coefficients of powers of r, 

2(h 0 4- doa 4- fii cos 2nr 4- r 2 sin 2n) = A r 0 
6 (/> t cos or 4“ d 1 sin « 4- a 3 cos 3« 4~ c 3 sin 3«) = N\ ^) 

and generally 


(a 4- 2) (a 4- l)[/>» cos a« 4- d n sin a« 4- a „ +2 cos (a 4- 2)« 

4- c n+2 sin (a 4 - 2)«] = N n 



with three other groups of equations for <r 0 at 0=0 and t t9 
at 0 = « and 0 = (3. These equations are sufficient for calcu¬ 
lating the constants entering into the solution (S3). 

Let us consider, as an example, the case shown in Fig. 86 . 
A uniform normal pressure q is acting on the face 0 = 0 of the 
wedge and the other face 0 = fi is free from forces. Using 
only the first lines in the expressions (83) for a 0 and r T0 the 
equations for determining constants b 0 , d 0 , a 2 , and c t are 


26 0 4- 2a 1 = —q 

2h Q 4 - 2 d a fi 4~ 2a 2 cos 2 f3 4- 2r 3 sin 2 (3 = 0 

— do — 2c s = 0 
— do 4- 2a 2 sin 2 fi — 2r 2 cos 2/5=0 


1 The terms A 0t AY, 
corner r = 0 and only 


So, S 0 ' are not independent, 
three can be assigned. 


They represent stress at the 
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from which (writing k — tan /3 — /3) we find 



a 2 



26 0 — — q 4- 


q tan (3 
2k 


Substituting in Eqs. (83), we obtain 1 


ere 


-!( 


TrO = 


q 

k 


k 2 ^ an /3 — 0 


; f ^ ^ tan 0 sin 20 


^ tan /3 cos 20 + ^ sin 20^ 


) 


ov 


-K- 


A: -f- 2 ^ an P — 0 


~ cos 20 
^ sin 20 + ^ tan /3 cos 20^ 


(c) 


The stress components for any other term in the 
polynomial load distribution (a) may be obtained 
in a similar manner. 

The method developed above for calculating 
stresses in a wedge is applicable to a semi-infinite 
plate by making the angle (3 of the wedge equal 
to 7 r. The stresses for the case shown in Fig. 87, 
for instance, are obtained from Eqs. (c) by substi¬ 
tuting 0 = tt in these equations. Then 



Fig. 87. 


<TQ 


Tr6 


cr r 


-J('“ 


0 + ^ sin 20 ^ 


- ^ (1 - cos 20 ) 




0 — = sin 20 


) 



Problems 

1. Verify Eq. (d) of Art. 25 in the case 

<f> — x* — y* — (x 2 -j- y 2 )(x 2 — i/ 2 ) = r 4 cos 20 

2. Examine the significance of the stress function CO where C is a constant. 
Apply it to a ring a < r < 6 , and to an infinite plate. 

A ring is fixed at r = a and subjected to a uniform circumferential shear at 
r = b forming a couple M. Using Eqs. (49), (50), (51), find an expression for 
the circumferential displacement v at r = 6 . 

3. Show that in the problem of Fig. 45, if the inner radius a is small compared 
with the outer radius b, the value of a 0 at the inside is given by 

and so is large, and negative when <x is positive (the gap is being closed). 

1 This solution was obtained by another method by M. Levy, Compt. rend., vol* 
126, p. 1235, 1898. See also P. Fillunger, Z. Math. Physik , vol. GO, 1912. An 
application of stress functions of this type to tapered box beams is given by 
E. Reissner, J. Aeronaut. Sci., vol. 7, p. 353, 1940. Other loads on wedges are 
considered by C. J. Tranter, Quart. J. Mechs. and Appl. Math., vol. 1, p. 125, 1948. 
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(b) 
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What is the largest gap (value of «) which can be closed without exceeding the 
elastic limit, if b/a = 10, E = 3 X 10 7 p.s.i., elastic limit = 4 X 10* p.s.i.? 

4. Use the results of Art. 31 to obtain formulas for the stresses due to closing 

the parallel gap 5 in Fig. 88a, and due to the 
sliding of amount 5 in Fig. 88 b, in terms of 5. 

5. Find by superposition from Eqs. (G2) 
the stresses in the infinite plate with a hole 
when the undisturbed stress at infinity is uni¬ 
form tension *S in both the x- and //-directions. 

The results should correspond with Eqs. 
(45) for the special case b/a — * oo, p» = 0, 
p 0 = — S. Use this as a check. 

6 . Find expressions for the displacements 
corresponding to the stresses ( 02 ), and verify that they are single-valued. 

7. Convert the stress function (a) of Art. 33 to Cartesian coordinates and hence 
derive the values of <r T , a v , t xv which are equivalent to the stress distribution of Eqs. 
(60'). Show that these values approach zero as the distance from the force 
increases in any direction. 

8 . Verify that in the special case of « = 7 r /2 the stress function (d), page 98, 
agrees with Eq. (69), and investigate whether the stress distribution (e), page 99, 
tends to agree with elementary bending theory for small a. 

9. Show by evaluating the force resultants that the stress distribution (c), 
page 99, does in fact correspond to loading by a pure couple M at the tip of the 
wedge. 

10. A force P per unit thickness is applied by a knife-edge to the bottom of a 
90-dcg. notch in a large plate as indicated in Fig. 89. Evaluate the stresses, 
and the horizontal force* transmitted across an arc AH. 



Fio. 89. 



Flo. 90. 


11. Find an expression for the stress <r x on the section inn indicated in Fig. IX). 
The wedge theory of the present chapter and the cantilever theory of Chap. 3 
give different stress distributions for the junction rs. Comment on this. 

12. Determine the value of the constant C in the stress function 


<t> — C'[r 2 (« — 0) 4 - r 2 sin 0 cos 0 — r 2 cos 2 0 tan a] 

required to satisfy the conditions on the upper and lower edges of the triangular 
plate shown in Fig. 91. Evaluate the stress components <r x , r xv for a vertical 
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section mn. Draw curves for the case a = 20 deg. and draw also for comparison 
the curves given by elementary beam theory. 



13. Determine the value of the constant C in the stress function 

<£ = Cr 2 { cos 2d — cos 2a) 
required to satisfy the conditions 

(TQ = 0, T r Q — s on 6 = a 

(Tq = 0, TrQ = — s on 6 — —or 

corresponding to uniform shear loading on each edge of a wedge, directed away 
from the vertex. Verify that no concentrated force or couple acts on the vertex. 

14. Find the stress function of the type 

a 3 r 3 cos 3d + 6 ir 3 cos d 

which satisfies the conditions 

(TQ = 0, TrQ — sr on d — a 

(TQ = 0, TrQ — —Sr on d = —a 

s being a constant. Sketch the loading for positive s. 

16. Find the stress function of the type 

a 4 r 4 cos 4 d + 6 2 r 4 cos 2d 

which satisfies the conditions 


(TQ = 0, TrQ = sr 2 on d = a 

(TQ = 0, TrQ — —sr 2 on d — — a: 


s being a constant. Sketch the loading. 
16. Derive the stress distribution 


<r x 


-V( 


7T \ 


arctan — -f- 


xy 


--?( 


y 2 )’ 


V 

arctan — — 


T IU = — 

xy 


+ 


y 2 ) 


v y 2 

7 T x 2 + y 2 


from the stress function [see Eq. (a), Art. 34] 




+ y 2 ) arctan — — xy 
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an<l show that it solves the problem of the semi-infinite plate indicated in Fig. 92 
with axes as shown. The load extends indefinitely to the left. * 




y\ 

Fio. 92. 

Examine the value of t, v , (a) approaching O along the boundary Ox, ( b ) approach¬ 
ing () along the //-axis (the discrepancy is due to the discontinuity of loading at O). 

17. Show that the stress function 

* = ^ U 7 log ( x 2 + 7/ 2 ) + xy arctan ^ — r/*J 

solves the problem of the semi-infinite plate indicated in Fig. 93, the uniform shear 

j --- loading s extending from O indefinitely to the 

——-— - ££. b'ft- Show that a x grows without limit as O is 

° approached from any direction. (This is due to 

the discontinuity of load at 0. A finite value is 

y obtained when this is smoothed out, depending 

Fio. 93. on tho loading curve in the neighborhood 

of O.) 

18. By superposition, using the results of Prob. 1C>, obtain <r x , <r„ for pressure 

p on a segment -a < x < « of the straight edge of the semi-infinite plate. Show 
that the shear stress is 


T ru — - 


P _ Anxy 2 

IU - «) 2 + // 2 J(U -H a) 2 + i/ 2 j 


\ hC , ’' l ' ,lftVi< ::: )f 1 tllis " ,r ™« "" »'«' P«i"t * = V = o is approached 
(a) along the boundary, (h) along the line x = a 

19. Using the results of l>rnl,. I7,skc..h On- variation of „ along the edge y = 0, 

f°r«u f „ r, , 1 »l„rl° , l ,l ..PiW to the segment -a < r < a of tho edge 
20* feiiow that tho xtross function 


4 > = 


2nd [ (3 • r " + ■ r//2 ) ar< * ,:m ^ + 3 1/ s 1°K (-r 2 + v-) - ? x*y J 


solves the problem of the semi-infinite plate indicated in Fig 
increasing pressure load extending indefinitely to the left. 


94, the linearly 



Fio. 94. 
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21. Show that if the pressure loading of Prob. 20 is replaced by shear loading, s 
replacing p, the appropriate stress function is 

<t> = 2 ^ [ X1 J 2 l°g (x* + !/ 2 ) + (x*y — y 3 ) arctan | — 3x?/ 2 J 

22. Show how the distributions of load indicated in Fig. 95 may be obtained by 
superposition from loading of the type indicated in Fig. 94. 




V 


Ca- 

1— b-A 

-crJ 


Fig. 95. 



23. Show that the parabolic 
function 


loading indicated in Fig. 96 is given by the stress 



[7 +1 <*• + »■> (i 


6a 


+ 


V 


2a 


)] 


<X 


2 1 
+ 3 axf> + 2 ay 





for pressure, and 


£ [yL /®~. o„, , ...* r 2 2 . 2 


7r { 6a 2 


(3a 2 - 3x 2 + z/ 2 ) log ayfi + (x 2 - 3 y 2 - 3a 2 )« + 4xy2 


3a 


} 


for shear, where 


a — 0 1 — 0 2 = arctan 


n 2 = (x — a) 2 H- t/ 2 , 

2 ay 


r 2 


x 2 + y 


2 - a 2 


= (x + a) 2 + ?/ 2 

2 ccij 

/3 = 0i + 0 2 = arctan x2 — y2 _ q2 


24. Show that in the problem of Fig. 72 there is a tensile stress <r x — 2P/-n-d 
along the vertical diameter, except at A and B. Account for the equilibrium of 
the semicircular part ADB by considering small semicircles about A and B in 
the manner of Figs. 65c and d. 

25. Verify that the stress function 




7T 


{ 


\pr cos 9 



v)r log r cos 9 — ^ s ' n ® 

+ ^ log r — ^ ( 3 — *') “ cos 6 } 
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satisfies the boundary conditions for a force P acting in a hole in an infinite plate 
with zero stress at infinity, and that the circumferential stress round the hole is 

(2 + (3 - v) cos 0] 

7Ttt 

except at A (Fig. 07). 

Show that it also corresponds to single-valued displacements. 



Fio. 07. 


26. Deduce from Prob. 25 by integration the circumferential stress round the 
hole due to uniform pressure p in the hole, and check the result by means of Eqs. 
(46). 

27. Find the general form of /(r) in the stress function 0/(r), and find the expres¬ 
sions for the stress components a T> <r 0 , r r0 . Could such a stress function apply to a 
closed ring? 



CHAPTER 5 

THE PHOTOELASTIC METHOD 

42. Photoelastic Stress Measurement. The boundaries of the 
plates so far considered have been of simple geometrical form. For 
more complex shapes the difficulties of obtaining analytical solutions 
become formidable, but these difficulties can be avoided by resorting 
to numerical methods (which are discussed in the Appendix) or to 
experimental methods, such as the measurement of surface strains by 
extensometers and strain gauges, or the photoclastic method. This 
method is based on the discovery of David Brewster 1 that when a piece 
of glass is stressed and viewed by polarized light transmitted through 
it, a brilliant color pattern due to the stress is seen. He suggested that 
these color patterns might serve for the measurement of stresses in 
engineering structures such as masonry bridges, a glass model being 
examined in polarized light under various loading conditions. This 
suggestion went unheeded by engineers at the time. Comparisons of 
photoelastic color patterns with analytical solutions were made by the 
physicist Maxwell. 2 The suggestion was adopted much later by C. 
Wilson in a study of the stresses in a beam with a concentrated load, 3 
and by A. Mesnager in an investigation of arch bridges. 4 The method 
was developed and extensively applied by E. G. Coker 5 who introduced 
celluloid as the model material. Later investigators have used bake- 

lite, and more recently, fosterite. 6 

In the following we consider only the simplest form of photoelastic 
apparatus. 7 Ordinary light is regarded as consisting of vibrations in 

1 D. Brewster, Trans. Roy. Soc. (London ), 1816, p. 156. 

2 J. Clerk Maxwell, Sci. Papers, vol. 1, p. 30. 

3 C. Wilson, Phil. Mag., vol. 32, p. 481, 1891. . 

4 A. Mesnager, Ann. ponts et chausstes , 4° Trimestre, p. 129, 1901, and 9® Series, 

vol. 16, p. 135, 1913. . 

6 The numerous publications of Prof. Coker are compiled in his papers: Gen. 
Elec. Rev., vol. 23, p. 870, 1920, and J. Franklin Inst., vol. 199, p. 289, 1925. See 
also the book by E. G. Coker and L. N. G. Filon, “Photo-elasticity,” Cambridge 
University Press, 1931. 

6 M. M. Leven, Proc. Soc. Expl. Stress Analysis, vol. 6, no. 1, p. 19, 1948. 

7 More complete treatments may be found in the following books: “Handbook 
of Experimental Stress Analysis,” 1950; M. M. Frocht, “Photoelasticity,” 2 vols., 
1941 and 1948; and the book cited in footnote 5. 
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all directions transverse to the direction of the ray. By reflection 
from a piece of plate glass covered on one side with black paint, or by 
transmission through a polarizer —a Nicol prism , or Polaroid plate —we 
obtain a more or less polarized beam of light in which transverse vibra¬ 
tions in a definite direction prevail. The plane containing this direc- 
t ion and a ray is the plane of polarization. This is the kind of light used 
in the photoelastic investigation of stress. We shall consider only 
monochromatic light. 


> 
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Fio. 98. 

Figure 98a represents diagrammatically a plane polariscope. A 
beam of light originating at L passes through a polarizer P, then 
through the transparent model M which modifies the light according 
to the stress, then through an analyzer —another polarizer A —to a 
screen S, on which a pattern of interference fringes (Figs. 100 to 104) is 
formed. 


pc 



(a) 



(t>) 

Fio. 99. 



In Fig. 09a, abed represents a small element of the left-hand face of 
the model M, the directions of the principal stresses <r x , <r u being drawn 
vertical and horizontal for convenience. A ray of light polarized in the 
plane OA (Fig. 99) arrives from P, the direction of the ray in Fig. 99 
being through the paper. The vibration is simple harmonic and may 
be represented by the transverse “displacement” 


s = a cos pi (a) 

in the direction OA, where p is 2ir times the frequency, depending on 
the color of the light, and t is the time. 
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The displacement (a) in the plane OA is resolved into components 
with amplitudes OB = a cos cx and OC = a sin in the planes Ox, Oy 
respectively. The corresponding displacement components are 

x = a cos a cos pt, y = a sin a cos pt ( b ) 


The effect of the principal stresses a x and <r y , acting at the point O of 
the plate, is to change the velocities with which these components are 
propagated through the plate. Let v x and v y denote the velocities in 
the planes Ox and Oy. If h is the thickness of the plate, the times 
required for the two components to traverse the thickness are 



Since the light waves are transmitted without change of form, the 
x-displacement, X\, of the light leaving the plate at time t corresponds 
to the ^-displacement of the light entering the plate at a time t\ earlier. 
Thus 

Xi — a cos a cos p(t — tf), yi = a sin cx cos p(t — t 2 ) ( d ) 

On leaving the plate, therefore, these components have a phase differ¬ 
ence A = p(t 2 — 1 1 ). It was established experimentally that for a 
given material at a given temperature, and for light of a given wave 
length, this phase difference is proportional to the difference in the 
principal stresses. It is also proportional to the thickness of the plate. 
The relationship is usually expressed in the form 


A = —- • C(cr x - a v ) W 

where X is the wave length (in vacuo), and C the experimentally deter¬ 
mined stress-optical coefficient. C depends on the wave length arid 
temperature as well as the material. 

The analyzer A transmits only vibrations or components in its own 
plane of polarization. If this is at right angles to the plane of polariza¬ 
tion of the polarizer, 1 and if the model is removed , no light is trans¬ 
mitted by A and the screen is dark. We now consider what occurs 
when the model is present. The components (d) on arrival at the 
analyzer may be represented as 

x 2 = a cos cx cos \p, y 2 = cl si n a cos (*A A) (/) 

since they retain the phase difference A in traveling from M to A. 
Here denotes pt + constant. 

1 The polarizer and analyzer are then said to be “crossed. 
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The plane of polarization of .4 is represented by mn in Fig. 99a, for 
convenience. It is set perpendicular to OA. The components of the 
vibrations (/) which are transmitted by .4 are the components along 
Om, which are, using Eqs. (/), 


.T 2 sin a = in sin 2a cos 


yo cos a = — sin 2a cos ( \f/ — A) 


The resultant vibration along mn is therefore 

i a sin 2a [cos i p — cos (\p — A)] = —a sin 2a sin ^ sin 

The factor sin (^J/ — represents the simple harmonic variation with 
time. The amplitude is 


. 4> . A 

a sin 2a sin ^ 


(o) 


It follows that some light will reach the screen unless either sin 2a = 0 
or sin A/2 = 0. If sin 2a = 0 the directions of the principal stresses 
are parallel to the (perpendicular) directions of polarization of P and 
A. Thus rays which pass through such points of M will be extin¬ 
guished and the corresponding points on the screen & will be dark. 
These points usually lie on one or more curves, indicated by a dark 
band on S. Such a curve is called an “isoclinic.” Very short lines 
parallel to the axes of P and A may be drawn at numerous points on it 
to record the (parallel) directions of the principal stresses at these 
points. By setting P and A in different (perpendicular) orientations, 
different isoclinics are obtained. The short lines then cover the field 
like a pattern of iron filings over a magnet, and it is possible to draw 
curves which are tangential at each point to the principal axes of stress. 
I he latter lines are trajectories of the principal stresses. 

If sin A/2 = 0, then A = 2mr where n = 0, 1,2,.... When 

^ = 0, the principal stresses are equal. Points where this occurs are 

called isotropic points, and will of course be dark. Points at which 

n ~ 1 f° rm a dark band, or fringe, of the first order, points for which 

n = 2 a fringe of the second order, and so on. These fringes are called 

isochromatics (because, when white light is used, they correspond to 

extinction of a certain wave length and therefore to a color band). It 

follows from Pq. (r) that a r — a u on a fringe n = 2 has t wice the value 

of <r x - a y on a fringe n = 1, and so on. To evaluate the principal 

stress differences it is therefore necessary to know the order of the 

fringes, and the stress difference represented bv the fringe of the first 
order, or fringe value. 
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The fringe value may he determined by loading a strip in simple 
tension. Since the stress is uniform there arc* no fringes, the whole 
piece appearing uniformly bright or dark on the screen. At zero load 
it will be dark. As the stress is increased, it w ill brighten, then darken 
as the stress difference (here simply the tensile stress) approaches the 
fringe value. On further increase of load it brightens oner more*, then 
darkens again when the stress is twice the fringe 4 value, and so on. 

Similar cycles of brightness and darkness will clearly occur at any 
point of a nonuniform stress field as the load is increased—provided 
the stress difference at the point reaches a multiple of the fringe* value. 
These cycles at individual points correspond, in the view of tin 4 whole 
field, to gradual movement of the fringes, including the entrance of new 



Fig. 100. 


fringes, as the load is increased. The orders of the fringes may there¬ 
fore be determined by observing this movement and counting the 
fringes. 


For instance a strip in pure bending gives a fringe pattern as shown 
in Fig. 100. The parallel fringes accord with the fact that in the por¬ 
tion of the strip away from the points of application of the loads, the 
stress distribution is the same in all vertical cross sections. By watch¬ 


ing the screen as the load is gradually increased we should observe that 
new fringes appear at the top and bottom of the strip and move 
toward the middle, the fringes as a whole becoming more and more 
closely packed. There will be one fringe at the neutral axis which 
remains dark throughout. This will clearly be the fringe of zero order 

(n = 0). 

43. Circular Polariscope. We have seen that the plane polariscope 
just discussed provides, for a chosen value ot a, the corresponding 
isoclinic as well as the isochromatics or fringes. Figure 100 should 
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and tin* amplitude is thus 


\ 2 r or \/2 b sin — 


a sin - 


(P) 


romomlioriii”: t hat /; drnotos o \ 2 and that a is t ho atnplit ude leaving 
the polarizer. Xo account has been taken of course of loss of light in 
t ho apparat us. ( ’omparing t his result with the result (</) for the plane 
polariseope, we observe that the* factor sin 2 or is now absent, and there¬ 
fore the isochromatics appear on the screen, but no isoclinics. 



It A is zero, t In* am pi it ude (/>) is also zero. Thus if 1 here is no model, 
or it the model is unloaded, the screen is dark. \Ye have a dark field 
setting. It t lie analyzer a\is is t inned t lirough *)() dog. with respect to 
(Ja wo should have a / nj/if Jit Id and light hinges taking the place of the 
former dark fringes. 1'ho same effect is brought about in the plane 
polariseope by having the polarizer and analyzer axes parallel instead 
of at right angles. 

44. Examples of Photoelastic Stress Determination. The photo¬ 
elastic method has yielded especially important results in the study of 
stress concentration at the boundaries of holes and reentrant corners. 
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In such cases the maximum stress is at the boundary, and it can be 

obtained directly by the optical method because one of tin* principal 

stresses vanishes at the free boundary. 

% 

Figure 101 shows the fringe pattern of a curved bar 1 bent by couples 
M. The outer radius is three times the inner. The order numbers of 
the fringes marked on the right-hand end show a maximum of 0 at both 



Fig. 102. 



Fig. 103. 


top and bottom. The regular spacing corresponds to the linear dis¬ 
tribution of bending stress in the straight shank. The fringe orders 
marked along the top edge show the stress distribution in the curved 

1 F. E. Weibel, Trans. A.S.M.E. , vol. 56, p. 637, 1934. 
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part (t hr complete model continues above this top edge, which is its 
axis of symmetry), indicating a compressive stress at the inside repre¬ 
sented by 13 . 0 , and a tensile stress at the outside represented by (i.7. 
Those values are in very close agreement, proportionally, with the 
theoretical “ exact -solut ion ” values in the last line of the table on 
page 04. 

Figures 102, 103 represent 1 2 the case of bending of a beam by a force 
applied at the middle. The density of distribution of dark fringes 
indicates high stresses near the' point of application of the load. The 
number of fringes crossing a cross section diminishes as the distance of 



the* cross section from the middle* ol the* beam inerc'iisos. 1 his is due 
to decrease in bending moment. 

Figure* 10 1 represents the* stress distribution in a plate* e>t two elifter- 
(»nt widt lis submit 1 eel te> centrally applied tension. It is seen that the 
maximum st re*ss occurs at the* e*nels ot the* fillets. The ratio of this 
maximum stress to the* average* st ress in the narrower portion of the 
plate* is calle*el the* sfn xs-conccnt rat ton factor. It ele'pe*nels on the ratio 
of l he* raelius // e>f the* filled te> the wielth </ e>f the* plate. Several values 
e >f the* st i e*ss-e*onee*nt rat ion faete)r e)btaine*el expe*riment ally - are given 
in Fig. I0o. It is se*e*n that tin* maximum st less is rapidly increasing 
as the* rat i e > /»* d is eleere*asing, and wlu*n I\ <1 = 0.1 the* maximum 
strexss is more* than t wie*e* the* ave*rage* te*nsile* stress. Figure 100 repre- 


1 M. M. l'rnclit, Trans. A.S.M.F., vol. 53, 1931. 

2 Sec paper by W rihcl, loc. ( it. 




Stress concentration factor 
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sents the same plate submitted to pure bending by a couple applied at 
the end and acting in the middle plane of the plate. Figure 107 gives 
the stress-concentration factors for this case. 

45. Determination of the Principal Stresses. The ordinary polari- 
scope, as we have seen, determines only the difference of the principal 
stresses, and their directions. When it is required to determine the 
principal stresses throughout, the model, or at a boundary where there 
is unknown loading, further measurement, or calculation, is required. 




t/> 

«✓> 

o> 


cO 



Many methods have been used, or proposed. Only a brief description 
of some of these will be given here. 1 

The sum of the principal stresses can be found by measuring the 
changes in the thickness of the plate. 2 The decrease in thickness due 
to the stress is 

A h = ^ (<r x + <r u ) ( a ) 

whence <r x a,, may be calculated if Ah is measured at each point where 
the* stresses are to be evaluated. Several special forms of extensometcr 
have been designed for this purpose. 3 The pattern of interference 
fringes formed when a model is placed against an optical flat, so as to 

1 For further information see the references cited in footnote 7 on p. 131. 

2 This method was suggested by Mesnager, /or. cit. 

3 Sec M. M. Froeht, “Photoclastieity,” vol. 2. 
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form an air film with thickness variations determined by the thickness 
variations in the plate, yields the required information in a single 

photograph. 

The differential equation satisfied by the sum of the principal 
stresses, Eq. (6) on page 26, is also satisfied by the deflection of a 
membrane of constant tension, such as a soap film, and if the boundary 
values are made to correspond, the deflection represents to a 

certain scale. 1 In many cases the boundary values of a x + a y requiied 
for the construction of the membrane can be found from the photo- 
elastic fringe pattern. The latter gives a x a y . At a free boundary 
one principal stress, say a„, is zero, and a x + a y becomes the same as 
<r x _ ffym Also at a boundary point where the loading is purely normal 
to the boundary and of known magnitude, it constitutes one principal 
stress itself, and the photoelastic measurement of the difference suffices 
to determine the sum. The same differential equation is satisfied by 
the electric potential in flow of current through a plate, and this can be 
made the basis of an electrical method. 2 Effective numerical methods 
have been developed as alternatives to these experimental procedures. 
These are discussed in the Appendix. The principal stresses can also 
be determined by purely photoelastic observations, more elaborate 

than those considered in Arts. 42 and 43. 2 

46. Three-dimensional Photoelasticity. The models used in the 
ordinary photoelastic test are loaded at room temperature, are elastic, 
and the fringe pattern disappears when the load is removed. Since 
the light must pass through the whole thickness, interpretation of the 
fringe pattern is feasible only when the model is in a state of plane 
stress—the stress components then being very nearly uniform through 
the thickness. When this is not the case, as in a three-dimensional 
stress distribution, the optical effect is an integral involving the stress 
at all points along the ray. 3 

This difficulty has been surmounted by a method based on observa¬ 
tions made by Brewster and by Clerk Maxwell, 4 that gelatinous mate¬ 
rials, such as isinglass, allowed to dry under load, then unloaded, retain 
a permanent fringe pattern in the polariscope as though still loaded and 
still elastic. Resins such as bakelite and fosterite loaded while hot, 
then cooled, have been found by later investigators to possess the 

1 J. P. Den Hartog, Z. angew. Math. Mech vol. 11, p. 156, 1931. 

2 See R. D. Mindlin, J. Applied Phys ., vol. 10, p. 282, 1939. 

3 See the article by D. C. Drucker in “Handbook of Experimental Stress Analy¬ 
sis,” which gives a comprehensive account of three-dimensional photoelasticity. 

* J. Clerk Maxwell, Sci. Papers , vol. 1, p. 30. 
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same* property. Tlx 1 explanation 1 is that these materials have the 
structure* of a strong elastic skeleton, or molecular network, which is 
unaffected by heat, the spaces being filled by a mass of loosely bonded 
molecules which softens on heating. When the hot specimen is loaded 
the elastic skeleton bears the load and is elastically deformed without 
hindrance. On cooling, the softened mass in which this skeleton is 
embedded becomes “frozen,” and holds the skeleton almost to the 


1 i»i. ins. 

same deformation even when the load is removed. The optical effect 
is likewise substantially retained, and is not disturbed by cutting the 
specimen into pieces. A three-dimensional specimen may therefore 
be cut iiit o I bin slices, and each slice* examined in t he polariscope. 1 he 
state of stress which produced the* optical effect in the slice is not plane 
stress, but the* other components r x ., r u:% a : are known to have no effect 
on a ray along tin* c-direction, /.< ., normal to the slice. The fringe 
put lern show n in Fig. 10S was obtained from such a slice cut centrally 
from a round shaft (of fosterite) with a hyperbolic groove.- The 
maximum stress obtained from this pattern is within two or three per 
cent of the theoretical value. Figure 100 shows another fringe pattern 


1 M. llrtcMvi, ./. A <{ Rhi/s., vol. 10, p. 29f>, 1939. 

- 1 .even, lor. ril. 
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NUT WITH 
TAPERED LIP 



CONVENTIONAL NUT 

Fio. 109. 

of the same type, obtained from a (bakelite) model of a bolt and nut 
fastening. 1 The lower nut was a conventional type. The upper one 
has a tapered lip and shows a lower stress concentration than the con¬ 
ventional nut. 

1 M. HetSnyi, J. Applied Mechanics (Trans. A.S.M.E.), vol. 10, p. A-93, 1943. 
Results for several other forms of nut are given in this paper. 


CHAPTER 6 

STRAIN -ENERGY METHODS 


47. Strain Energy. When a uniform bar is loaded in simple tension 
the forces on the ends do a certain amount of work as the bar stretches. 

Thus if the element shown in Fig. 
110 is subject to normal stresses 
<t z only, we have a force <r x dy dz 
which does work on an extension 
e x d. r. The relat ion bet ween these 
two quantities during loading is 
represented by a straight line such 
as 0.1 in Fig. 1 l()/>, and the work done during deformation is given 
by the area £(<r x dy dz) (e x dx) of the triangle 0.1 B. Writing dV for this 
work we have 

dV = i<r z e z dx dy dz (a) 



e x dx: 


Fio. no. 


It is evident that the same amount of work is done on all such elements, 
if their volumes are the same. We now inquire what becomes of this 
work—what kind or kinds of energy is it converted into? 

In the case of a gas, adiabatic compression causes a rise of tempera¬ 
ture. When an ordinary steel bar is adiabatically compressed there is 
an analogous, but quite small, rise of temperature. The corresponding 
amount of heat is, however, only a very small fraction of the work done 
by the compressive forces. 1 For our purposes it is sufficiently accurate 
to disregard this small fraction. Then none of the work done is 
accounted for by heat, and we may say that it is all stored within the 
(dement as strain energy. It is assumed that the element remains 
elastic and that no kinetic energy is developed. 

The same considerations apply when the element has all six compo¬ 
nents of stress, <r x , <r Uy cr., r xw , r v ., r x . acting on it (Fig. 3). Conservation 
of energy requires that, the work done do not depend on the order in 
which the forces arc applied, but only on the final magnitudes. Other¬ 
wise we could load in one order, and unload in another order corre- 

1 If this wore not so there would he a substantial difference between adiabatic 
and isothermal moduli of elasticity. The actual differences are very slight. See 
G. F. C. Searle, “Experimental Elasticity,” Chap. 1. 

MO 
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sponding to a larger amount of work. Thus a net amount of work 
would have been gained from the element in a complete cycle. 

The calculation of the work done is simplest if the forces, or stresses, 
all increase simultaneously in the same ratio. Then the relation 
between each force and the corresponding displacement is still linear, 
as in Fig. 1106, and the work done by all the forces is 

dV = Vo dx dy dz (6) 

where 

Vo = 4“ &v e V 4” 4- TTV~Yry 4“ T yz y vz 4~ TxzT xz) ( C ) 

Thus Vo is the amount of work per unit volume, or strain energy per 
unit volume. 


In the preceding discussion the stresses were regarded as the same on opposite 
faces of the element, and there was no body force. Let us now reconsider the 
work done on the element when the stress varies through the body and body force 
is included. Considering first the force a x dy dz on the face 1 of the element in 
Fig. 110a, it does work on the displacement u of this face, of amount ^(<r x u) 1 dy dz, 
where the subscript 1 indicates that the functions cr X} u must be evaluated at the 
point 1. The force <r x dy dz on the face 2 does work <t x u)o dy dz. The total 
for the two faces 

— (o\rW) 2 l dy dz 


is the same, in the limit, as 

^ — ( rr x u) dx dy dz (d) 

Z ox 

Computing the work done by the shear stresses t xu , r xt on the faces 1 and 2, and 
adding to ( d ), we have the work done on the two faces by all three components 
of stress as 

o IT” “4~ T xy v -|- Txziv) dx dy dz 

where v and w are the components of displacement in the y- and 2 -directions. 
The work done on the other two pairs of faces can be similarly expressed. W e find, 
for the total work done by the stresses on the faces, 


\ (®*tt -b t xv v -b r xs w) 4- ~ (<r y v + r v* w 4~ T *v u ) 








4 




As the body is loaded the body forces X dx dy dz etc. do work 

^ (Xu 4- Yv 4- Zw) dx dy dz (/) 

The total work done on the element is the sum of (e) and (/). On carrying out the 
differentiations in (e) we find that the total work becomes 
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But on account of the equations of equilibrium (127) derived in Art. 76 the brackets 
multiplying n , v, w arc zero. The quantities multiplying the stress components 
are, from Eqs. 2, e r , ... , y*v, ■ . . • Thus the total work done on the element 
reduces to the value given by ( b ) and (r). These formulas therefore continue to 
give the work done on the element, or strain energy stored in it, when the stress is 
not uniform and body forces are included. 

By moans of Hooke’s law, Eqs. (3) and (6), we can express V 0 , given 
by Eq. (c), as a function of the stress components only. Then 



~h &V 1 O'z 2 ) — ~j£ (.<7x&v a V <J z T O'r^x) 


+ 2^ ( t tV~ + + T^) (84) 


Alternatively we may use Eqs. (11) and express V Q as a function of the 
strain components only. Then 

V 0 = ^Xc* 2 + G(e x 2 + e y 2 + c, 2 ) + + Tux 2 + 7** 2 ) (85) 


in which 


c = € x - Cy + 



Ev 

(l +V)(l - 2v) 


This form shows at once that V a is always positive. 

It is easy to show that the derivative of V 01 as given by (85), with 
respect to any strain component gives the corresponding stress compo¬ 
nent. Thus taking the derivative with respect to « x and using Eq. 
(11), we find 

£L» = Xe + 2G( X = <r, ( g) 

de x 

For the case of plane stress, in which <r. = t X3 — r ya = 0, we have 
from (84) 

Vo = ~ (<r* 2 + <-) - J, <r x cr u + A (86) 


The total strain energy of a deformed elastic body is obtained from 
the strain energy per unit volume V 0 by integration: 

V = fffVo dx dy dz 


(87) 
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It represents the total work done against internal forces during load¬ 
ing. If we think of the body as consisting of a very large number of 
particles interconnected by springs, it would represent the work done 
in stretching or contracting the springs. 

By using Eq. (84) or (85) it can be represented either as a function 
of stress components or as a function of strain components. The 
application of both these forms will be illustrated in the following 
discussion. 


The quantity of strain energy stored per unit volume of the material is some¬ 
times used as a basis for determining the limiting stress at which failure occurs. 1 
In order to bring this theory into agreement with the fact that isotropic materials 
can sustain very large hydrostatic pressures without yielding, it has been proposed 
to split the strain energy into two parts, one due to the change in volume and the 
other due to the distortion, and consider only the second part in determining the 
strength. 2 

We know that the volume change is proportional to the sum of the three normal 
stress components (Eq. (8)], so if this sum is zero the deformation consists of dis¬ 
tortion only. We may resolve each stress component into two parts, 


where 


Since, from this, 


cr* = a x ' 4- p, ct v = <r u ' + p, <r s = <?/ + P 

p = (<r x -Y a y + <r«) = 3f° 

cT X ' T 4" z ~ 0 



the stress condition <r*', <r u ', <r/ produces only distortion, and the change in volume 
depends entirely 3 on the magnitude of the uniform tension p. 4 he part of the 
total energy due to this change in volume is, from Eq. (8), 




Ox 4" <*■„ + <r z ) 2 



Subtracting this from (84), and using the identity 

o’xCy 4- <Ty<r z cr-tTz — —"sIOx — cr v ) 2 4“ O v — cr *) 2 4“ Ox «^x) 2 ] 4- Ox 2 4“ <r v 2 4" <T* 2 ) 
we can present the part of the total energy due to distortion in the form 


Eo -- Ox 4" &V 4“ <7x) 2 — -[Ox <Tv)~ 4“ Ov 

4- Ox — o-x) 2 ] 4- (jxv 2 4- T X * 2 4- t„, 2 ) (88) 


1 The various strength theories are discussed in S. Timoshenko, “Strength of 
Materials/’ vol. 2. 

2 M. T. Huber, Czasopismo technizne, Lw6v, 1904. See also R. v. Mises, Gottin¬ 
gen Nachrichten , Math.-phys. Klasse , 1913, p. 582, and F. Schleicher, Z. angexv. 
Math. Mech.y vol. 5, p. 199, 1925. 

3 The shearing components t X v> t v*> t « produce shearing strains which do not 
involve any change of volume. 
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In tho case of simple tension in the x-direction, cr z alone is different from zero, and 
the strain energy of distortion (88) is (1 + v)/ZE-<x z *. In the case of pure shear, 
say between the xz, and yz-planes, t,,, alone is different from zero and the energy of 
distortion is (1/2 G)t zv *. If it is true that, whatever the stress system, failure occurs 
when the strain energy of distortion reaches a certain limit (characteristic of the 
material), the ratio between the critical value for tensile stress alone and for 
shearing stress alone is found from the equation 


from which 


1 n __ I + " 2 

2 a Tru 3 e z 


Txu 



0.557 <t z 



Experiments with steel show 1 that the ratio between the yield point in tension 
and the yield point in shear is in very good agreement with that given by O’). 

Saint-Venant’s principle (see p. 33) can be shown by consideration of strain 
energy to be a consequence of the conservation of energy. 2 According to the 
principle, two different distributions of force having the same resultant, acting on 
a small part of an elastic body, will produce the same stress except in the immediate 
neighborhood of the loaded part. If one of these distributions is reversed, and 
combined with the other, there will be zero stress except in this neighborhood. 
The combined loads are self-equilibrating, and the principle is in fact equivalent 
to the statement that a self-equilibrating distribution of force on a small part of an 
elastic solid produces only local stress. 

Such a distribution of force does work during its application only because there 
is deformation of the loaded region. Let one surface element of this region be 
fixed in position and orientation. If p denotes the order of magnitude (c.g., 
average) of the force per unit area, and a a representative linear dimension ( e.g ., 
diameter) of the loaded part, the strain components are of order ( p/E) and the 
displacements within the loaded part are of order pa/E. The work done is of 
order pa 2 • pa/E or p 2 a 3 /E. 

On the other hand, stress components of order p imply strain energy of order 
p-/IC per unit volume. The work done is therefore sufficient only for a volume of 
order a 3 * , in accordance with the statement of the principle. 

It has been supposed here that the body obeys llooke’s law and is of solid form. 
The former restriction may be dispensed with, E in the above argument then 
denoting merely the order of magnitude of the slopes of the stress-strain curves 
of the material. If the body is not a solid form, as for instance a beam with a very 
thin web, or a thin cylindrical shell, a self-equilibrating distribution of force on 
one end may make itself felt at distances many times the depth or diameter. 8 


1 See the papers by \V. Ixxle, Z. Physik, vol. 30, p. 913, 1920, and Forschung- 
sarbeilen, No. 303, Berlin, 1928. 

2 J. N. Cioodicr, Phil. Mag., series 7, vol. 24, p. 325, 1937; J. Applied Phys. t vol. 
13, p. 107, 1942. 

3 V. Z. Vlasov, “Thin Walled Elastic Bars,” Moscow, 1940; J. N. Goodier and 

M. V. Barton, J. Applied Meehanies {Trans. A.S.M.E.), vol. 11, p. A-35, 1944; 

N. J. Iloff, J. Aeronaut. Sri., vol. 12, p. 455, 1945. 
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The above argument can be repeated without change for a load with non-zero 
resultant, so long as there is a fixed surface element within or near to the loaded 
part. Thus if a deformable material is bonded to a rigid one, pressure applied to a 
small part of the former near to the attachment will produce only local stress. 1 

48. Principle of Virtual Work. In the solution of problems of 
elasticity it is sometimes advantageous to use the -principle of virtual 
work. In the case of a particle, this principle states that if a particle 
is in equilibrium the total work of all forces acting on the particle in any 
virtual displacement vanishes. As a virtual displacement of a particle, 
free to move in any direction, any small displacement can be taken. 
If 8u, 5v, 8w are components of a virtual displacement in the x-, y-, and 
2 -directions and XX, 2F, XZ are the sums of projections on the same 
directions of forces, acting on the particle, the principle of virtual work 
gi ves 

5u XX = 0, 8v XY = 0, 8w XZ = 0 
These equations are satisfied for any virtual displacement if 

XX = 0, XY =0, XZ — 0 

Thus we arrive at the known equations of equilibrium of a particle. 
In applying the principle of virtual work the acting forces are considered 
as constant during a virtual displacement. If some of the forces acting 
on a point are elastic reactions, as reactions of bars in the case of a 
hinge of a truss, we assume that virtual displacements are so small that 
the change in magnitudes or directions of reactions can be neglected. 

An elastic body at rest, with its surface and body forces, constitutes a 
system of particles on each of which acts a set of forces in equilibrium. 
In any virtual displacement the total work done by the forces on any 
particle vanishes, and therefore the total work done by all the forces of 
the system vanishes. 

A mrtual displacement in the case of an elastic body is any small dis¬ 
placement compatible with the condition of continuity of the material 
and with the conditions for the displacements at the surface of the 
body, if such conditions are prescribed. If it is given, for instance, 
that a certain portion of the surface of the body, say a built-in end of a 
beam, is immovable or has a given displacement, the virtual displace¬ 
ment for this portion must be zero. 

Let us consider, as an example, the case of a plane stress distribution 
in a plate. Denote by u and v the components of the actual displace¬ 
ments due to the loads and by 8u and 8v the components of a virtual 
displacement from the loaded position of equilibrium. These latter 

1 Goodicr, J. Applied Phys., loc. cit. 
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components are arbitrary small quantities satisfying the conditions of 
continuity of an clastic deformation, i.c., they are continuous functions 

of x and y. 

For any system of displacements the work done against the mutual 
actions between the particles is equal to the strain eneigy stored, i.c., 
the strain energy corresponding to the displacements. If we change u 
and v by bu and bv, therefore, the work done against the mutual 
actions between the particles is the difference between the strain 
energy corresponding to u bu, v + and the strain energy corre¬ 
sponding to u and v. The virtual displacements bu, bv produce the 

change in strain components 

d bu „ d bv . d bv d btl 

= -JF’ - Ihf' 5yru ~ dx + dy 

The corresponding change in strain energy per unit volume, from 
expression (85), is 

bV o = d & e v T~ ^—' byru — o x be x + cr„ be u + by xv (a) 
0 € x 0 €y oy xu 

The change of the total strain energy of the body is then ff bV 0 dx dy, 
in which the integration is taken over the whole area of the plate of unit 
thickness. 

As already stated, this change in strain energy measures the work 
done against the mutual actions between the particles. In order to get 
the work done by the mutual actions the sign must be reversed. 
Hence the work done by these forces during the virtual displacement is 

— // bVodx dy (b) 

In calculating the work done by external forces during a virtual dis¬ 
placement, consideration must be given the forces applied at_ the 
boundary of the plate and the body forces. Denoting by X and Y the 
components of the boundary forces per unit area, the work done by 
these forces on the virtual displacements having components bu and bv 
may be written down at once as 

J(X bu -b Y bv) ds (c) 

in which the integration is taken along the boundary s of the plate. 
Similarly the work done by the body forces is 

JJ(X bu + Y bv) dx dy (d) 

in which X and Y are the components of the body force per unit volume 
of the plate, and the integration is taken over the whole area of the 
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plate. The condition that the total work done during the virtual dis¬ 
placement vanishes, now takes the form, from (6), (c), and (d ), 

f(X bu + Y bv) ds + J7(X bu + Y bv) dx dy — JJ bV 0 dx dy = 0 (89) 

Since, in applying the principle of virtual work, the given forces and the actual 
stress components corresponding to the position of equilibrium are considered as 
constant during a virtual displacement, the variation sign 5 can be put before the 
integral signs in Eq. (89), and, changing signs throughout, we have 

SLC/Fo dx dy - ff(Xu + Yv) dx dy - f(Xu + Yv) ds) = 0 (89') 


The first term in the bracket is the potential energy of deformation. The second 
and the third terms together represent the potential energy of forces acting on the 
body if the potential energy of these forces for the unstressed condition (u = v = 0) 
is taken as zero. The complete expression in brackets represents the total potential 

energy of the system. _ 

Hence in comparing various values of the displacements u and ?>, it can be stated 

that the displacements which actually occur in an elastic system under the action 
of given external forces are those which lead to zero variation of the total potential 
energy of the system for any virtual displacement from the position of equilibrium, 
i.e., the total potential energy of the system at the position of equilibrium is a 
maximum or a minimum. To decide whether the energy is a maximum or a 
minimum, the small quantities of higher order, which were neglected 1 in our previ¬ 
ous discussion, should be considered. If in this way it can be shown that for 
any virtual displacement the change in the total potential energy of the system is 
positive we have the case of a minimum. If this change is always negative we 
have the case of a maximum. For stable equilibrium it is always necessary to 
demand a positive work for any virtual displacement of the system from t is 
position, hence in this case the total potential energy of the system at this position 
is a minimum. 


An equation analogous to (89) can easily be written down for a three 
dimensional stress distribution. 

The principle of virtual work is especially useful for finding the 
deformation of an elastic body 

1 -1 

I —j L— r/nr 1 

s A 


’ 4 - ui rrr,. u j 4» 

-~i 


^-g(s 

Fig. 111. 


produced by given forces. To 
illustrate the application of the 
method let us consider here a 
few simple examples, the solu¬ 
tions of which are already well 
known. 

The first is the deflection curve of a perfectly flexible elastic string 
A3 stretched by forces S between fixed points A and B (Fig. Ill) and 
loaded by a distributed vertical load of intensity q. We assume that 

1 We neglected them when we assumed that stress components and forces remain 
constant during any virtual displacement. 



154 


THEORY OF ELASTICITY 


the initial tension of the string is so large that the increase in tensile 
force clue to additional stretching during the deflection can be neglected. 
Then the increase in strain energy due to the deflection is obtained by 
multiplying the initial tensile forces S by the stretch of the string due 
to the deflection. Taking coordinates as shown in Fig. Ill, we find 

ds ~ dx = d r [ 1 + (£) ] - dx = \ (§) dx 


The stretching of the string is 



and the corresponding increase in strain energy of the string is 



To get the total strain energy of the string the constant strain energy 
due to initial stretching would have to be added to expression (c). The 
principle of virtual work in this case gives the following equation, 
analogous to Eq. (80): 



by c/.r — 




Calculating the variation of the second term, we find 







dy d by 
dx dx 



Integrating by parts and taking into account that at the ends of the 
string by = 0, we find 



Substituting into Eq. (/), we obtain 


S Jo by dx J^ q by dx — 0 


or 




by dx 
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This equation will be satisfied for any virtual displacement by, only if 




(g) 


Thus we obtain the known differential equation of a vertically loaded 
string. 

The principle of virtual work can be used not only for establishing a 
differential equation for the deflection r> 

curve, as in the example given above, _ c _^ 

but also for the direct determination 1 ... A -^ 

of deflections. 1 Take, for example, a J^J 

prismatical bar supported at the ends 

and loaded by a force P (Fig. 112). Y 

In the most general case the deflection Fig ’ 112 ‘ 

curve of such a bar can be represented in the form of a trigonometric 

series, 

. 7 TCC . . 27 T3C . . 37 TOC . / -r \ 

w = a, sin -T + a 2 sin — ; -b a z sin —=-b * • * W 


.7 TX . . 2? tX . . 3?r.r 

y = a i sin -r- + a 2 sin —?-b «3 sin —r-b 


Substituting this in the well-known formula for the strain energy of 
bending of a prismatical bar, 2 we find 


- - ¥ /: (sy - - & i - 

n = 1 


(*> 


Let us consider a virtual displacement from the actual deflection curve 
obtained by giving to any coefficient a n in the series ( h ) a variation 
ba n . Then 

„ . . mrx 

by = ba n sin -j- 0) 

The corresponding change of strain energy, from Eq. (&), is 

dV _ EItt a . s 

_ Sa„ = -2T 8a " (m) 


and the work done by the external force P during the virtual displace¬ 
ment ( l ) is 

_ „ . TlTVC ( \ 

P ba n sin —i— v n ) 


1 See S. Timoshenko, Bull. Polytech. Inst., Kiew, 1909. See also S. Timoshenko, 
“Strength of Materials,” vol. 2, p. 44, 1941. 

2 See S. Timoshenko, “Strength of Materials,” vol. 1, p. 297, 1941. 
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By using (?a) and (??.) the ecjuation of virtual work becomes 


. n A a n ha n — P 8a n sin = 0 


2 1 


l 


from which 


2 PI 3 sin 


TlirC 

• - ^ 

z 


an = 


EIir A n* 


Substituting in the series ( h ), we find the deflection curve 


V = 


co . r?7TC . ??7ra: 

2 pp v * sm T“ sin ~r 


2PZ 3 V 
AVtt 1 Z/ 


h 


(o) 


n =* 1 


This series rapidly converges, and a few terms give a satisfactory 
approximation. Taking, for instance, the load P at the middle of the 
span (c = 1/2) t the deflection under the load is 


. . _ 2 PP 

EIn A \ 


d- — + — -b * 

Q4 ' CL4 1 


By taking only the first term of this series, we obtain 


(>/) 


PI 


1 — 

2 


48.7 El 


We have a factor 48.7 while the exact value is 48, so that the error made 
in using only the first term of the series is about 1^ per cent. 

In the preceding discussion we had to consider 
displacement in only one direction and we 
represented it by a sine series (/*). A similar 
method can be applied in more complicated cases. 
Let us consider a rectangular plate with fixed 
edges, Fig. 113, and acted upon by body forces 
parallel to its plane. General expressions for the 
displacements u and v can be taken in the form of series. 



Fiu. 113. 


VA VA 


u = y { y < A mn si 

VA VA 


VlTTX . JiTTl/ 

sin - sin 


a 


v = 


2 , 2 , 


0 . VlTTX . 

E run Sin - Sill 


b 

wry 


(P) 


a 


Fach term of these series vanishes at the boundary, so the boundary 
conditions are satisfied. To calculate the coefficients A mn , B mn we pro- 
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ceed as in the case of the beam and take virtual displacements in the 
form 


. rmrx . niry 
bu = 8A mn sin —— sin —r- 

CL yJ 

_ . mirx . niry 

8V = dBrnn Sill —— Sin -j— 

a b 


The equation (89) of virtual displacements then gives 


8A 


8B 


m 


■if 


. rmvx . 

X sin- sin 

a 


air. //''•* 


dy 


m n 


/ f Y ,in == !p d, dy - «... ^ / / I'. dx dy 


(<7) 


For the calculation of strain energy in the case of plane stress we use 
the formula 


v = f f v ° dxd y = // [ 2 (i - (^ 2 + e - 2 + 2 ^ ) 


+ 


E 


4(1 + i/) 


y tv 


2 j dx 


dy (r) 


Substituting in it 1 


e* = 


X X m7r in tv x . niry 

A mn cos-sin 


du \ \ <<n 

dx Zv Zl/ a 

dy V ri7r 

dy 


a 




H sin cos 


6 
niry 


7 XU = 


+ ^ sin cos nT!/ 

dy dx Z-/ Z^ b 


a b 

X V' 7717T 7777TX . tt7T7/ 

+ y — Bmn c ° s — sm 


a 


and performing the integrations we find 

y = ^ [X X S + ioTT) v ) 

^ ^ / 1 n 2 . 1_ 

+ v) a 2 /J 


+ 


V ^ ( 2( 1 _ „ 2 ) 


6 2 + 4(1 


1 It is not always legitimate to differentiate a Fourier series, term by term. 

Sufficient conditions may be found in the book “ Modern a ysis y • • 

taker and G. N. Watson, p. 169. These conditions are fulfilled m the present 

problem. 
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Substituting this expression for the strain energy into Eqs. ( q ) we 
obtain 


' i in n 


Eabir’ 1 


{ m- , n- \ f a f b v . mirx . 

b ( i + 2/^r^W = J. J 0 x sin ^r sl 


niry T , 
sin —ax ay 


EaJnr- / m- n n - \_ 

mn 4 \2a 2 (l 4- v) + 5 2 ( 1 - u-)J 


a Cb 



. mirx . 

1 sin -sin 

a 


b 

nmj 


dx dy 


We see that for any kind of volume forces the coefficients in expressions 
(p) can be readily calculated and the complete solution of the problem 
can be obtained. 

The method of virtual displacements can be used for finding approxi¬ 
mate solutions of two-dimensional problems when displacements at the 
boundary are given. Assume that the displacements u and v can be 
represented with sufficient accuracy by series 


u = <t>„(x,y) + ^ a„,<t> rn (x,y) 

m 

r = \M-r,Z/) -f y b,„^,n(x,y) 

m 



which satisfy the prescribed boundary conditions. For example, we 
can select <£„ and i p Q so that they will give at the boundary the required 
displacements, and the rest of the functions <t> and can then vanish at 
the boundary. For the calculation of the coefficients a i, . . . , a m , 
bi y . . . , b m we use the principle of virtual displacements (89). Tak¬ 
ing virtual displacements in the form 

5 «» = 8a m 8v m = 8b m \p m (x y y) (0 

we can write as many equations of equilibrium, similar to equations ( q ) 
in the preceding example, as the number of the coefficients in the 
series (.s). Those equations will be linear with respect to a \, . . . , 
a,„, bi t • • • , b m% and solving them we will find the values of the coeffi¬ 
cients in the series (s), representing the approximate solution of the 
problem. 1 

In using the principle of virtual displacements (SO) it is assumed that, 
the strain energy per unit volume V„ is represented as a function of the 
strain components [Eq. (?•)] and these are calculated by using expres- 

1 This method of solving problems in elasticity was proposed by W. Ritz and was 
successfully used by him in an investigation of bending of rectangular plates. 
See J. reinc u. angew. Math., vol. 135, pp. 1-61. See also “ Gesammoltc Wcrke,” 
p. 192, Paris, 1911. 
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sions (s). The calculation of the variation of the strain energy can be 
simplified if we observe that 


8V = 



5 € x O'y "4“ T xy dx dy 


m 


d d _ . Id 

8U + <Ty ~ OV + T xy 


dx 


dy 


dy 


5u 4- ^ dx dy 


Integrating by parts and observing that 8u and 8v vanish at the bound 
ary we obtain 


//[( 


+ 


Su + (\^ 
dy J \dy 


+ 



Taking for the virtual displacements expressions (0 we then obtain the 
necessary equations for calculating the coefficients a i, • • • > a ”*> 
b i, . . . , 6 m in the following form: 


6a 


W 



X<t> m (x,y) dx dy 


8b 


m 


J J Y\p m {x,y) dx dy = — 8b m J J 



4>m(x f y) dx dy 


^m(x.y) dx dy 


or 


//C 

//C 


+ 


dTry 

dy 


+ X) <t>, n (x,y) dx dy = 0 


+ ^ + y ) dx dy = 0 

da: / 


(90) 


As an example of the application of these equations let us again con¬ 
sider a rectangular plate (Fig. 113) and assume that three sides of it aie 
fixed and along the fourth side (y = b) the displacements are given by 
the equations 

. irX 

u = 0, v = Cb sin 


a 


The boundary conditions will be satisfied by taking 


( . mirx . n,Tvy 

u = > X Amn sm ~ sm 


(u) 


v = Cy sin^ + V£ 


Bmn sin 


mirx . niry 

-sin —j — 

a b 


1 Equations of virtual displacements in this form are sometimes called Galerkin 
equations. However both forms of equations represented by Eqs. (q) ancl ^qs. 
(90) are indicated by W. Ritz in the above-mentioned paper. See Gesammelte 

NVerke,” p. 228. 
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The corresponding stress components will be 


a y = 


K ( dH - + = * (YY A 

1 — v- \d.c dry/ 1 — v 




tn n 


mir rmrx . mru 
—- cos-Sin — 


a 


a 


, V rnr . rmrx mry ~ . 

+ v > > B rnn — sin — : — cos + vC sin 




i - -*\ 


dv d 

dy d 


ll 

u\ _ E 
x) 1 - 


a 


(W 


7TX\ 

in — ) 
a / 


T> n7 r . rmrx mry 

o \ / / B mn ~r sin - cos —tt 

2 \Z-/W b a b 


~ . 7 r.r . V s V s < mir rmrx . mry 

+ C sin-h v > > A mn -cos-sin —r- 

a /, /, a a 6 


■rj/ 


- 2 (r+ ,) (S + £) ~ 20 + o (22 . 


??7r . rmrx mtu 

-j— sin-cos —~ 

bah 


+11 


T> rmr irnrx . mry . ~ ir irx\ 

— cos-sin —+ Cy — cos — 1 


a 


a 


a 


Substituting into Kqx. (90) and assuming 


- „ 4 . rmrx . mry 

ou = oA m sin -sin — 

a b 


.. . . rmrx . mry 

ov = oBm sin -sin —r— 


a 


we obtain, after integration, 

Eir-ab / m 2 n 

4 VIXT -T 2 ) + 2/> 2 (l 


+ »0 


.1 

* 1 F/l tt 


[ * ^ ,7r - r • 
+ / / A sin-si 

Jo Jo « 


riiry . , 

— sin — j-z tlx ay 


= 0 


Eir~ab / ?i 2 ??? 2 \ R 

4 Vj 2 (1 — v-) + 2a 2 (l + v)/ 

Cn- [ a [ b • 7r.r . rmrx . 

-•»- / / ?/ sin — sin-si 

«- Jo Jo « « 





riiry . y 

sin - ax ay 


. rmrx . mry , , 

1 sin-sin ax ay 

ab 


= 0 


If the body forces vanish we find that all coefficients A mn vanish also. 
The coefficients B mn are different from zero only when m = 1. Then 

Eir-ab / n 2 t \ 

4 \b 2 (1 - v-) + 2a-\ I" + "V )) B1 n 



mry , Ctt 6 2 cos 
y sin —j— di/ = 


2a 


n 


Determining Bi n from this equation and substituting into the 
formulas (//) we obtain the displacements produced by the assumed 
displacements at the boundary. 
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General considerations of the total energy of a system were applied 
by A. A. Griffith in developing his theory of rupture of brittle materials. 1 
It is known that materials always show a strength much smaller than 
might be expected from the molecular forces. For a certain glass 
Griffith found a theoretical strength in tension of the order of 1.6 X 10 6 
p.s.i., while tensile tests with glass rods gave only 26 X 10 3 p.s.i. He 
showed that this discrepancy between theory and experiments can be 
explained if we assume that in such materials as glass there exist micro¬ 
scopic cracks or flaws producing high stress concentrations and con¬ 
sequent spreading of the cracks. For purposes of calculation Griffith 
takes a crack in the form of a very narrow elliptical hole, the major axis 
of which is perpendicular to the direction of the tensile force. Con¬ 
sider a plate fixed along the sides ab and cd, 
and stretched by uniformly distributed 
tensile stress S, acting along the same sides 
(Fig. 114). If a microscopic elliptical hole 
AB of length l is made in the plate, ab and 
cd remaining fixed, the initial strain energy 
due to the tensile stresses S will be reduced. 

This reduction can be calculated by using 
the solution for an elliptical hole, 2 and for a plate of unit thickness it is 



equal to 



7T l“S~ 

4 E 



If the crack lengthens, there is a further reduction of strain energy 
stored in the plate. However, the lengthening of the crack means an 
increase of surface energy , since the surfaces of solids possess a surface 
tension just as liquids do. Griffith found, for instance, that for the 
kind of glass used in his experiments the surface energy T per unit sur¬ 
face area was of the order 3.12 X lO --3 in. lb. per square inch. Now if 
the lengthening of the crack requires an increase of surface energy 
which can be supplied by the reduction of the strain enei gy, the 
lengthening can occur without increase of the total energy. The con¬ 
dition that the crack extends spontaneously is that these two quantities 

of energy are equal, or, using (v), 


~ dl = dl = 2 dlT 

1 A. A. Griffith, Trans. Roy. Soc. {London), series A, vol. 221 p. 163, 1921. 
See also his paper in Proc. Intern. Congr . Appl. Mech. y Delft, 1924. A i lograp iy 
of the subject can be found in “Handbuch der physikalischen und techmschen 
Mechanik,” vol. 4, part 2, 1931, article by Adolf Smekal. 

* See p. 201. 
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from which 


S cr = 


[4~ET 

\ 7 Tl 


(w) 


Experiments in which cracks of known length were formed with a glass- 
cutter’s diamond showed a very satisfactory agreement with Eq. ( w ). 
It was also shown experimentally that, if precautions are taken to 
eliminate microscopic cracks, a much higher strength than usual can be 
obtained. Some glass rods tested by Griffith showed an ultimate 
strength of the order of 900,000 p.s.i., which is more than half of the 
theoretical strength mentioned above. 

49. Castigliano’s Theorem. In the previous article the equilibrium 
configuration of an elastic body submitted to given body forces and 
given boundary conditions was compared with neighboring configura¬ 
tions arrived at by virtual displacements 8u , 8v from the position of 
equilibrium. It was established that the true displacements corre¬ 
sponding to the position of stable equilibrium are those which make the 
total potential energy of the system a minimum. 

Let us consider now, instead of displacement s, the st resses correspond¬ 
ing to the position of equilibrium. We take again, as an example, 
the case of a plane stress distribution. We know that the differ¬ 
ential equations of equilibrium (18), together with the boundary condi¬ 
tions (20), arc not sufficient for determining the stress components a x , 
a Uf r zu . Jiy taking various expressions for the stress function 4> in Eqs. 
(29) we may find many different stress distributions satisfying the 
equations of equilibrium and the boundary conditions, and the question 
arises: What distinguishes the true stress distribution from all the other 
statically possible stress distributions? 

Let a x , a t ju be t he true st ress components corresponding to the posi- 
tion of equilibrium and 8a Xy 8a,„ 8 t xu small variations of these compo¬ 
nents such that the new stress components a x -f- 8a x , a v -f- 8a u , r ^ -+■ 8t xu 
satisfy the same equations of equilibrium (18). Then, by subtracting 
the equations for one set from those of the other, we find that the 
changes in the stress components satisfy the following equations of 
equilibrium: 


d 8a x d 8 t xu _ ^ 


d.C 
d 8a 

d// 


+ 


dy 

d 8 t 


(a) 


TV 


dx 


= 0 


Corresponding to this variation of st ress components there will be some 
variation in the surface forces. Let 8X and 8Y be these small changes 
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in boundary forces; then, from boundary conditions (20), we find 

8a x l T - 5t xj/ Yfl — 8N 


8a y Yfl d - 8r xu l — 51 


(f>) 


Consider now the change in strain energy of the body due to the 
above changes in stress components. Taking the strain encigy pei 
unit volume as a function of the stress components (86), the change of 
this energy is 


dV 0 t , dT 0 x dl ° * 
51 0 — -X- S<T X + —- + 7- ° 7 


da 


da u 


()T 




(c) 


xy 


in which 


dVa 1 f „ x , 

"3— = 7 -A<Tz — va v) - 
da x E 

dVo 1 , x _ „ 

-r— = 77 (<r u — va x ) — €„ 

da y E 

d To 


St 


x'j 


1 

— q T xu ~ Y*u 


giving us 


5 To = € x 5cr x + e v 5 cr u + Txv ^ r --> 


and the total change in the strain 
energy due to changes of stress com¬ 
ponents is 

5T — J7 5T 0 dx dy = //(«, 5<j x 

-f e u 8ay + Txj/ Sr xy ) dx dy (d) 


- — - a vy V* a m vy vy *y “ — — — — l —1 

energy, taking into consideration the 
boundary conditions (6). The first term in (d) gives, integrating by 

parts, 




€ x 5<r x dx cZy 




in which the expression \u 8a x \ represents the difference of the values of 
the function u 8a x at two opposite points of the boundary, such as the 
points A and B in Fig. 115. We then have 

dy\u 5<t x | = dy(u 8a x ) A — dy(u 8a x ) B — ds(u 5a x cos Nx) A 

+ ds(u 8a x cos Nx) B (/) 
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where cos Nx = l is the cosine of the angle between the external normal 
N and the .r-axis, and ds is an element of the boundary. Summing up 
such expressions as given in (/) we find 

| f dy\u 8a x | = fu 8a x l ds 

and Eq. (c) becomes 



e x 8a x dx dy 


J u 8a x ! ds 



u d dx dy 
dx 



in which the first integral is extended along the boundary and the sec¬ 
ond over the area of the plate. 

In the same manner the second and the third terms on the right side 
of Eq. (d) may be transformed and we find 


// 

// 


u 8a v dx dy = J dx J ~ 8a v dy = J dx\v 8a> 


-//• 


d 8a 


dy 


- dx dy 


-J- 


8a„ ?n ds 


7x U X1/ dx dy 


8t x1i dx + 


J dy\v <5r. 


— J J v <lx dy + j d.r| u 


.//„ 
// £ 


d 8a v 

dy 


dx dy 


Sr tv dy 


8t 


TV 


TV 


dx dy 


v 8t xu J ds -f- 



5r xl/ m ds 


-f 

/ / ’ 'i* ■'» - / /» 


d 8 t xv 

dy 


dx dy 



Substituting (</) and ( h ) in Eq. (d) we obtain 




l -f- <5r XI/ m) -j- i*(5<r w m -f 8t xu /)] ds 



in which the first integral is extended along the boundary and the sec¬ 
ond over the area of the plate. Making use of Eqs. (a) and (6) we 
finally obtain the following expression for the change of strain energy 
due to variation of stress components: 

8V = f(u 8X + v 8Y) ds (91) 
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The right side of this equation represents the work produced by the 
changes of external forces on the actual displacements. 

The true stresses are those which satisfy this equation. An analo¬ 
gous equation can be obtained for the three-dimensional case, with a 
third term w bZ added in the bracket in Eq. (91), and the integral 
extending over the boundary surface instead of the boundary curve. 

If we have concentrated loads instead of a continuous distribution of 
surface forces, the integration in Eq. (91) should be replaced by a sum¬ 
mation. Letting Pi, P 2 , . . . , be independent concentrated loads 
and di, d 2 , . . . , the actual displacements of the points of applications 
of the loads in the directions of these loads, Eq. (91) becomes 


bV = (h bP ! + d 2 SP 2 ~b 


(92) 


In this discussion we have taken the most general variations of the 
stress components fulfilling the equations of equilibrium (a). 

Let us consider now a special case when the variations of the stress 
components are such that they can be actually produced in an elastic 
body by proper changes in the external forces. We assume that the 
stress components are expressed as functions of the external loads Pi, 
P 2 > . . . , and we take those changes of stress components which are 
due to the changes 5P U 5P 2 , . . . , of these forces. Considering only 
cases when the stress components are linear functions of the external 
loads 1 Pi, P 2 , . . . , and substituting these functions in Eq. (84), we 
obtain the expression for the strain energy as a homogeneous quadratic 
function of the external forces. 

It should be noted that the reactions at the supports, which can be 
determined from the equations of equilibrium of a rigid body, will be 
expressed as functions of the given loads Pi, P 2 , • • • and will not enter 
into the expression for the strain energy. If there are redundant con¬ 
straints, the corresponding reactions should be considered togethei 
with the loads Pi, P 2 , . . . as statically independent forces. 

Having an expression for the strain energy in terms of the external 
forces, the change of this energy due to changes in the forces is 


bV 


SV SP ! + ^5P 2 + 


dPl 


dP 


1 We exclude for instance such cases as the bending of thin bars by lateral forces 
with simultaneous axial tension or compression. In these cases the stresses 
produced by the axial force depend on the deflections due to the lateral forces 
and are not linear functions of the external loads. 
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Substituting this in Eq. (92), we find 

(S - "■) iP ' + (m - "•) iP -- 0 «> 

The forces P u P 2 , . . . are, as explained above, statically independent 
and their changes bP u bP 2 , . . . are completely arbitrary. We can 
take all but one of them equal to zero; hence Eq. (i) requires 



We see that if the strain energy V of an elastic system is represented as 
a function of statically independent external forces Pi, P 2 , . . . , the 
partial derivatives of this function with respect to an} r of these forces 
give the actual displacement of the point of application of the force in 
the direction of the force. This is the well-known Castigliano's theorem. 

60. Principle of Least Work. In deriving Eq. (91) we assume any 
changes in stress components satisfying the equations of equilibrium. 
If we assume now that the changes are such that the surface forces 
remain unchanged, then, instead of Eqs. ( b ) of the previous article, we 
obtain 


b(7 x l + br iv m — 0 
ba v m -f- br rv l = 0 

and Eq. (91) becomes 

bV = 0 (94) 


This means that if we have a body with given forces acting on the 
boundary, and if we consider such changes of stress components as do 
not affect the equations of equilibrium and the boundary conditions, 
the true stress components are those making the variation of strain 
energy vanish. It can be shown that these correct values of the stress 
components make the strain energy a minimum. Then Eq. (94) 
expresses the so-called principle of least work. 

This equation holds also if a portion of the boundary is held rigidly 
fixed by the constraints and the changes of stress components are such 
t hat t here are variations of surface forces along this constrained portion 
of the boundary. Since the displacement along the constrained 
boundary is zero, the right side of Eq. (91) vanishes, and we arrive 
again at Eq. (94). 

The principle of least work is used very often in elementary treat¬ 
ments of statically indeterminate systems. 1 If X, Y y Z, . . . are 

1 See, for instance, S. Timoshenko, “Strength of Materials,” vol. 1, 1940, or 
Timoshenko and Young, “Theory of Structures.” 
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forces or couples acting in redundant elements or at redundant con¬ 
straints of an elastic system, the magnitudes of these statically inde¬ 
terminate quantities can be calculated from the condition that the 
strain energy of the system, represented as a function of -Y, Y, Z, . . . 
must be a minimum, i.e., we have the equations 


dV 

dX 




(95) 


Several applications of the principle of least work in the solution of 
two-dimensional problems will be discussed in the following articles. 

51. Applications of the Principle of Least Work—Rectangular 
Plates. As an example let us consider a rectangular plate. Previ¬ 
ously (page 46) it has been shown that by using trigonometric series 
the conditions on two sides of a rectangular plate can be satisfied. 
Solutions obtained in this way may be of practical interest when applied 
to a plate whose width is small in 
comparison with its length. If 
both dimensions of a plate are of 
the same order, the conditions on 
all four sides must be considered. 

In the solution of problems of this 
kind the principle of minimum 
energy can sometimes be success¬ 
fully applied. 

Let us consider the case of a rectangular plate in tension, when the 
tensile forces at the ends are distributed according to a parabolic law 1 



(Fig. 116). The boundary conditions 
For x = +a, 

T xy = 0, O' X *8 

For y = ±b, 

Txv = 0, O u = 0 


in this case are: 




The strain energy for a plate of unit thickness is, from Eq. (86), 


v-Af! [cr x - + <T y 2 — 2 vcrxO'y + 2(1 + v)Txy~ ] dx dy (5) 

It should be noted that for a simply connected boundary, such as we 
have in the present case, the stress distribution does not depend on the 

1 See S. Timoshenko, Phil. Mag., vol. 47, p. 1095, 1924. 
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elastic constants of the material (see page 25) and further calculations 
can therefore he simplified by taking Poisson’s ratio v as zero. Then, 
introducing the stress function <p, and substituting in (6) 


we find 




The correct expression for the stress function is that satisfying condi¬ 
tions (a) and making the strain energy (c) a minimum. 

If we apply variational calculus to determine the minimum of (c), we 
shall arrive at Eq. (30) for the stress function <£. Instead of this we 
shall use the following procedure for an approximate solution of the 
problem. We take the stress function in the form of a series, 

<t> — <t>0 OC\<t>\ “f- Oio(f>2 + « 3 </>3 -+-•♦* ( d ) 

such that the boundary conditions (a) are satisfied, a lr a 2 , « 3 , • . . 
being constants to be determined later. Substituting this series in 
expression (e) we find V as a function of the second degree in a i, a 2 , 
O? 3, . . • • 1 'he magnitude of the constants can then be calculated 
from the minimum conditions 


0V 

dct\ 






which will be linear equations in «i, « 2 , ... . 

By a suitable choice of the functions <f> i, </> 2 , . . . , we can usually 
get a satisfactory approximate solution by using only a few terms in the 
series (d). In our case the boundary conditions (a) are satisfied by 
taking 


since this gives 




The remaining functions </>i, must be chosen so that the 

stresses corresponding to them vanish at the boundary. To ensure 
this we take the expression (.r 2 — a 2 ) 2 (?/ 2 — 6 2 ) 2 as a factor in all these 
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functions; the second derivative of this expression with respect to x 
vanishes at the sides y = ±b, and the second derivative with respect 
to y vanishes at the sides x — ±a; the second derivative d 2 /dxdy 
vanishes on all four sides of the plate. The stress function can then he 
taken as 





b 2 ) 2 (a ! + a 2 x 2 

+ oi Z y 2 + * * ') (/) 


Only even powers of x and y are taken in the series because the stress 
distribution is symmetrical with respect to the x- and y-axes. Limiting 
ourselves to the first term «i in q q 2 04 06 08 10 


series (/), we have 


0 


<t> = 2 Sy 2 


V 6 b 2 ) 


+ ai (x* - a 2 ) 2 (y 2 - b 2 ) 


The first of Eqs. (e) then becomes 


. 64 , 256 
““^+49 


:) 


0.26 


0.4 b 
0.6 6 


0.86 


S 

, 4 b 2 


For a square plate (a = b) we find 


ai = 0.04253 6 

Cl 


and the stress components are 


Fig. 117. 
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n; 



°x/s 


= S (l - g) - 0.17025 (l - ^ (l - S) 

= 0.1702S (l - (l - g) 

Tx v = -0.68055 ^ (l - 5) (i - jjj) 

The distribution of <r, on the cross section x = 0 is represented by 

curve Hi (Fig. 117). . , 

To obtain a closer approximation, we now take thiee terms m e 
series (/). Then Eqs. (e), for calculating the constants ou, « 2 , « 3 , are 

1 Curve I represents the parabolic stress distribution at the ends of the plate. 
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>4 6 A 
7 a 4 / 


+ «2 a 


•(» 


+ 


04 

49 



+ «3fl 2 


a 


/04 . 04 6 A 

1 \TT + T 55/ 


/04 6® 04 [A 
\49 a 2 77 a 6 / 


5 


a 4 6 2 


4- «2a 


0 /192 . 250 6* 192 

" V 143 


+ + 


< / a 


-f 


or 


/04 04 b'\ (04 64 5 A 

' VT + U a 1 / + ^77 + 77 


92 6A 
7 a 4 / 

.(« * + £*-!) 

\/ / a 2 / / a 6 / 


5 


a 4 6 2 


(g) 


, «, /192 6 2 , 250 b 4 . 192 6A _ 

+ flr#a " V T 5 s + rf 55 + 143 sy - 


5 


a 4 6 2 


For a square plate these give 


ai = 0.04040 


8 


a 


a, = «3 = 0.01174 — A 

a H 


The distribution of a x on the cross section x = 0 is given by 


( 


<r,),_o = 5^1 - - 0.1010.S (l - 3 


+ 


0.0235 ^1 - 12^ + 15 


In Fig. 1 17 this stress distribution is shown by the curve III. 1 

As the length of the plate increases, the stress distribution over the 
cross section x = 0 becomes more and more uniform. If we take for 
instance a = 26, we find, from Kqs. (</), 


«i = 0.079S3 


8 

ct 4 b- 


a, = 0.1250 A ... 

fl f> 6- 


« 3 = 0.01820 


8 


a 6 6 


The corresponding values of <r x over the cross section .r = 0 are given 
below: 


r = 0 0.2 

b 

o z = 0.0008 0.0848 


0.4 0.6 0.8 1.0 

0.6608 0.6538 0.6498 0.675S 


This distribution is represented in Fig. 117 by the dotted line. We see 
that in this case the deviation from the average stress, 4*8, is very small. 

1 Similar results were obtained hy O. E. Inglis, Proc. Roy. Soc. (London), 
series A.vol. 103, 1923, and hy (1. Pickett , J. Applied Mechanics (Trans. A.S.M.E .) 
vol. 11, p. 176, 1944. 
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To deal with other S 3 r mmetrical distributions of forces over the edges 
x = ±a we have only to change the form of the function <f>o in expres¬ 
sion (/). Only the right-hand expressions in Eqs. ( g ) have to be 
changed. 

As an example of stress distribution nonsymmetrical with respect to 
the x-axis, let us consider the case of bending shown in Fig. 118 1 in 
which the forces applied at the ends are (<r x ) x=±rt = Ay 3 (curve 6 in 
Fig. 1186). Clearly, the stress system will be odd with respect to the 



Fig. 118. 



c&j 


x-axis and even with respect to the y-axis. These conditions are satis¬ 
fied by taking a stress function in the form 

<*> = ihAy* + {x 2 - a 2 ) 2 (y 2 - b 2 ) 2 

(ctiy -f- ctiyx 2 -h <* 3 2/ 3 + cx 4 x 2 y 2 + * * *) W 

The first term, as before, satisfies the boundary conditions for </>. 
Using Eq. ( h ) with four coefficients cn\, . . . , a 4 in Eqs. (e), we find 
for a square plate (a = b) 

<r* = ~ = 2Aa 3 - (1 - | 2 ) 2 [0.08392(5t7 3 - 37?) 

+ 0.004108(21t) 3 — 20r, 3 + 3rj)] 

- £ 2 (1 — J 2 ) 2 [0.07308(5t) 3 — 3y) + 0.04179(21t; 5 — 2(V + 3tj)] J (k) 

where £ = x/a and y = y/b. The distribution at the middle cross sec- 
tion x = 0 is not far from being linear. It is shown in Fig. 1186 by 
curve a. 

62. Effective Width of Wide Beam Flanges. As another example of the applica¬ 
tion of the minimum-energy principle to two-dimensional problems of rectangles, 
let us consider a beam with very wide flanges (Fig. 119). Such beams are encoun¬ 
tered very often in reinforced concrete structures and in the structures of hulls of 
ships. The elementary theory of bending assumes that the bending stresses are 

1 These calculations are taken from J. N. Goodier’s doctor’s thesis, Michigan 
Univ., 1931. See also Trans . A.S.M.E., vol. 54, p. 173, 1932. 
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proportional to the distance from the neutral axis, i.e., that the stresses do not 
change along the width of the flange. But if this width is very large it is known 
that parts of the flanges at a distance from the web do not take their full share in 
resisting bending moment, and the beam is weaker than the elementary theory of 
bending indicates. It is the usual practice in calculating stresses in such beams to 
replace the actual width of the flanges by a certain reduced width, such that the 
elementary theory of bending applied to such a transformed beam cross section 
gives the correct value of maximum bending stress. This reduced width of flange 
is called the effective width. In the following discussion a theoretical basis for 
determining the effective width is given. 1 



I'm. 119. 


To make tin* problem as simple as possible it is assumed that wc have an infinitely 
long continuous beam on equidistant supports. All spans are equally loaded by 
loads symmetrical with respect to the middle of the spans. One of the supports 
of the span shown in Fig. Ill) is taken as the origin of coordinates, with the x-axis 
in the direction of the axis of the beam. Due to symmetry, only one span and 
one half of the flange, say that corresponding to positive »/, need be considered. 
The width of tin* flange is assumed infinitely large and its thickness h very small in 
comparison with the depth of the beam. Bending of the flange as a thin plate 
••an then be neglected, and it can be assumed that during bending of the beam the 
forces are transmitted to the flange in its middle plane so that the stress distribution 
in the flange presents a two-dimensional problem. The corresponding stress 
function <£, satisfying the differential equation 


+ 2 , 'Vt “ 0 (o) 

0x A Ox 2 Oy 2 0y A 

1 The subject was invest igated by T. v. Kiirm&n; see “Festschrift August F6ppls,” 
p. 114, 11)23. Also G. Sc linn del, 1 Vcrft und Beederei, vol. 9, p. 92, 1928; E. Reissner, 
Dcr Stahlhau, 1934, p. 200; K. Chwalla, Dcr Stahlbau , 1936; L. Beschkine, Pubis. 
Intern. Assoc. Bridge and Structural Engineering, vol. 5, p. 65, 1938. 
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can be taken for our symmetrical case in the form of the series 


n = 

V - , v rnrx 

4> = 2 f n W cos — 

n = 1 


(b) 


in which f n (y) are functions of y only. Substituting in p:q. (a), we find the follow¬ 
ing expression for f n (y) ■ 


nrry 






71 7r 1/ 


H7T ?/ 


' +C»e 1 +D 


• 0+?) 


6 * 


(c) 


To satisfy the condition that stresses must vanish for an infinite value of y, we 
take C n = D n = 0. The expression for the stress function is then 


Oo 


* = I [ A - 

71—1 


7> 7T y 

l 


"- ( 1 + 'f) 


htt;/ 

/ 


] 


7?7tj: 

cos — 


(d) 


The coefficients and 7? n will now be determined from the condition that the 
true stress distribution is that making the strain energy of the flange together 
with that of the web a minimum. Substituting 


<r r = 


0 2 <j> 

Oy 2 


<t u = 


0 2 <t> 

Ox 2 


Ts V = 


d 2 <p_ 
i)x Oy 


in the expression for strain energy 

Vx = 2 • ^ f °° [ 21 [<r x 2 + <r v 2 - 2 va x <r v + 2(1 + v)r xu 2 ] dx dy 
2 E Jo Jo 

and using Eq. ( d ) for the stress function, the strain energy of the flange L l 


„ V n 3 7T 3 (B, 2 AnBn ,An*\ 

Fl = 2 h L,~ir \~E + ~2G + 2 G) 


(<0 


n — 1 


In considering the strain energy of the web alone, let A be its cross-sec lona arcc 
I its moment of inertia about the horizontal axis through the centroi , an 
distance from the centroid of the web to the middle plane of the ange 
The total bending moment transmitted at any cross section by t le \\c °S e 
with the flange can be represented for our symmetrical case by t le senes 


irX , , 2t rX . 

M = Mo 4- Mx cos =j + M 2 cos — + 


(/) 


L 

In this series Af 0 is a statically indeterminate quantity depending on the magni 
of the bending moment at the supports, and the other coefficients * i» 1 y ’ 

are to be calculated from the conditions of loading. Letting l , i n to 

pressive force in the flange (Fig. 119c), the bending moment M can e 

1 The integrals entering into the expression for strain energy are ealeu 
paper by K&rm&n, loc. cit. 
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two parts: a part. M* taken by the web and a part M", equal to Ne, due to the 
longitudinal forces N in the web and flange. From statics the normal stresses 
over any cross section of the complete beam give a couple M, hence 


N + 2h <r x dy = 0 


M' - 2 he 


fo 


(I g) 


oo 


o x dy = M 


where —2 he ( * <r, du = M" is the part of the bending moment taken by the flange. 

Jo 

The strain energy of the web is 


' 2 " fo 


21 TV 2 dr f 

2 AE + J o 


21 M’* dr 
2 El 


(*) 


From the first of Kqs. ((/) we find 


f 00 f 00 f) 2 <£ , OI d<t> 

N = -2 h J o dy = -2 h J o — 2 dy = 2 h - 

From expression (d) for the stress function it may lie seen that 


o 


oo 


n = 1 


Hence 


N 


Ol V nir 4 nnX 

= 2/1 > —r -1 „ cos 

l < 


n = 1 


iU' = M + 2hc 


or, using the notation 




dy = M + Ne = M + 2he 


oo 

V Wir 

It- 


l n COS 


titcX 

l 


n - I 


21, /I „ = -Y 


wc* may write 


CO 


TV 




X n COS 


n?rx 

/ 


n =* 1 


oo 


OO 


(*) 


Tl/' = M + C y Xn COS = ilfo 4- ^ (3/n 4~ cX„) COS 

n =» 1 n = 1 


Substituting in (/») and noting that 


l. 


21 


COS 


nirx 

l 


d x = f, 


[21 717T 

I COS ~ I 

;o t 


«7TX tHirX . / \ . \ 

—cos — f/j* = 0 (when m j* 1 n) 


we obtain 


OO 


1 J “ 2,1 E X A '* 2 + A7 + 2/iV S ( ‘ U " + eXn) 


/i -1 


n = 1 
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Adding this to the strain energy 
notations 


2 h 


ritr 

T 



( e ) of the flange, and introducing in this latter the 

= X B , 2h ™ B n = l r n 


we find the following expression for the total strain energy: 


OO 


OO 


V = 


7r 


2hE 


T n[F„ 2 + (1 + v)X»r n + (1 + v)AVl + 2 /IE 2 x 

n = 1 n = 1 

CO 




+ 


ilfo 2 / 

El 


+ 2E7 2 + eX, ‘ )2 (0 


71 = 1 


The quantities Mo, X n , Y n are to be determined from the minimum condition 
of the strain energy ( l ). It can be seen that Mo appears only in the term Mo 2 l/EI, 
and from the minimum requirement for (Z) it follows that M o =0. 

From the condition 

dV 


dY 


= 0 


n 


it follows that 


2 Yn + (1 + v)X n = 0 


r. = - x. 


Substituting this and M 0 = 0 in Eq. (Z) we get the following expression for the 
strain energy: 


V = 


7T 


3 -|- 2v — v 2 


oo 


CO 


2hE 


l n 

n = l 


X n 2 + 


z 


2AE 


1 

n = 1 


X n 2 


OO 

+ 2E7 Z (Mn + eX " )2 (m) 


71 — 1 


From the condition that X n should make V a minimum it follows that 


dV 

dX n 


= 0 


from which we find 


X n = - 


M 


1 -+- 


+ 


nirl 3 + 2 .-^ 


( n ) 


Ae 2 ' hie 2 


Let us consider a particular case when the bending-moment diagram is a simple 
cosine line, say M = Mi cos (t rx/l). Then, from Eq. (»), 


Xi = — 


Mi _ 1 __ 

e - I , -jtI 3 -h 2*7 v 2 

1 I A . O I 


Ae 


he 2 l 
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and, from Eq. (A), the moment due to the force N of the flange is 


M" = — cX = —cX i cos 


7 rX 

T 


M 


/ 7T I 3 -Y 2— V 2 

1 + Ac- + he-l -1 


(P) 


The distribution of the stress <r, along the width of the flange can now be calcu¬ 
lated from (d) by taking all coefficients A n and B n , except A , and i?i, equal to zero, 
and by putting (following our notations) 


A i — , 


/.V 


'2nh 


(1 + -V i 

= 2 A ' ~ 4ir/i 


This distribution of is shown by the curves in Fig. 119<i. The stress <r x dimin¬ 
ishes as the distance from the web increases. 

I„.t us now determine a width 2X of the flnnuc (Fig. 110.,), of a T-beam such 
that a uniform stress distribution over the cross section of the flange, shown by the 
shaded area, gives the moment M " calculated above, Eq. (p). This will then be 

the effective width of the flange. 

Denoting, as before, by M ' and .1/" the portions of the bending moment taken 
by the web and by the flange, by <r, the stress at the centroid C of the web, and by 
the stress at the middle plane of the flange, we find, from the elementary theory 

of bending, 

M’e 


= Oc 4“ 


(9) 


and, from the equations of statics, 


2\/i<r, -f- <r r .t = 0 

2 \ho r c = M 


tr 


The expressions for the two portions of the bending moment, from Eqs. 
(r), arc 


(r) 


(</) and 


M ’ = e <" - "> - [ C 1 + 2 a ) 


(Te 


M" = 2 \he<r f 

The ratio of TV/" to the total bending moment is 


// 


M 

M' + M 


2 \hc<Tr 


1 


/ / 


2 \he 


. I ft , 2X/i\ 

' + c V )" 


1 + JL + _JL 

1 ^ Ac' ^ 2 \he* 


(«) 


To make this ratio equal to the ratio M"/M obtained from the exact solution (p), 
we must take 

I ir I 3 4- 2v - vf 

hcH 


2X/k 


.2 


•1 


From this we obtain the following expression for the effective width 2X 


2X = 


•1/ 

(3 4- 2*» — 



STRAIN-ENERGY METHODS 


177 


Taking, for instance, v = 0.3, we find 

2X = 0.181(2/) 

i.e., for the assumed bending-moment diagram the effective width of the flange is 
approximately 18 per cent of the span. 

In the case of a continuous beam with equal concentrated forces at the middle 
of the spans, the bending-moment diagram will be as shown in lug. 120. Repre¬ 
senting this bending-moment diagram _ 

by a Fourier series and using the general 
method developed above, we find that 
the effective width at the supports is 


2x = 0.85 


4 1 


: ) 



7T (3 -f- 2v — 

i.e., somewhat less than it is for the 

case of a moment diagram in the form 

of a cosine line. . 

63. Shear Lag. A problem of the same general nature as that discussed in 

Art. 52 occurs in aircraft structures. Consider a box beam, Fig. 121, formed from 
two channels ABFE and DCGII to which are attached thin sheets ABC D ' and 
EFGH, by riveting or welding along the edges. If the whole beam is built in 
at the left-hand end, and loaded as a cantilever by two forces P applied to the 
channels at the other end, the elementary bending theory v ill g lv c ^ en ® 1 ^ 
bending stress in the sheet A BCD uniform across any section para e o 

Actually, however, the sheet acquires its 

tensile stress from shear stresses on its 
edges communicated to it by the channels, 
as indicated in Fig. 121, and the distribu¬ 
tion of tensile stress across the width will 
not be uniform, but, as in Fig. 121, higher 
at the edges than at the middle. This 
departure from the uniformity assumed 
by the elementary theory is known as 
“shear lag,” since it involves a shear 
deformation in the sheets. The problem has been analyzed by strain-energy 
and other methods, with the help of simplifying assumptions. 1 



Fig. 121. 


Problems 

1. Find an expression in terms of a x , <r v , t xu for the strain energy T per unit 

thickness of a cylinder or prism in plane strain (e r = 0). 

2. Write down the integral for the strain energy V in terms of polar coordmates 

and polar stress components for the case of plane stress [cf. Fq. (6), Art. 51]. 

The stress distribution given by Eqs. (80) solves the problem indicated in Fig. 
122, a couple M being applied by uniform shear to the inside of a ring, and a 

1 E. Reissner, Quart. Applied Math., vol. 4, p. 268, 1946; J. Hadji-Argyris, (Brit.) 
Aeronaut. Research Council, Reports and Memoranda, No. 2038, 1944; J. Hadji- 
Argyris and H. L. Cox, ibid.. No. 1969, 1944. References to earlier investigations 

are given in these papers. 
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balanc ing couple to the outside. Evaluate the strain energy in the ring, and by 
equating this to the work done during loading deduce the rotation of the outside 

circle when the ring is fixed at the inside (cf. Prob. 2, 



page 125). 

3. Evaluate the strain energy per unit length of a 
cylinder a < r < b subjected to internal pressure pi 
(see Eqs. (46)]. Deduce the radial displacement of 
the inner surface. 

Obtain the same result by use of Eq. (50) (taking 
,, _ o) and the stress-strain relations of plane stress. 

4. Interpret the equation 

ffV o dx <ly = iff (X 11 + Yv) dx dy + if {Xu + Yv) ds 


l-'io. 122 . ftnt i jrivo the justification of the factors £ on the right. 

6. Show from Eq. (84) that if we have a ease of plane stress and a corresponding 
ease of plane strain (* r = 0) in which the stresses <r x , <t v , t xi/ are the same, the 
strain energy is greater (per unit thickness) for the plane stress. 

6. In Fig. 123, («) represents a strip under compression, in which the stress 
therefore extends throughout. In (6) the deformable strip is bonded to rigid plates 



on its top and bottom edges. Will there be stress throughout the strip or only 
locally at the ends? In (<•) the upper edge is free, as in (a), but the lower edge is 

fixed, as in (5). Will the stress be local or not? 

7. From the principle that a system in stable equilibrium has less potential 
energy than that corresponding to any neighboring configuration, show without 
calculation that the strain energy of the plate in Fig. 114 must either decrease or 

remain the same when a fine cut AH is made. 

8. State the (astigliano theorem expressed by Eq. (01) in a form suitable for 
use in polar coordinates, the boundary forces X and Y being replaced by radial 
and tangential components R and T, and the displacement components by the 
polar components u and v of ('hap. 4. 

9. “Equation (01) is valid when 5V, sX, 8Y result from any small changes in the 
stress components which satisfy the conditions of equilibrium (n) Art. 40, whether 
these changes violate the conditions of compatibility (Art. 15) or not. In the 
latter case the changes in the stress are those which actually occur when the 
boundary forces are changed by sX, &Y.” Is this statement correct? 

Assuming that it is, show that the radial displacement of Prob. 3 can be calcu¬ 
lated from the formula 



1 

2jra dp. 




CHAPTER 7 


TWO-DIMENSIONAL PROBLEMS 
IN CURVILINEAR COORDINATES 


54. Functions of a Complex Variable. For the problems solved 
so far, rectangular and polar coordinates have proved adequate. For 
other boundaries—ellipses, hyperbolas, nonconcentric circles, and less 
simple curves—it is usually preferable to employ different coordinates. 


In the consideration of these, and also in 
the construction of suitable stress func¬ 
tions, it is advantageous to use complex 
variables. 

Two real numbers x, y form the complex 
number x -f- iy , with i representing ■yf ~ T. Since 
i does not belong to the real-number system, 
the meaning of equality, addition, subtraction, 
multiplication, and division must be defined. 1 
Thus, by definition, x iy — x' + iy' means 
x — y = y', and i 2 means — 1. Otherwise 
the operations are defined just as for real 
numbers. For instance 



Fig. 124. 


(x + iy) 2 = x 2 + 2 xiy + (iy)* = x 2 — y 2 + i2xy since i 2 
Converting to polar coordinates, as in Fig. 124, 


Since 


e iB = 1 + i 0 + ~y (iO)* + ^ {iey + ft (id)* + 


z = x -f- iy = r (cos 0 + i sin 0) 


1 .. 


(a) 


and 


we have 


i 2 — —1, i 3 — — i, i* — 1, etc., 


e ‘ e “ 1 - ft 62 + *i 04 

= cos 0 + i sin 0 


+ i(* ~ oi + 


From Eq. (a) therefore 


z = x -|- iy = re' e 


(b) 


1 The definitions represent operations on pairs of real numbers, the use of i being 
merely a convenience. See for instance E. T. Whittaker and G. N. Watson, 
“Modern Analysis,” 3d ed., pp. 6-8. 
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Algebraic trigonometric, exponential, logarithmic, and other fund urns can be 
formed from z as well as from a real variable, provided an analytical rather than a 
geometrical definition is adopted. Thus sin z, cos z, and e-may be defined by their 
irower series \ny such function can be separated into real and imaginary 
parts, that is, put in the form «(*.»> + W*.*) "here «(*.*), the read part, and 
the imaginary part,' are ordinary real funetions of x and y (they do not 

eontain i). For instance if the function of z,f(z), is \/z, we have 


/(*) = 


1 


x — iy 


X + iy (x -Y iy)(x - iy) x 2 4- y- 


4- i 


(- v) 


x 2 4- y 


Similarly, observing that cosh iy = 5(<* <y + e S1,,h J,J ~ aC c ' v c ,w ^» antl 
cA''J = cos y i i -sin ?/> we hnd 


sinli z = 


cosh z = 


sinh (x 4- iy) = sinh x cosh iy + cosh x sinh if/ 
sinh x cos 1 / -\~ * cosh x sin y 

cosh (x 4- iy) = cosh x cosh ii/ 4- sinh x sinh ii/ 
= cosh x cos y 4- i sinh x sin y 


As an illustration of the general method for converting a complex denominator to 
a real one, consider the function coth z. Wc have 


coth 2 = - 


cosh 2 
sinh 2 


cosh (x 4- iy) sinh ( x — iy) 


sinh (x 4- iy) sinh (x — iy) 

(cosh x cos y 4- i sinh x sin »/)(sinh x cos y — i cosh x sin y ) 
(sinh x cos y 4- i cosh x sin i/)(sinh x cos y 


— i cosh x sin y) 


The denominator is the same as the real quantity (sinh x cos »/V 4- (cosh x sin y)'. 
When the numerator is multiplied out, and i 2 replaced by -1, the separation into 
real and imaginary parts is completed. The result can be simplified to 


sinh 2x — i sin 2 y 
coth 2 - - osh 2 X _ cos 2 y 

An alternative procedure is indicated by Kq. (/>) of Art. 62 
The derivative of /( 2 ) with respect to 2 is by definition 

<V(z) = Iim SSl± Az) - /<*> 


(c) 


dz 


A :-*0 


A2 


(<*) 


where A 2 = Ax 4~ i Ai/ and A 2 —» 0 means, of course, both Ax —► 0 and At/—* 0. 
We can always think of .r, y as the Cartesian coordinates of a point in a plane. 
Then Ax, Ay represent a shift to a neighboring point. It might be expected at 
first that (d) could be different for different directions of the shift. Nevertheless, 
the limit in (d) is calculable directly in terms of 2 and A 2 just as if these were real 
numbers, and the corresponding results, such as 


dz 


(~ *) = 22 , 


Sill 

dz 


2 — COS Z 


must appear, independent of the choice of A 2 , and of Ax and Ay. Wo may say, 
therefore, that all the functions we may form from 2 in the usual way will have 

1 It. should be observed that this is real in spite of its name. 



PROBLEMS IN CURVILINEAR COORDINATES 


181 


derivatives which depend on z only, being the same for all directions (of dz) at the 
point z. Such functions are called analytic. 

The quantity x — iy may be regarded as a function of z, in the sense that if z is 
given, x and y are given, and so x — iy is determined. However, x — iy cannot be 
formed from z as for instance Z* 1 , e* are formed. Its derivative with respect to z 
is the limit of (Ax — i Axj) / (Ax + i Ay) as Ax, Ay —> 0. This is not independent 
of the direction of the shift Ax, Ay. If we take this shift in the x-direction, so 
that Ay = 0, we obtain 1 as the value of the limit. If we take the shift in the 
^-direction, Ax = 0 and the limit is — 1. Thus x — iy is not an analytic function of 
x + iy. Analytic functions together with x — iy will be used later in the con¬ 
struction of stress functions. Any function involving i will be referred to as a 
“complex function.” 

An analytic function /(z) will have an indefinite integral, defined as the function 
having /(z) as its derivative with respect to z, and written Jf(z) dz. lor instance 
if f(z) = 1/z we have 

j i dz = log z + C 

the additive constant C being now a complex number A -f- iB, containing two 
real arbitrary constants A and B. 

66. Analytic Functions and Laplace’s Equation. An analytic function /(z) 
can be regarded as a function of x and y, having partial derivatives. Thus 




dx 


(a) 


since dz/dx = 1. Similarly 




(b) 


since dz/dy = i. 

But if f(z) is put in the form *(x,y) + ip(x,y), or for brevity <* + ip, we have 


d . doc . dp 


and 


0 ... dot , dp 

dy dy 


(c) 


Comparing Eqs. (c) with Eq. (a) and Eq. (6) yields 


l ( 


doc 

dx 


.dp\ _ 
1 dx) 


dot . dP 
- “I - 1 "T— 

dy dy 


(d) 


Remembering that «, P are real, i 2 = — 1, and that the equality implies that real 
and imaginary parts are separately equal, we find 

doc __ dP doc __ dp ( e ) 

dx dy dy dx 

These are called the Cauchy-Riemann equations. Eliminating 0 by differentiating 
the first with respect to x, the second with respect to y, and adding, we o tain 


= o 


(/) 


dx 


dy 
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An equation of this form is called Laplace's equation and any solution is called a 
harmonic function. In the same way elimination of or from Eqs. (c) yields 


M = 0 

dx 2 dy 2 


(i 9 ) 


Thus if two functions « and 0 of x and y arc derived as the real and imaginary 
parts of an analytic function /(*), each will he a solution of Laplace s equation 
Laplace's equation is encountered in many physical problems, including those of 

elasticity (see for instance Eq. (5), Art. 16]. _ 

The functions « and 0 are called conjugate harmonic functions. It is evident 

that if we are Riven any harmonic function or, Eqs. (<’) "ill, but for a constant, 

determine another function 0, which will be the conjugate to or 

As examples of the derivation of harmonic functions from analytic functions of z, 

consider c inz , z n , log 2 , n being a real constant. W e have 

r inz — f.inz c -nu = £~ nv COS UX + lC~ nu SHI nx 


showing that c~ n * cos nx, c~ nu sin nx are harmonic functions. Changing n to n 
we find that e nv cos nx, c" 1 ' sin nx are also harmonic, and it follows that 

sinh ny sin nx, cosh ny sin nx, sinh ny cos nx, cosh ny cos nx (h) 

are harmonic since they can be formed by addition and subtraction of the fore¬ 
going functions with factors From 

z n = ( rc i0 ) n = r n c ind = r n cos nO -f- ir n sin nO 


we find the harmonic functions 


From 


r n cos nO, r n sin nO, r n cos nO, r n sin nO 

log z = log rc' 0 = log r -f- lO 


(0 


we find the harmonic functions 


log r, 0 


0) 


It is easily verified that, the functions ( 1 ) and (j) satisfy Laplace's equation in 
polar coordinates [see Kq. (<l), page 57], i.c.. 


oy 1 O’/' , } dy 

Or 2 r Or r 2 00 2 


= 0 


(*) 


Problems 

1. Determine the real functions of x and y which are the real and imaginary 
parts of the complex functions z 2 , z 3 , tanh z. 

\x 2 - y 2 , 2 xij) x 3 - 3 xy 2 , Zx*y — y 3 ; 

sinh 2x(eosh 2x + cos 2y)~ l , sin 2 1 /(cosh 2x 4* cos 2y)“ 1 

2. Determine the real functions of r and 0 which are the real and imaginary 
parts of the complex functions z~ 2 , z log z. 

[r~ 2 cos 20, r~ 2 sin 0; r log r cos 0 — rO sin 6, r log r sin 0 4 rO cos 0 ] 
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3. If is a complex variable, and z = c cosh $*, find 


— sinh n£" 
dz 


Writing f = £ + iv find the real and imaginary parts of this derivative when 
c and n are real. 

4. If z = x + iy, f = £ + i-n, and 2 = ia coth where a is real, show that 


x = 


a sin 77 

- - - « 

cosh £ — cos 77 


V = 


a sinh £ 
cosh £ — cos 77 


56. Stress Functions in Terms of Harmonic and Complex Functions. 
If \f/ is any function of x and y, we have by differentiation 


d 2 a 2 

dx 2 dy 


.) 




= *( 


dV 

dx 2 


dy 

ay 2 


0 


di/' 

dx 


(a) 


If i/' is harmonic, the parenthesis on the right is zero. Also d\p/ dx is a 

harmonic function, since (jL + /-,) (§|) = (§Ji + §p) = °- 
Thus another application of the Laplacian operation to (a) yields 


V A A w 

f- 

\dx 


(1 


d 2 d 2 
dx 2 dy 2 


)( 


d 2 d 2 
dx 2 dy 2 


(x\fs) = 


(« 


which is the same as 


a 4 , o a 4 * 4 

dx 4 dx 2 dy 2 dy 


) 


(x«A) = 


Comparison with Eq. (a), page 29, shows that x \p may be used as a 
stress function, \f/ being harmonic. The same is true of y\p, and also, 
of course, of the function \J/ itself. 

It can easily be shown by differentiation that (x 2 -T y 2 )«A, that is 
r 2 \f/, also satisfies the same differential equation and may therefore be 
taken as a stress function, \J/ being harmonic. 

For instance, taking the two harmonic functions 

sinh ny sin nx, cosh ny sin nx 

from the functions (h), page 182, and multiplying them by y, we arrive 
by superposition at the stress function (d), page 47. Taking the 
harmonic functions (z) and (j), page 182, as they stand or multiplied by 
x, y, or r 2 , we can reconstruct all the terms of the stress function in 

polar coordinates given by Eq. (81), page 116. 

The question of whether any stress function at all can be arrived at 
in this fashion remains open, and will be answered immediately, in the 
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process of expressing the general stress function in terms of two 

arbitrary analytic functions. 

Denoting the Laplacian operator 


dx 2 dy 2 

by V 2 , Eq. (a) on page 29 can be written V 2 (V» = 0 or V 4 <£ == 0. 
Writing P for V 2 <£, which represents <r x c yy we observe that P is a 
harmonic function, and so will have a conjugate harmonic function Q. 
Consequently P -t~ tQ is an analytic function of z , and we may write 

/(z) « P + iQ (c) 

The integral of this function with respect to 2 is another analytic func¬ 
tion, 4 yj,(z) say. Then, writing p and q for the real and imaginary parts 

of i p(z), we have 

\J/(z) = p + = T.f/( 2 ) ^Z W) 


so that *'(«) = i/( 2 ). We have also 

g + t g = l *(«) = *'(z) g = i/W = 3 (P + «) 

dx dx OX dX 4 4 

Equating real parts of the first and last members we find 

*P = Ip («) 

dx 4 


Since p and q arc conjugate functions, they satisfy Eqs. (e) of Art. 55, 
and so 


^ = I /> 

dy 4 



Recalling that P = V 2 <*>, Eqs. (c) and (/) enable us to show that 
<t> — xp — yq is a harmonic function. For 


V 2 (</> — xp — yq) = V 2 <£ — 2 


dp 

dx 





Thus for any stress function <f> we have 


<t> - *p - yq = Pi 

where pi is some harmonic function. Consequently 

<f> = xp yq + Pi (96) 

which shows that any stress function can be formed from suitably 
chosen conjugate harmonic functions p, q and a harmonic function pi* 
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Equation (9G) will prove useful later, but it may be observed that 
the use of both the functions p and q is not necessary. Instead of Eq. 
( g ) we can write 


V 2 (</> — 2 xp) = V 2 </> — 4 


dp 

dx 


= 0 


showing that </> — 2 xp is harmonic, say equal to p<i, so that any stress 
function must be expressible in the form 

<p = 2 xp + p^ W 

where p and pi are suitably chosen harmonic functions. Similarly, 
considering <f> — 2 yq, we may show that any stress function must also 

be expressible in the form 

4> = —2yq + p 3 

where q and p% are suitably chosen harmonic functions. 

Returning to the form (90), let us introduce the function q x which is 

the conjugate harmonic to p i, and write 

x(z) = Pi + tqi 

Then it is easily verified that the real part of 

(x — iy) (p H- iq) + Pi + iQi 

is identical with the right-hand side of Eq. (96). Thus any stress func¬ 
tion is expressible in the form 1 

0 = Re [z\f/(z) + x(z)] ( 97 ) 

where Re means “real part of,” z denotes x iy, and ip(z) and x( 2 ) are 
suitably chosen analytic functions. Conversely (9/) yields a stress 
function, that is a solution of Eq. (a), p. 29, for any choice of \p(z) and 
x(z). It is applied later to the solution of several problems of prac¬ 
tical interest. 

Writing the “complex stress function” in brackets in (97) as 

- zz m + x(2) 

and observing that zz = r 2 , and \J/(z)/z is still a function of z , we find 
that any stress function can also be expressed as 

r 2 p\ + p 5 

where p 4 , p 5 are harmonic. 

1 E. Goursat, Bull. soc. math. France , vol. 26, p. 206, 1898. N. I. Muschelisvili, 
Math. Ann., vol. 107, pp. 282—312, 1932. 
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57. Displacement Corresponding to a Given Stress Function. It 
was shown in Art. 39 that the determination of the stress in a multiply- 
connected region requires the evaluation of displacement to ensure that 
it is not discontinuous, that is, to ensure that the stress is not partly 
due to dislocations. For this reason, as well as for cases where the 
displacements are of interest in themselves, we require a method of 
finding the displacement functions u and v when a stress function is 
given. 

The stress-strain relations for plane stress, Eqs. (22), (23), may be 
written 


K 


, On 


Ox 


(, 



j 

r, dV 

i -r- = <T V — V(J X 

dy 

(a) 

- 4 
Ox 

0u\ 

dy) 

= Txv 

(b) 


Inserting the stress function into the first, and recalling that P = 
we have 


ft — = — V = (p — 

Ox dy 3 Ox- \ 



d 2 4> 
dx 2 


d-4> 


= " (l + u) 0^ +P (c) 


and similarly 


K 


, Ov 


dy 


(1 + r)f$ + P 

Oij- 


(d) 


But from Eqs. (/) and (r/) of Art. 50, we can replace P in Eq. (c) above 
by 4 Op/Ox, and in Eq. (d) by 4 Oq/Oy. Then, after division by 1 4 r, 


2(7 p = 

Ox 


_ 0~<f> 4 Op 

Ox- + 1 + v Ox 


20 g 

dy 


o-<t> 


4 


dq 


dy 2 1 + vdy 




and these imply, by integration, 


20 u = - 


(1 cb *1 

a*+i+-,r+M' 


20 r = 


_ d<f> _4_ 

dy ^ 1 4 r 


q 4 /i(.r) (/) 


where f(y) and /i(.r) are arbitrary functions. If these are substituted 
in the left of Eq. (/>), we obtain 


0 2 <f> 
Ox 0y 


4 


1 4 r 


dP , dq 
0 y Ox 


1 df 1 dfy _ 


4- _ _L 

2 dy ^ 2 dx 


= T 


xy 


( 0 ) 


But. the first, term on the left is equal to t xj/ , and the parenthesis 
vanishes because p and q are conjugate harmonic functions satisfying 
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the Cauchy-Riemann equations (Art. 56). Hence 


df | rf/i _ Q 

dy dx 


which implies 




dy 


= A, 


d/i _ 


dx 


= —A 


where A is a constant. It follows that the terms /(?/) and /i(.r) in Eq. 
(/) represent a rigid body displacement. Discarding these terms we 

may write Eqs. (/) as 1 


2 Gu = 


00 

dx 


+ 


4 


1 + v 


V 


2Gv = - 


d0 

dy 


+ 


1 + V 


(h) 


on the understanding that a rigid-body displacement can be added. 
These equations enable us to find u and v when 0 is known. N\ e have 
first to find P as V 2 0, determine the conjugate function Q by means of 
the Cauchy-Riemann equations 


dP 

dx 


dQ 

dy 


dP 

dy 


dQ 

dx 


form the function /(z) = P + iQ, and obtain p and q by integration of 
/(z) as in Eq. (d), Art. 56. The terms of Eqs. (/i) can then be evaluated. 

The usefulness of Eqs. {h) will appear in later applications, for which 
the method of determining displacements used in Chaps. 3 and 4 is not 
suitable. 

68. Stress and Displacement in Terms of Complex Potentials. So 

far the stress and displacement components have been expressed in 
terms of the stress function 0. But since Eq. (97) expresses 0 in terms 
of two functions ^(z), xO), it is possible to express the stress and dis¬ 
placement in terms of these two “complex potentials. 

Any complex function /(z) can be put into the form o- + i/3 where « 
and p are real. To this there corresponds the conjugate , 2 a — it3, the 
value taken by /(z) when i is replaced, wherever it occurs in /(z), by 
— i. This change is indicated by the notation 

j(z) = oc — i(3 ( a ) 

Thus if f(z) = e inz we have 

_ e — ini _ q in (x iy) = e ~inx . g-ni/ (0) 

1 A. E. H. Love, “Mathematical Theory of Elasticity,” 4th ed., Arts. 144, 146, 

1926 ‘ . • • 1 A 

2 The word is used here with a significance quite distinct from that in the term 
conjugate harmonic functions. 




yy 



188 


THEORY OF ELASTICITY 


This may be contrasted with 

f{z) = e inS 

to illustrate the significance of the bar over the / in Eq. (a). 
Evidently 

f(z) +J(z) = 2a = 2 Rcf(z) 

In the same way if we add to the function in brackets in Eq. (97) its 
conjugate, the sum will be twice the real part of this function. Thus 
Eq. (97) may be replaced by 

20 = 2f(z) + X (z) + + x(z) (98) 

and by differentiation 


2^ = zV(z) + Hz) + x(z) + zV(z) + Hz) + x'{z) 

2^ = m'(z) - Hz) + x'(z) - + Hz) - x'(2)] 

These two equations may be combined into one by multiplying the 
second by i and adding. Then 


|| + i f| = Hz) + zHCz) + x'(z) (c) 

Combining Eqs. (h) of Art. 57 in the same way we find 

2 °<“ + *> - - (8 + •' Ij) + rr; <" + <»> 

or, using Eq. (<7) of Art. 50 and Eq. (c) above, 

2G(w + tv) = Hz) - zH(z) - x'Cz) (99) 


This equation determines u and v for plane stress when the complex 
potentials 0(z), x(-z) are given. For plane strain v/(l — »>) is sub¬ 
stituted for v on the right of Eq. (99) in accordance with Art. 19. 

The stress components <r U) t tv can be obtained directly from the 
second derivatives of Eq. (98). But, in view of later application to 
curvilinear coordinates, it is preferable to proceed otherwise. Differ¬ 
entiating Eq. (c) with respect to x we have 


cF 0 . d 2 <f> 
dx 2 1 dx dy 


H(z) + zV\z) 4- H(z) + *"(*) 
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Differentiating it with respect to y and multiplying by i we have 


. a°-4> _ 

1 dx dy dy 2 


- Viz) + zV'lz) - Viz) + *"(*) 



Simpler forms are obtained by subtracting and adding Eqs. (d) and (e). 
Then 1 

<r x + (T u = 2V i z ) 4~ 2 Viz) = 4 Re \f/ ( 2 ) (100) 

<r„ - <r x - 2 it x!/ = 2[**"(« + x"00] HOI) 


Changing i to —i on both sides of Eq. (101) yields the alternative form 

<r y -* x + 2irxy = 2 IzV'iz) + x"iz)] ( 102 ) 

On separation of real and imaginary parts the right side of Eq. (102), 01 
(101), gives <yx — °u and 2r xy . The two equations (100) and (102) 
determine the stress components in terms of the complex potentials 
^( 2 ) and xiz ). Thus by choosing definite functions for \p(z) and xiz) 
we find a possible state of stress from Eqs. (100) and (102), and the 
displacements corresponding to this state of stress are easily obtained 

from Eq. (99). 

As a simple illustration of this method, consider the polynomial stress system 
discussed on page 32. A stress function in the form of a polynomial of the fifth 
degree will evidently be obtained from Eq. (98) by taking 

t(z) == (a b + x(z) = C& 4 i<h)z h 


where as, bs, Cs, ds are real arbitrary coefficients. Then 

U(z) = 4 (as + ibs)z\ x'(*) = b(cs 4- ids)z x 

+''(z) = 12 (a 6 + ibs)z 2 , x"(z) = 20 (r 6 + ids)z 3 


and Eqs. (100) and (102) yield 

a x 4- a v = 4Re4(a 6 + ib b )z 3 

= 16 Re (as + ib*)[x 3 - 3xy 2 + ?(3x 2 y - y 3 )] 

= 16a 5 (x 3 — 3 xy 2 ) — 166 6 (3x 2 y — y 3 ) 

<x v - a x -h 2 %T XV = 2[12(a 6 + ibs)zz 2 + 20(c s 4 

= 24(a & 4- ib„Hx - iy){x 4- iy)* 4 20(c 6 4 «•)(* 4 iy)* 

= [24 asx(x* A- y 2 ) - 24b 5 y(x 2 + y 2 ) + 20c 5 (x 3 - 3xy 2 ) 

— 20d 5 (3x 2 y — y 3 )] + i[24asy(x 2 + y 2 ) 4- 246 5 x(x 2 4 y 2 ) 

4- 20c 5 (3x 2 y — y 3 ) 4 20d 6 (x 3 — 3xy 2 )] 


The expressions in brackets give <r v cr x and 2 t xv , respectively. The c isp acc 
ment components corresponding to this stress distribution are easi y o tame rom 

Eq. (99), which yields 


2G(u + iv) = (ab + ihb)zA - 4(06 “ ibb)zzZ ~~ 5(C6 ~~ idiYz< 

1 These results and Eq. (99) were obtained by G. Kolosoff in his doctoral disserta¬ 
tion, Dorpat, 1909. See his paper in Z. Math. Physik., vol. 62, 1914. 
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(-dx) 



(a) 


69. Resultant of Stress on a Curve. Boundary Conditions. In 

Fig. 125 AB is an arc of a curve drawn on the plate. T.he foice acting 
on the arc ds, exerted by the material to the left on the material to the 

right, proceeding from A to B, 
may be represented by compo¬ 
nents X (Is and Y ds. Then, 
from Eqs. (12) of Art. 9, 

X = cr x cos a. T t xu sin a 
Y = <J V sin a -f" t x y cos a 

where a is the angle between the 
1 m«. 125 . left-hand normal N and the x- 

axis. To ds correspond a dx and a dy as indicated in Fig. 1255. In 
traversing ds in the direction AB x decreases and dx will be a negative 
number. The length of the horizontal side of the elementary triangle 
in Fig. 1256 is therefore —dx. Thus 

(hi . dx 

cos a — -j- sin « = — 


(cl) 


(b) 


( 6 ) 


Inserting these, together with 

d 2 <t> d~4> _ d~(f> 

ax = W' = Sr*’ Tx!/ “ "" 

in Eqs. (a), we find 

y _ d 2 <t> dy , d~4> dx _ d ( d<t> \ dy d / d<t>\ dx __ d_ 

~ dy 2 ds dx dy ds dy\dy)ds dx\dy ) ds ds \dy / ^ 


The components of the resultant force on the arc AB are therefore 


d 2 4> dx d 2 <t> dy _ d (d<f>\ 
dx 2 ds dx dy ds ds \dx) 



the square bracket representing the difference of the values of the 
enclosed quantity at B and at A. 

The moment, about O, clockwise, of the force on .1 B is, using Eqs. (c), 
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Integrating by parts yields 1 




It will be evident from Eqs. (c) that if the curve AB represents an 
unloaded boundary, so that X and Y are zero, d<f>/dx and d<f>/dy must 
be constant along AB. If there are prescribed loads on AB, Eqs. (c) 
show that they can be specified by giving the values of d<t>/dx , d<f>/dy 
along the boundary. This is equivalent to giving the derivatives 
dcf>/ds along, and d<f>/dn normal to, AB. These are known if 4> and 

d<f>/dn are given along AB. 2 

Now let the arc be continued to form a closed curve, so that B 
coincides with .4, but is still regarded as the point reached after trav¬ 
ersing the arc, now a closed circuit, AB. Then Eqs. (d) and (e) give 
the resultant force and moment of the stresses acting on the piece of 
the plate enclosed by the circuit. If these are not zero, d<J>/dx and 
d(f>/dy do not return to their starting values (A) after completing the 
circuit ( B ). They are therefore discontinuous functions, such as the 
angle Q of polar coordinates. This will be the case only when loads 
(equal and opposite to F x , F u , M) are applied to the piece of the plate 

within the closed circuit. 

In terms of the complex potentials iA(z), x( 2 ) of Eq. (98) the two 
equations ( d ) may be written as 


F x + iF v = 





+ i 


d±\ B 
dy J A 


or, using Eq. (c) of Art. 58 

F x -b iF v = — i[>(z) + z£'(z) + x'( 2 )]a ( 103 ) 


Eq. (e) becomes 

M = Re [ — zzif'(z) + x(z) — zx'(z)]a (104) 

Equations (103) and (104), applied to a complete circuit round the 
origin, show that if *(a) and x(*) are taken in the form *- where n is a 
positive or negative integer, F x , F y , and M are zero, since the functions 

■ Equations (d) and (e) serve to establish an analogy between plane stress and 
the slow motion of a viscous fluid in two dimensions. See J. N. Goodier, FhiL. 

Mag., series 7, vol. 17, pp. 554 and 800, 1934. 

* These boundary conditions lead to an analogy with the transverse deflections 

of elastic plates. An account of this analogy, with references, is given by R. 13. 

Mindlin, Quart. Applied Math., vol. 4, p. 279, 1946. 
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in brackets return to their initial values when the circuit is completed. 
These functions by themselves could not represent stress due to loads 
applied at the origin. The function log z = log r + id does not return 
to its initial value on completing a circuit round the origin, since d 
increases by 2 tt. Thus if t ]s{z) = C log z, or x(«) = lo S where C 
and I) are (complex) constants, Eq. (103) will yield a non-zero value 
for V x + iFy. Similarly x OO = D log 2 will yield a non-zero value of 
M if D is imaginary, but a zero value if D is real. 

60. Curvilinear Coordinates. Polar coordinates r, 6 (Fig. 124) may 
be regarded as specifying the position of a point as the inteisection of a 
circle (of radius r) and a radial line (at the angle d from the initial line). 
A change from Cartesian to polar coordinates is effected by means of 
the equations 

\/x* + 7 r = r, arctan = d (a) 

•l- 


The first, when r is given various constant values, represents the 
family of circles. The second, when d is given various constant values, 

represents the family of radial lines. 

Equations (a) are a special case of equations of the form 


Fi Or,2/) = £, F «(x,y) = v 


(b) 


Giving definite constant values to £ and 77 , these equations will repre¬ 
sent two curves which will intersect, when F\(x,y), Fn(x,y) are suitable 
functions. Different values of £ and 77 will yield different curves and a 
different point of intersection. Thus each point in the .ry-plane will 
be characterized by definite values of £ and 77 —the values which make 
the two curves given by Kqs. (/>) pass through it—and £, 77 may be 
regarded as “coordinates” of a point. Since given values of £, 77 define 
the point by means of two intersecting curves, they are called curvi¬ 
linear coordinates. 1 

Polar coordinates, with the associated stress components, proved 
very useful in C'hap. 4 for problems of concentric circular boundaries. 
The stress and displacement on such a boundary become functions of d 
only, since r is constant. If the boundaries consist of other curves, for 
instance ellipses, it is advantageous to use curvilinear coordinates one 
of which is constant on each boundary curve. 

If Eqs. ( 6 ) are solved for .r and ?/, we shall have two equations of the 

form 

x = /i($,»?), y=f 2(£,t?) ( c ) 

1 The general theory of curvilinear coordinates was developed by Lam6 in the 
book “Levons sur les coordonneos curvilignes,” Paris, 1859. 
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and it. is usually most convenient to begin with these, 
example, the two equations 

x — c cosh £ cos 77 , y = c sinh £ sin 77 


Consider, for 

W) 


where c is a constant. Elimination of 77 yields 



c 2 cosh 2 £ 



V 


cr sinh 2 £ 


1 


If £ is constant this is the equation of an ellipse with semiaxes c cosh 
£, c sinh £, and with foci at x = ±c. 

For different values of £ we obtain 
different ellipses with the same foci— 
that is, a family of confocal ellipses 
(Fig. 126). On any one of these el¬ 
lipses £ is constant and 77 varies 
(through a range 2 - 7 t), as on a circle in 
polar coordinates r is constant and 0 
varies. In fact in the present case 77 
is the eccentric angle 1 of a point on the 
ellipse. 

If on the other hand we eliminate £ 
from Eqs. (d), by means of the equation cosh 2 £ sinh 2 £ = 1, we have 

_£!_= 1 (e) 

c 2 cos 2 77 c 2 sin 2 77 

For a constant value of 77 this represents a hyperbola having the same 
foci as the ellipses. Thus Eq. (c) represents a family of confocal hyper¬ 
bolas, on any one of which 77 is constant and £ varies. These coordi¬ 
nates are called elliptic. 

The two equations ( d ) are equivalent to x + iy = c cosh (£ + iy) or 

z = c cosh f (/) 

where £* = £-{- irj. This is evidently a special case of the relation 

2 = fit) to) 

This, besides defining z as a function of may be solved to give f as a 
function of z. Then £ and 77 are the real and imaginary parts of a func- 

1 If a, 0 are the polar coordinates of a point on the circle circumscribing an 
ellipse of semiaxes a, b, the perpendicular from this point to the x-axis intersects 
the ellipse at the point x = a cos 0 , y — b sin 0; 0 is called the eccentric angle of 

this point on the ellipse. 
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tion of 2 , and therefore satisfy the Cauchv-Riemann equations (e) of 
Art. 55, also therefore the Laplace equations (/) and ( g ) of Art. 55. 

The curvilinear coordinates to be used in this chapter will all be 
derived from equations of the form {(]), and as a consequence will 
possess further special properties. The point x, y having the curvi¬ 
linear coordinates £, y, a neighboring point x + d: r, y + dy will have 
curvilinear coordinates Z -f d$, y T dy, and since there will be two 
equations of the type (c) we may write 

dx = || ^ *i, <iy = If + % d y W 


If only £ is varied, the increments d.r, r/?/ correspond to an element of 
arc dst along a curve y = constant, and 


dx = jzd£, 

dZ 


d » = 8 


(0 


Thus 


(rf.s t ) 2 = (f/.r) 2 + (rty) 2 = + (f|) ] 


(j) 


Since z = /(£) we have 


S = H + 'SI = ! /(r) S =/,(r) 




where 


/'(f) = 


d/(f) 


Now any complex (plantity can be written in the form ./ cos a + iJ 
sin a, or Jc ia , where J and a are real. With 

/'(^) = ,/<■- (0 

Eq. (k) yields 


dx T 

= J cos «, 
"s 


dy 

dZ 


= J sin a 


(m) 


and then Eq. ( j ) gives 


dst = J dZ 


The slope of ds^ is, using Eqs. (f) and (/»), 

dy _ dy/dZ _ 


dx dx/dZ 


= tan or 


(») 


Thus a, given bv Eq. (/), is the angle between the tangent to the curve 
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n = constant, in the direction ^-increasing, and the .r-axis (Fig. 127). 
In the same way, if only 77 is varied, the increments dx and dy of Eqs. 
(h) correspond to an element of arc ds v along a curve £ = constant, and 
instead of Eqs. (z) we have 



dy/dx = — cot a 


Comparing this last result with Eq. (n), we see that the curves 
£ = constant, 77 = constant, intersect at right angles, the diiection 
77 -increasing making an angle ( 71 -/ 2 ) + a with the .r-axis (Fig. 12/). 

Consider for instance the elliptic coordinates defined by Eq. (/). 
We have 

/'(^) = c sinh f = c sinh £ cos 77 + ic cosh £ sin 77 = Je ia 

Comparing the real and imaginary parts of the last equality we find 

J cos a = c sinh £ cos 77 , J sin a. = c cosh £ sin 77 

and therefore 

J 2 = c 2 (sinh 2 £ cos 2 77 + cosh 2 £ sin 2 77 ) = £c 2 (cosh 2£ — cos 2 t?) (o) 

tan a — coth £ tan 77 (p) 

61. Stress Components in Curvilinear Coordinates. Equations 
(99), (100), and (102) give the Cartesian components of displacement 
and stress in terms of the complex potentials 1 P(z), x( 2 )* When cuivi- 
linear coordinates are used the complex potentials can be taken as 
functions of E and z itself is given in terms of K by the equation of the 
type of Eq. ( g ) of Art. 60 defining the curvilinear coordinates. There 
is thus no difficulty in expressing <r x , <r u , t xu in terms of £ and 77 . It is 
usually convenient, however, to specify the stress as 

< 7 $, the normal component on a curve £ = constant; 

<r v , the normal component on a curve 77 = constant, 
r^, the shear component on both curves. 

These components are indicated in Fig. 128. Comparing this and 
Fig. 127 with Fig. 12, we see that <r s and r £ „ correspond to <r and r in 
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Fig. 12. We may therefore use Eqs. (13), and thus obtain 

(Tt = b(cr x T cry) + — a v) cos 2a 4~ sin 2a 

t= —^(o'x Gy) sin 2a ~h Try cos 2a 

Replacing a by (7 t/2 ) T a we find similarly 

cTr, — h(<Tx + <Tu) — o’i/) cos 2a Txy sin 2a 

and from these we easily obtain the following equations: 1 

0 q -f* <T V = (T x + <?y (105) 

cr v — oq + 2 iVj, = e 2,a (cy — o\r + 2ir xy ) (106) 


The factor e-*'* for curvilinear coordinates defined by z — f(£) can be 

^ found from Eq. (/) of Art. 60. 

This, with its conjugate, obtained 
by changing i to —i throughout, 
gives 

/'(f) = Je ia , /'(f) = Jr-* 

so that 



Direction of 
q- increasing 


rp = const. 


_ rm 


/'(f) 


(107) 



I'm. 128 . 


increasing For example, our elliptic coordi¬ 
nates give/ ; (D = c sinh f, and 



sinh r 
sinh f 



With the value of c~ ia so determined, Eqs. (105) and (106) express 
aq, <Tvj T lv i n terms of <r x , <r y , t xv . 

The displacement in curvilinear coordinates is specified by means of a 
component iu in the direction ^-increasing (Fig. 127) and a component 
v v in the direction ^-increasing. If u and v are the Cartesian compo¬ 
nents of the displacement, we have 

?/£ = u cos a T v sin a, a,, = v cos a — u sin a 


and therefore 


+ tUf, = c~ ia (u -f- tv) 


( 108 ) 


Using Eq. (99) with z — /(f), and Eq. (107), this enables us to 
express ?/ £ and u v in terms of £ and when the complex potentials \f/(z) 
and x(") have been chosen. 

■ Equations (106), (106), and (108) were obtained by KolosofT, loc. cit . 
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Combining Eqs. (99), (100), and (102) with (105), (100), and (108) 
we have the following equations for the stress and displacement compo¬ 
nents (with i replaced by —i in the last): 

<r t + a, = 2[*'(*) + *'(z)] = 4 Re *'(z) (109) 

<r, — C| + 2 *r t , = 2c 2, “[z^"(z) + x"(*)l 

( 111 ) 


2(70* — w,) 


T 3 

= I — 

U 


- ^ 


+ * 


■fi(z) — Zxjy'(z) 


- x'O) 


We shall use these equations in the solution of several problems 
involving curved boundaries. 

Problems 

1 . Show that for polar coordinates, given by z = e?, Eq. ( 107 ) becomes 


2 ict 


= e 2iv , and a = v = 0 


2. Obtain the solutions of the following problems in polar coordinates by means 
of the complex potentials indicated. Evaluate the stress and displacement com¬ 
ponents. Capitals denote constants, not necessarily real. # 

(а) A ring (a < r < 6) with equal and opposite couples M applied by means of 

shear stress to the two boundaries (Fig. 122). i£(z) = 0, x(*0 = A l°g z - 

(б) The ring under internal pressure p u external pressure p a (see page 59). 

\p(z) — Az, x(z) = B log z. 

(c) The pure bending of a curved bar, and the “rotational dislocation’ of the 

ring, as in Arts. 27 and 29. *(z) = Az log z + Bz, x00 - C log z. 

(d) The problem solved in Art. 31. *(z) = Az 2 + B log z, x(«) - Bz lo S z + 1 /z ‘ 

(e) The plate under tension with a circular hole (Art. 32). i£(z) - Az + K/z, 

x(z) = C log z + Bz 2 F/z 2 . , \ \ 

(/) The radial stress distribution of Art. 33. +(z) - A log z>jx(z) - Bz log z. 

( g ) The force at a point of an infinite plate (Art. 38). x(z) — A log z, 

x(z) = Fz log z 

62. Solutions in Elliptic Coordinates. Elliptic Hole in Uniformly 
Stressed Plate. The elliptic coordinates £, 77 , already considered in 
Art. 60 and shown in Fig. 126, were defined by 

z = c cosh $*, r = £ + W ^ a ^ 

which give 

x = c cosh £ cos 77, y — c sinh £ sin 77 

and 




= c sinh 




sinh 


(b) 


~ - - 0 7 sinh f 

The coordinate £ is constant and equal to £<? on an ellipse of semiaxes c 
cosh c sinh £ 0 . If the semiaxes are given as a and b, c and £<> can be 

found from . , _ , ( r \ 

c cosh Zo = a, c sinh & = 0 W 

and therefore if one member of the family of ellipses is given, the whole 
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family of ellipses and also the family of hyperbolas (see page 193 ) are 
definite. If £ is very small the corresponding ellipse is very slender, 
and in the limit £ = 0 it becomes a line of length 2c joining the foci. 
Taking larger and larger positive values of £ the ellipse becomes larger 
and larger, approaching an infinite circle in the limit £ = °°. A point 
on any one ellipse goes once around the ellipse as rj goes from zero (on 
the positive .r-axis, Fig. 120 ) to 2 tt. In this respect 77 resembles the 
angle 6 of polar coordinates. Continuity of displacement and stress 
components requires that they be periodic in 77 with period 2 i r, so that 
they will have the same values for 77 = 2 tt as they have for 77 = 0. 

Consider now an infinite plate in a state of uniform all-round tension 
S disturbed by an elliptical hole of semiaxes a and b, which is free from 
stress. 1 These conditions mean that 

o x = o u = S at infinity (£ —*► oc) (d) 

a. = t £ „ = 0 on the elliptical boundary of the hole, where £ 

has the value £ 0 (e) 

From Eqs. ( 100 ) and ( 102 ) we find that the condition (d) is satisfied if 

2 Re x^'(z) = S, if (z) - 1 - x"(z) = 0 at infinity (/) 

Since the stress and displacement components are, for continuity, to 
be periodic in 77 with period 2 tt, we are led to consider forms for \J/(z) and 
x(z) which will give a stress function with the same periodicity, and 
such forms arc 

sinh i-c-y sinh 71 £ cos nr) + i cosh ??£ sin nr) 
cosh n£ y i.c. t cosh r*£ cos 71 77 + i sinh n£ sin /177 

where n is an integer. The function \{z) = Bc-$ } B being a constant, 
is also suitable to the problem. 

Taking \f/(z) = Ac sinh £*, with A a constant, and using the first of 
Eqs. (6) for d£/(Iz y which is the reciprocal of dz/d$ y we find 

+'{z) = Ac cosh f • ^ = A CO t 5 = A coth r (ff) 

dz sinh $* 

At an infinite distance from the origin £ is infinite, and coth has the 

1 Solutions for the plate with an elliptical hole were first given by Kolosoff, 
lor. cil.\ and C. K. Inglis, Trans. Inst. Naval Arch., lx>ndon, 1913; Engineering y 
vol. 95, p. 115, 1913. See also T. Poschl, Math. Z. y vol. 11, p. 95, 1921. The 
method employed here is that of Kolosoff. The same method was applied to 
several two-dimensional problems of elasticity by A. C. Stevenson, Proc. Roy. Soc. 
{London), series A, vol. 181, pp. 129 and 218, 19*15. Other references are given 
later in the chapter. 
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value unity. The first of conditions (/) is therefore satisfied if 2A 
From ( 0 ) we find further 


= S. 


= - 


A 


1 


c si nh 3 f 


(« 


and 


,,, x . cosh f 

(2) - ~- 4 


(*■) 


Taking x(z) = Bc 2 f, where B is a constant, we have 


Be 


cosh f 


x ' (2) = snnrr’ x " (z) _ B sinh* r 


(j) 


Equations (i) and (j) show that 2 *"( 2 ) and X "C0 each vanish at infinity. 

The second of conditions (/) is therefore now satisfied. 

The condition ( e ) can be satisfied by suitable choice of the constant 

B. Subtracting Eq. (110) from Eq. (109) we have 

- ir u = *'(*) + £'(z) - e 2£ “ [z*"C0 + x"(«)] (fc) 




and e 2,a is given by the second of Eqs. (fr). Thus 

, /cosh r , cosh f\ , sinh £ (« c osh f 
** - - A l sinh ^ + sinh fy sinh f V sinh 3 r 


+ B 


cosh ^ 
sinh 3 t 


— -L_— = j A [sinh $* sinh (f + f) + cosh f] 

sinh 2 sinh 

+ B cosh S'} (0 

At the boundary of the elliptical hole £ = £ 0 and f + f — 2£ 0 , f — 2£ 0 £*• 

Then (i) reduces to 

= (A cosh 2£ 0 + B) cosh r 


sinh 2 f sinh 


Condition (e) is therefore satisfied if 


We now have 


B = —A cosh 2£<> = — tjB cosh 2£ 0 


(m) 


*( 2 ) = £Sc sinh f, xOO = cosh 2£„ • f ('0 

All the boundary conditions have now been satisfied. But we can¬ 
not be sure that the complex potentials (n) represent the solution of 
our problem until we know that they imply no discontinuity in e 1S 
placement. The Cartesian components of displacement can be foun 
from Eq. (99), which in the present case gives 

Be 

2 G{u + iv) = Ac sinh f - -4c cosh f cot.h f - (°) 
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with A = S/2, and B as given by Eq. (w). The hyperbolic functions 
have real and imaginary parts which are periodic in 77 . Thus a circuit 
round any ellipse £ = constant, within the plate, will bring u and v back 
to the initial values. The complex potentials (/<) therefore provide the 
solution of the problem. 

The stress component <r„ at the hole is easily found from Eq. (109), 
since <r £ at the hole is zero. Inserting the value of \Jy\z) from Eq. ( 0 ), 
with A = S/2 we have 


Hut 

coth f 


o-f + c* = 4 He xp'(z) = 2S He coth f 


c l+iv (r {+M? 4- — e _£+, ’ ,, ) 



Multiplying out 
reduces to 


Hence 


the brackets in numerator and denominator, this 


coth f = 


O-J + 


sinh 2 £ — i sin 2i) 
cosh 2 £ — cos 2 rj 

2S sinh 2£ 
cosh 2 £ — cos 277 


and at the boundary of the hole 

. . _ 2S sinh 2£o_ 

\<Tv>t-So cos h 2 £„ — cos 2 r 7 

The greatest value, occurring at the ends of the major axis, where 
77 = 0 and 7 r, and cos 2tj = 1, is 

2S sinh 2£„ 


( 0 " * 7 ) nmx. 


cosh 2 £<» — 1 


It is easily shown from Eqs. (r) that 


o „ o 

c- = a- 




. , 2ah 

sinh 2 £„ = ——} 


c- 


cosh 2 £0 = 


a 2 -f 6 2 


and with these we find that 


(<r,),„„. = 2.S' | 


which becomes larger and larger as the ellipse is made more and more 
slender. 


The least value of occurs at the ends of the minor axes 

where cos 2tj = — l. Thus 



min. 


2S sinh 2£„ 
cosh 2£ 0 + 1 
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When a — b, so that the ellipse becomes a circle, both (<r,) mn x. and 
(cr n ) min . reduce to 2S, in agreement with the value for the circular hole 
under uniform all-round tension found on page 81. 

The displacements can be evaluated from Eqs. (/i) and (111) or (99). 
They are of course continuous, being represented by single-valued con¬ 
tinuous functions. 

The problem of uniform pressure S within an elliptical hole, 1 and 
zero stress at infinity, is easily obtained by combining the above solu¬ 
tion with the state of uniform stress <r* = cr* = — S, derivable from the 


complex potential \p(z) = —Sz/2. 

63. Elliptic Hole in a Plate under Simple Tension. As a second 
problem, consider the infinite plate in a state of simple tensile stress S 
in a direction at an angle (3 below 




the positive rr-axis (Fig. 129), dis¬ 
turbed by an elliptical hole, with its 
major axis along the x-axis, as in 
the preceding problem. The ellip¬ 
tical hole with major axis perpen¬ 
dicular or parallel to the tension 2 
is a special case. The more gen¬ 
eral problem is, however, no more 
difficult by the present method. 

From its solution we can find the effect of the elliptical hole on an 3 r state 
of uniform plane stress, specified by principal stresses at infinity in any 

orientation with respect to the hole. 

Let Ox', Oy' be Cartesian axes obtained by rotating Ox through the 
angle /3 so as to bring it parallel to the tension S. "then by Eqs. (105), 
(106) 



°V 4- <V = <7z + Oy, 


<j y > — ov T" 217- X v — C 2, ^(cr v a x + 2 ir xy ) 


Since at infinity ov = S, ov = t x'i / = 0, we have 

<V + ov = S , * v - cr x + 2 i Txu = -Se-™ at infinity 


and so, from Eqs. (100) and (102), 

4 Re V(z) = S, 2[z*"(z) -f- x"(z)l = - Se~*** at infinity (a) 
At the boundary of the hole £ = £ 0 we must have a $ = r^ v 0. 

1 Nonuniform pressure within an elliptical hole is considered by I. I s *. Sneddon 
and H. A. Elliott, Quart. Applied. Math., vol. 4, p. 262, 1946. 

2 See the papers cited in the footnote on p. 198. 
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All these boundary conditions can be satisfied by taking \fs(z), x (z) 
in the forms 1 

4 ^( 2 ) = Ac cosh f 4- Be sinh f 
4 x(z) = Cc-$ + Dc- cosh 2r + Ec 2 sinh 2f 

where A, R, C, /), E are constants to be found. 

Since z = c cosh f, the term Ac cosh f in the expression for 4 ^( 2 ) is 
simply Az. It will contribute to the stress function [Eq. (97)] a term 
Re Azz or Re Ar 2 . „ This is zero if A is imaginary, and therefore A may 
at once be taken as real. The constant C must also be real. For if 
we insert the above expressions for \p{z), X (z) in Eq. (104), taking for 
the curve AB a complete circuit round the hole, we find that all terms 
except the term in C yield zero because the hyperbolic functions are 
periodic in rj with period 27r. 1 he term in O is Re [C*C”(£ T 

This vanishes for a complete circuit only if C is real. 

The constants B, I), E are complex, and we may write 

B = B x 4- iB 2 , D = Di + iD 2 , E = E x + iE 2 (6) 

Substitution of the above forms for ^( 2 ), x(z) in the conditions (a) 
yields 

A + Bi = S, 2 (D + E) = -8<r*» (c) 

Subtracting Eq. (110) from Eq. (109) to obtain find 

4(<tj - ir in ) = cosech f[(2-1 + B coth f) sinh C 

(B + B cosech 2 f) cosh f + (C + 2 E) cosech coth f 

— 4/> sinh $* — 4/£ cosh f] 

At the boundary of the hole £ = £0 and f = 2£„ — $*. If this value of f 
is inserted in sinh f and cosh £ in the above expression, and the func¬ 
tions sinh (2&> — £), cosh (2£„ — f) expanded, the expression in square 
brackets reduces to 

(2 A sinh 2 a — 2iB» cosh 2a — 4 E) cosh f 

— (2.1 cosh 2a — 2 iB« sinh 2a T 4 D) sinh £ 

+ (C + 2R -f R cosh 2a) coth r cosech f 

This, and consequently <rc — ?Y {lJ at the hole, vanishes if the coefficients 
of cosh (*, sinh f, coth f cosech vanish. We have thus three equations, 
together with the two equations (<*), to be satisfied by the constants 
.4, R, C, D, E. Since .1 and C are real, there are actually nine equa~ 


1 Stovonson, loc. cit. 
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lions to be satisfied by eight constants— A, C, and B ly 
E 2 , which are the real and imaginary parts of B, D , E. 
sistent, and the solution is 


B 2, B 2, B i, 

They are con- 


A = Se 2 *° cos 2/3 D = — iSe 2 *° cosh 2(£<> + 2*/3) 

E = £ J Se 2{w sinh 2(£ 0 + iff) 

C = —<S(cosh 2£ 0 - cos 2/3) 


The complex potentials of this problem are consequently given by 


4 ^( z ) = cos 2/3 cosh f + (1 — e 2 «-+ 2 *) sinh <;] 

4x00 = -&c 2 [(cosh 2Ho — cosh 2/3)r + - cosh 2(r — & — 2/3)] 

The displacements can now be determined from Eq. (111). It may be 

seen at once that they are single-valued. 

The stress a v at the hole can be obtained from Eq. (109) since at the 

hole at is zero. Then 

sinh 2£o + cos 2/3 — e 2 ^ cos 2(/3 — rj) 

(*,)«-«. — ^ cosh 2| 0 — cos 217 


When the tension >S is at right angles to the major axis (/3 — n/2), 

f s. _ <-* r sinh 2£ 0 (1 + g~ 2 * tf ) 

(o’n)!— e L cosh 2£ 0 — cos 2t\ 

and the greatest value, occurring at the ends of the major axis 
(cos 2 77 = 1 ), reduces to 

s ( 1+2 0 

This increases without limit as the hole becomes more and more slender. 
When a = b it agrees with the value 3*S found for the circular hole on 
page 80. The least value of the stress round the elliptical hole is S y 
at the ends of the minor axis. This is the same as for the circulai hole. 

When the tension jS is parallel to the major axis (/3 = 0) the gicatest 
value of <r v round the hole is found at the ends of the minor axis, and is 
S{ 1 + 26/a). This approaches S when the ellipse is very slender. At 
the ends of the major axis the stress is — S for any value of a/ 6 . 

The effect of the elliptical hole on a state of pure shear S parallel to 
the x- and y-axes is easily found by superposition of the two cases of 
tension >S at /3 = 7 t/4 and — S at (3 = 37 r/ 4 . Then 

e 2 *° sin 2rj 

(<r „)*=$ 0 = — 2 *S cos h 2to — cos 277 
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This vanishes at 


the ends of both the major and the minor axes and has 


the greatest values 



(q + by 

ab 


t t t t t 


at the points determined by tan 77 = tanh £ 0 — ^! a - When the ellipse 
is very slender these values are very large, and the points at which they 

occur are close to the ends of the major axis. 

Solutions have been found for the elliptical hole in a plate subject to 
pure flexure in its plane 1 - 2 and to a parabolic distribution of shear as in 
a thin rectangular beam, 2 for an elliptical hole with equal and opposite 
concentrated forces at the ends of the minor diameter, 3 and for ligid 
and elastic “inclusions” filling the hole in a plate under tension. 4 
More general series forms of the real stress function <f> in elliptic coordi¬ 
nate's have been considered. 6 Their equivalent complex potentials can 

be constructed from the functions 
used or mentioned here, together 
with the analogues of the simple 
functions quoted in the Problems 
on p. 107, when dislocations and 
concentrated forces and couples 

are to be included. 

64. Hyperbolic Boundaries. 

Notches. It was shown in Art. 60 

that the curves 77 = constant in 

ellipt ie coordinat es are hyperbolas, 

and in Art. 62 that the range of 77 

mav be taken as 0 to 27 t, that of £ 

% 

being 0 to . 

Let. 7 1 „ be the constant value of 77 along the hyperbolic arc BA of Fig. 
130 . It will be between 0 and 7 t/ 2, since both .r and y are positive 
along BA. Along the other half of this branch of the hyperbola, BC , 

* K. Wolf, Z. lech. Physik , 1922, p. 100. 

2 II. Neuber, Ingenicur-Archi r, vol. 5, p. 212, 1034. This solution and several 
others relating to ellipses and hyperbolas are given in Neuber’s book 1 Ker 
spunnungslehro,” Berlin, 1037. 

3 P. S. Symonds, J. Applied Mechanics (Trans. A.S.M.E. ), vol. 13, p. A-1S3,1J • 
A solution in finite form is given by A. E. Green, ibid., vol. 14, p. A-246, 1947. 

4 N. r. Musehelisvili, Zeit. anpew. Math. Mcch ., vol. 13, p. 264, 1033; L. H. 
Donnell, “Theodore von Kilrnian Anniversary Volume,” p. 203, Pasadena, 1941. 

6 E. G. Coker and L. N. G. Filon, “Photo-elasticity,” pp. 123, 535, Cambridge 
University Press, 1031; A. Timpo, Math. Z ., vol. 17, p. ISO, 1023. 
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the value of 77 is 2 tt - rf 0 . Along the half ED of the other branch, 77 is 
7 r — ^io, and along EF it is 7r v «• 

Consider the plate ABCFED within these hyperbolic boundaries, in 
a state of tension in the direction Oy. 1 The tensile stress at infinity 
must fall to zero to preserve a finite tensile force across the waist EOB. 
Complex potentials which permit this, and satisfy the other necessary 
conditions of symmetry about Ox and Oy, and freedom of the hypei- 
bolic boundaries, are 


*(z) = -\Ai f, xO) = -ZAz r - Bci sinh {* 

where A and B are real constants, and z = c cosh £*. These give 

iA 


= - 


2c sinh 


x '(z) = — i At r — Q A + coth f 


(a) 

(b) 


Equation (103) of Art. 59 shows that the hyperbolic boundary v = Vo 
v/ill be free from force provided the function 

xp(z) + Z$'( z) + x'(z) ( c ) 

is constant along it, or equivalently if the conjugate of this function is 
constant. The conjugate is, from Eqs. (a) and (6), 



cosh f 
sinh f 


i coth 



On the hyperbola r\ = rjo we have f — f 2 ir\ a , and with this the 
expression becomes 

Atj 0 — ZA sin 27^0 — (^A cos 2 -r\ 0 + -jfA + B)i coth f 
which is a constant if the quantity in parentheses is made to vanish. 

Thus 

B = — A cos 2 770 ( e ) 



To find the resultant force transmitted we may apply Eq. (103) of 
Art. 59 to the narrow section EOB, Fig. 130, more precisely to the 
lower part of the limiting ellipse £ = 0 between the hyperbolas 77 = rj 0 
and 77 == 7 r — tj 0 . On this ellipse f becomes irj, f becomes -it}, and we 

have from Eq. (103), (c) and ( d) 

F x - iF y = i[A 77 - (A + B) cot „]”• 

= i[A ( 7 T - 2t7 0 4- 2 cot 77 A + 25 cot 770 ] 

1 This problem (also the case of shear loading) was solved by A. A. Griffith, 
Tech. Rept. Aeronaut. Research Comm. (Great Britain), 1927—1928, vol. II, p. 668, 
and H. Neuber, Z. angew. Math. Meek., vol. 13, p. 439, 1933; or “Kerbspannungs- 

lehre,” p. 35, Berlin, 1938. 
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Since A and B were taken as real, F x is zero and, using Eq. (c) 


F v = — A (tt — 2rj 0 + sin 2r)„) 

which determines A when the total tension F v is assigned. The stress 
and displacement components are easily found from Eqs. (109), (110), 
(111). The first gives 

4/1 cosh £ sin rj 
+ ^ “ ” T" cosh 2*"- cos 2 V 

The value of cr 5 along the hyperbolic boundary is found by setting 
7 j = r\„ in this expression. It has a maximum, — 2A/c sin tj 0 , at the 
waist where £ = 0. Neuber 1 has expressed this as a function of the 
radius of curvature of the hyperbola at the waist. He has solved, by 
another method, the problems of bending and shear of the plate as well 
as tension. 

66. Bipolar Coordinates. Problems involving two nonconcentric 
circular boundaries, including the special case of a circular hole in a 
semi-infinite plate, usually require the use of the bipolar coordinates £, 
tj, defined by 

z = ia cotli if f = £ + iy («) 

Replacing coth if by (cR + c~^)/(rR — c“* f ) and solving the first 
equation for c f , it is easily shown that this is equivalent to 


r = 


z T ia 
z — ia 


(» 


The quantity z T ia is represented by the line joining the point —fa to 
the point 2 in the .rr/-plane, in the sense that its projections on the axes 
give the real and imaginary parts. The same quantity may be repre¬ 
sented by r\C'° l where r x is the length of the line, and 6 1 the angle it 
makes with the .r-axis (Fig. 131). Similarly 2 — ia is the line joining 
the point ia to the point 2 , and may be represented by rtf* 9 * (Fig. 131). 
Then Eq. (6) becomes 


£ -f iy = log ( — c iOl c~ i0 A = log — + i(0i — 0 2 ) 

\^*2 / r 2 


so that 


£ = log 

r<> 


rj = 0i — 0 2 


(c) 


1 Loc. cit. For a comparison of Ncubcr’s results with photoelastic and fatigue 
tests of notched plates and grooved shafts see R. E. Peterson and A. M. Wahl, 
J. Applied Mechanics , vol. 3, p. 15, 1930, or S. Timoshenko, “Strength of Mate¬ 
rials,” 2d ed., vol. 2, p. 310. See also M. M. Frocht, “Photoelasticity,” vol. 2. 
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It may be seen from Fig. 131 that Q i — 0 2 is the angle between the two 
lines joining the “poles” — ia, ia to the typical point 2 , when this point 
lies to the right of the y- axis, and is minus this angle when the point lies 
to the left. It follows that a curve rj = constant is an arc of a circle 
passing through the poles. Several such circles are drawn in Fig. 131. 
From Eqs. (c) it is clear that a curve £ = constant will be a curve for 
which ri/r 2 = constant. Such a curve is also a circle. It surrounds 
the pole ia if ri/r 2 exceeds unity, that is, if £ is positive. It surrounds 
the other pole —ia if £ is negative. Several such circles are drawn in 



Fig. 131. 


Fig. 131. They form a family of coaxal circles with the two poles as 
limiting points. 

The coordinate rj changes from tt to — tt on crossing the segment of the 
?/-axis joining the poles, its range for the whole plane being — 7 r to 7r. 
Stresses and displacements will be continuous across this segment if 
they are represented by periodic functions of 77 with period 2-k. 

Separation of real and imaginary parts in Eq. (a) leads to 1 

a sinh £ 

V = 


x = 


a sin 77 


cosh £ — cos 77 
Differentiation of Eq. (a) yields 


cosh £ — cos 77 


Je { 


ICC 


dz 1 . , 0 1 

= 5 ? = - 2 *° cosech2 2 r 


and 


e 2ia = 


Wii = - sinh2 3 f cosech2 3 f 


(d) 


(«) 


(•/) 


1 See the derivation of Eq. (c) in Art. 54. 
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66. Solutions in Bipolar Coordinates. We now consider the problem 
of a circular disk with an eccentric hole, subject to pressure round 
the outside, and pressure pi round the hole. 1 The stress components 
obtained will also be valid for a circular thick-walled tube with eccen¬ 
tric bore. 

Let the external boundary be that, circle of the family £ = constant 
for which £ = £<>, and let the hole be the circle £ = £ 1 . Two such cir¬ 
cles are drawn in heavy lines in Fig. 131. It. follows from the expres¬ 
sion for y in Eqs. (< d ) of Art. 05 that these circles have radii a cosech £ 0 , 
a cosech £,, and that their centers are at the distances a coth £<,, a coth 
£j from the origin. Thus a, £„, and £i can be determined if the radii 
and distance between centers are given. 

In going counterclockwise once round any circle £ = constant, start¬ 
ing just to the left of the y -axis in Fig. 131, the coordinate y ranges 
from — 7 T to 7 T. Thus the functions which are to give the stress and 
displacement components must have the same values at y = 7r as they 
have at. y = — tt. This is ensured if they are periodic functions of y of 
period 2 tt. It is therefore appropriate to take the complex potentials 
i p(z) and x(z) in the forms 

cosh nf, sinh n£ («) 

with n an integer, since these are in fact periodic functions of y of 
period 2 tt. So also are their derivatives with respect to z, since d$/dz 
has the same property [Eq. (r), Art. 65]. 

If such functions are introduced into Eqs. (103), (104), applied to 
any circle £ = constant in the material, the corresponding force and 
couple will be zero, in virtue of the periodicity. This must hold for 
the complete solution, for equilibrium of the plate within the circle. 

We shall require also the function x(^) = D being a constant. 

Considering this in Eqs. (103), (104) as above, we find that the moment 
of Eq. (104) will be zero only if D is real. We therefore take it to be so. 
Considering the displacement equation (99) we find that this function, 
as well as the functions (a) used as either \J/(z) or xC0> will give dis¬ 
placements free from discontinuity. 

The state of uniform all-round tension or compression, which will be 
part of the solution, is obtained from the complex potential \f/(z) = Az 
with A real. The corresponding real stress function is, from Eq. (97), 

<f) = Re(zAz) = Azz = A (x 2 + y-) 

1 The original solution, in terms of the real stress function, is due to G. B. Jeffery, 
'Frans. Roy. Sor. {London') , series A, vol. 221, p. 265, 1921. 
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This may be expressed in bipolar coordinates by means of Eqs. ( d ) of 
Art. 65 , the result being 



cosh £ + cos 77 
cosh £ — cos 77 



Considering functions of the form (a), with n — 1 , we observe that 
since the stress distribution in the present problem is symmetrical about 
the y- axis, we must choose them so that the corresponding stress func¬ 
tions have the same symmetry. Thus we may take 

yj/{z) = iB cosh x0) = B' sinh f (c) 

with B, B' real, and 

\J/(z) = iC sinh x(^) = C' cosh £* ( d ) 

with C, C' real. 

The real stress function corresponding to (c) is, from Eq. ( 97 ), 


^ sinh £ cosh £ cos 77 - 

cosh £ — cos 77 




sinh £ cosh £ cos 77 — sinh £ cos 2 77 

cosh £ — cos 77 


If we choose B' = aB the terms in sin 2 77, cos 2 77 in the numerators 
become independent of 77, and the complete numerator depends on 77 
only in the term in cos 77, just as does the function (6). I he same 
thing is true of the complex potentials (d), if we choose C = aC . We 
thus obtain simpler, more restricted functions which turn out to be 
adequate for the present problem. 

Taking therefore 

yf/{z) = iB cosh T, x(z) = sinh (c) 

we find by means of Eqs. ( 109 ), (110) and (a), (/) of Art. 65 , that the 
corresponding stress components are given by 


a(o-* + <r„) = 25(2 sinh £ cos 77 — sinh 2 £ cos 2 rj) 
a(o> — <r* + 2zY*„) = — 25 [sinh 2£ — 2 sinh 2£ cosh £ cos 77 

+ sinh 2£ cos 2 -t) — i(2 cosh 2£ cosh £ sin 77 

— cosh 2£ sin 277)] 


Similarly the functions 


(/) 

( 9 ) 


4/{z) = iC sinh $*, 



x(z) — aC cosh f 
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yield 

a (at + a v ) = —2C(l — 2 cosh £ cos tj + cosh 2£ cos 2tj) ( i ) 

a(a v — + 2zV £ J = 2C[ — cosh 2£ -f- 2 cosh 2£ cosh £ cos tj 

— cosh 2£ cos 2tj + 7(2 sinh 2£ cosh £ sin tj 

— sinh 2£ sin 2-rj)] (j) 

The stress components arising from 


x (z) = aD{ 


(k) 


are given by 

a(a v — o-t + 2 iTt„) = 


i + ctt, = 0 

7)[sinh 2£ — 2 sinh £ cos tj 

— ?(2 cosh £ sin tj — sin 2tj)] (1) 


The state of uniform all-round tension given by 


yields 

or 


\p(z) — Az 

(Tl + CTr, = 4-1, a v — cq + 2 ir*, = 0 

= o-„ = 2.1, r £r; = 0 




The solution of our problem can be obtained by superposition of the 
states of stress represented by the complex potentials (c), (h) y (A*), and 
(m). Collecting the terms representing Tt v in Eqs. (</), ( j ), and (l) we 
find that the vanishing of r £lJ on the boundaries £ = £„, £ = £i requires 


/) — 27? cosh 2£ 0 — 2(7 sinh 2£„ = 0 
1) - 27? cosh 2£i - 20 sinh 2£i = 0 


Solving these for 7? and (7 in terms of D we have 



cosh (£i -f- _£„)^ 
cosh (£1 — £»)’ 


20 = 


_ 7) (S* + &>) 

cosh (£1 — £ 0 ) 



The normal stress a $ can be found by subtracting the real part of Eq. (g ) 
from Eq. (/) and similarly for the other pairs. On the boundary £ = £0 
it is to take the value — p,„ and on the boundary £ = £i the value —p 1 . 
Using the values of 7? and O given by Eqs. (p) these conditions lead to 
the two equations 

2 A T — sinh 2 £ 0 tanh (£ t — £ 0 ) = — p 0 

CL 

2A — ^ sinh 2 £1 tanh (£1 — £„) = — p x 
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and therefore 

_ 1 p 0 sinh 2 + pi si nh 2 
~~ 2 sinh 2 T- sinh 2 £ 0 

n (Vo — Pi) cot-h (£ i ~ to) 

° " a sinh 2 \ x + sinh 2 £<, 

These with Eqs. (p) complete the determination of the complex poten¬ 
tials. When there is internal pressure p x only (p G = 0) the peripheral 
stress at the hole is found to be 


(*„)*-$, = — Pl + 2pi(sinh 2 £i + sinh 2 WKcosh 

— cos 77 )[sinh £1 coth (£1 — £„) T- cos 77 ] 

An expression for the maximum value 1 of this has already been gi\ en 
on page GO. 

A general series form of stress function in bipolar coordinates \\ as 
given by G. B. Jeffery. 2 Its equivalent complex potentials are easily 
found, and involve the functions considered here together with the 
bipolar analogues of the simple functions quoted in the Problems on 
page 197, when dislocations and concentrated forces are included. It 
has been applied to the problems of a semi-infinite plate with a con¬ 
centrated force at any point, 3 a semi-infinite region with a circular hole, 
under tension parallel to the straight edge or plane boundaiy, 4 and 
under its own weight, 5 and to the infinite plate with two holes, 6 01 a hole 

formed by two intersecting circles. 7 

Solutions have been given for the circular disk subject to concen. 
trated forces at any point, 8 to its own weight when suspended at a 
point, 9 or in rotation about an eccentric axis, 10 with and without 11 the 
use of bipolar coordinates, and for the effect of a circular hole in a semi- 
infinite plate with a concentrated force on the straight edge. 

1 An exhaustive discussion of the maximum value is given by Coker and Filon, 

loc. cit. 

2 Loc. cit. 

3 E. Melan, Z. angcw. Math. Mech., vol. 5, p. 314, 1925. 


* See p. 82. 

6 R. D. Mindlin, Proc. A.S.C.E., p. 619, 1939. nr ,oo 

e T. Poschl, Z. angew. Math. Mech., vol. 1, p. 174, 1921, and vol. 2, p. 18/, 1922. 

Also C. Weber, ibid., vol. 2, p. 267, 1922; E. Weinel, ibid., vol. 17, p. 2/6, 1937; 

Chih Bing Ling, J. Applied Phys., vol. 19, p. 77, 1948. 


7 Chih Bing Ling, ibid., p. 405, 1948. , 

8 R. D. Mindlin, J. Applied Mechanics (Trans. A.S.M.E.), vol. 4, p. A 115, 1937. 

9 R. D. Mindlin, J. Applied Physics, vol. 9, p. 714, 1938. 

10 R. D. Mindlin, Phil. Mag., series 7, vol. 26, p. 713, 1938. 

11 B. Sen, Bull. Calcutta Math. Soc., vol. 36, pp. 58 and 83, 1944. 

12 A. Barjansky, Quart. Applied Math., vol. 2, p. 16, 1944. 
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Other Curvilinear Coordinates. The equation 

z = c? -T abc~r + ac 3 e _3f 

yielding 

x = (c* 4- abe~t) cos tj + ac 3 c“ 35 cos 377 
y = ( r * — abc~l) sin r; — ac 3 c _3{ sin 377 

where a, b, c are constants, gives a family of curves £ = constant which 
can he made to include various oval shapes, including a square with 
rounded corners. The effect of a hole of such shape in a plate under 
tension has been evaluated (by means of the real stress function) by 
M. Greenspan. 1 By means of a generalization of these coordinates 
A. E. Green 2 has obtained solutions for a triangular hole with rounded 
corners, and, by means of another coordinate transformation, for an 
exactly rectangular hole. In the latter case the perfectly sharp corners 
introduce infinite stress concentration. 

The curvilinear coordinates given by 

z = f + fa ic'f + 2 a 2 c‘* 2f + • • * -f- ia n e int 

Oi, a 2 , . . . , On being real constants, have been applied by C. Weber to 
the semi-infinite plate with a serrated boundary, 3 as in the example of 
evenly spaced semicircular notches which is worked out. When the 
distance between notch centers is twice the notch diameter, the stress 
concentration, for tension, is found to be 2.13. The value for a single 
notch is 3.07 (see page 89). 

A method for determining the complex potentials from the boundary 
conditions, without the necessity of guessing their form in advance, has 
been developed by N. MuscheliSvili. 1,6 


1 Quart. Applied Math., vol. 2, p. (SO, 19-14. See also V. Morkovin, ibid., p. 350, 
1945. 

2 Proc. Roy. Sor. (London), series A, vol. 184, p. 231, 1945. 

3 C. Weber, Z. angrw. Math. Mrch., vol. 22, p. 29, 1942. 

4 Math. Ann., vol. 107, pp. 282-312, 1932. Also Z. angew. Math. Mcch., vol. 13, 
p. 204, 1933. An account of this method is given by I. S. Sokolnikoff, Lectures 
on the Theory of Elasticity, Brown University, 1941 (mimeographed notes). 

6 It. is used by Morkovin (see footnote 1). Most of the work of N. I. Muschel- 
isvili and his associates is in Russian. 11 is book “Singular Integral Equations’’ 
(2d ed.), which contains solutions of several two-dimensional problems of elasticity, 
in particular mixed boundary value problems, has been translated by the Aero¬ 
nautical Research Laboratories, Dept, of Supply and Development, Common¬ 
wealth of Australia (Translation No. 12, 1949). Another translation edited by 
J. R. M. Radok was published by 1\ Xoordhoff, N.Y., Groningen, Netherlands, 
1953. Muschelishvili gives his methods in “Some Basic Problems of the Mathe¬ 
matical Theory of Elasticity,” 3ded., Moscow, 1949, translated by J. R. M. Radok, 
published by P. Noordhoff, Groningen, Netherlands, 1953. Results of the type 
noted under footnotes 1 and 2 were obtained earlier by Russian authors cited in 
the later book. 



CHAPTER 8 

ANALYSIS OF STRESS AND STRAIN IN THREE DIMENSIONS 

67. Specification of Stress at a Point. Our previous discussions 
were limited to two-dimensional problems. Let us consider now the 
general case of stress distribution in three dimensions. It was shown 
(see Art. 4) that the stresses acting on the six sides of a cubic element 
can be described by six components of stress, namely the three normal 
stresses cr x , cry, &z and the three shearing stresses r xy = t vx , t xz = t zx , 
r vz = t zv . If these components of stress at any point are known, the 
stress acting on any inclined plane through this point can be calculated 
from the equations of statics. Let 
O be a point of the stressed body, 
and suppose the stresses are known 
for the coordinate planes xy, xz , yz 
(Fig. 132). To get the stress for 
any inclined plane through O, we 
take a plane BCD parallel to it at 
a small distance from O, so that 
this latter plane together with the 
coordinate planes cuts out from 
the body a very small tetrahedron 
BCDO. Since the stresses vary 
continuously over the volume of the body, the stress acting on the plane 
BCD will approach the stress on the parallel plane through O as the 
element is made infinitesimal. 

In considering the conditions of equilibrium of the elemental 
tetrahedron the body forces can be neglected (see page 4). Also as 
the element is very small we can neglect the variation of the stresses 
over the sides and assume that the stresses are uniformly distributed. 
The forces acting on the tetrahedron can therefore be determined by 
multiplying the stress components by the areas of the faces. If A 
denotes the area of the face BCD of the tetrahedron, then the areas of 
the three other faces are obtained by projecting A on the three coordi¬ 
nate planes. If N is the normal to the plane BCD , and we write 

cos (Nx) = Z, cos ( Ny ) = m, cos (Nz) = n 
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the areas of the three other faces of the tetrahedron are 

Al y Am, An 

If we denote by X, Y, Z the three components of stress, parallel to the 
coordinate axes, acting on the inclined face BCD , then the component 
force acting on the face B( D in the direction of the x— axis is AX. 
Also the components of forces in the .r-direction acting on the three 
other faces of the tetrahedron are — Ah x , —AmT xv> —Anx xt . The 
corresponding equation of equilibrium of the tctrahcdion is 

AX — AI<t x — A mr Z y — Anr„ = 0 

In the same manner two other equations of equilibrium are obtained 
by project ing the forces on the y- and 2 -axes. After canceling the fac¬ 
tor A, these equations of equilibrium of the tetrahedron can be written 

X = <y x l 4 T ru m t x: h 

}' = T ru l -f- <r y m 4 r :v n (112) 

Z = t x: 1 -f- r u: m 4 - <r z n 

Thus the components of stress on any plane, defined by the direction 
cosines /, m, n, can easily be calculated from Eqs. (112), provided the 
six components of stress a x , <r ?/ , a z , t xu , t v: , r x . at the point 0 are known. 

68. Principal Stresses. Let us consider now the normal component 
of stress a n acting on the plane BCD (Fig. 132). Using the notations 
(a) for the direction cosines we find 

<r n = XI + Ym 4- Zn 

or, substituting the values of X , Y, Z from Fqs. (112), 

<r n = o' x l~ 4~ <r yfti ” 4" cr.n 2 4“ 2 Ty.mn 4" 2 T xz ln 4~ 2 r xv hn (113) 

The variation of a n with the direction of the normal A r can be repre- 
sented geometrically as follows. Let. us put in the direction of N a 
vector whose length, r, is inversely proportional to the square root of 
the absolute value of the stress a n , i.c., 


r — 

in which k is a constant factor, 
vector will be 



The coordinates of the end of this 



x = lr. 


V = 


(c) 
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Substituting 




from (6), and the values of l, m, n from (c) in Eq. (113), we find 1 

±k 2 = cr X x 2 + <j y y- + a-z 2 + 2 r yz yz + 2 t zx zx + 2r xv xy (114) 

As the plane BCD rotates about the point O, the end of the vector r 
always lies on the surface of the second degree given by Eq. (114). 
This surface is completely defined by the stress condition at the point 
0, and, if the directions of the coordinate axes x, y , 2 are changed, the 
surface will remain entirely unchanged and only the components of 
stress < 7 xy <r y , <r => r yZ} r, x , T XUy and hence the coefficients in Eq. (114), will 

alter. 

It is well known that in the case of a surface of the second degree, 
such as given by Eq. (114), it is always possible to find for the axes .r, y , 
z such directions that the terms in this equation containing the products 
of coordinates vanish. This means that we can always find three per¬ 
pendicular planes for which r y5 , r zx , r xy vanish, i.e. f the resultant stresses 
are perpendicular to the planes on which they act. We call these 
stresses the principal stresses at the point, their directions the principal 
axes , and the planes on which they act principal planes. It can be 
seen that the stress at a point is completely defined if the directions of 
the principal axes and the magnitudes of the three principal stresses are 

given. 

69. Stress Ellipsoid and Stress-director Surface. If the coordinate 
axes x, y, 2 are taken in the directions of the principal axes, calculation 
of the stress on any inclined plane becomes very simple. The shearing 
stresses r y3 , r 2Z , r xy are zero in this case, and Eqs. (112) become 

X = <x x l y Y = <r y m, Z = a z n (115) 

Putting the values of Z, m, n from these equations into the well-known 
relation l 2 + m 2 + n 2 = 1, we find 



( 116 ) 


1 The plus-or-minus sign in Eq. ( d ) applies according as is tensile or compres¬ 
sive, and correspondingly in Eq. (114). When all three principal stresses have 
the same sign, only one of the alternative signs is needed, and the surface is an 
ellipsoid. When the principal stresses are not all of the same sign, both signs are 
needed and the surface, now represented by both Eqs. (114), consists of a hyper¬ 
boloid of two sheets, together with a hyperboloid of one sheet, with a common 
asymptotic cone. 
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This means that, if for each inclined plane through a point O the stress 
is represented by a vector from 0 with the components X t I , Z , the 
ends of all such vectors lie on the surface of the ellipsoid given by Eq. 
(116). This ellipsoid is called the stress ellipsoid. Its semiaxes give the 
principal stresses at the point. From this it can be concluded that the 
maximum stress at any point is the largest of the thiee piincipal 

stresses at this point. 

If two of the three principal stresses are numerically equal the stress 
ellipsoid becomes an ellipsoid of revolution. If these numerically 
equal principal stresses are of the same sign the resultant stresses on 
all planes through the axis of symmetry of the ellipsoid will be equal 
and perpendicular to the planes on which they act. In this case the 
stresses on any two perpendicular planes through this axis can be con¬ 
sidered as principal stresses. If all three principal stresses are equal 
and of the same sign, the stress ellipsoid becomes a sphere and any 
three perpendicular directions can be taken as principal axes. When 
one of the principal stresses is zero, the stress ellipsoid reduces to the 
area of an ellipse and the vectors representing the stresses on all the 
planes through the point lie in the same plane. This condition of 
stress is called plane stress and has already been discussed in previous 
sections. When two principal stresses are zero we have the cases of 
simple tension or compression. 

Mach radius vector of the stress ellipsoid represents, to a certain scale, the stress 
on one of the planes through the center of the ellipsoid. To find this plane we use, 
together with the stress ellipsoid (110), the stress director surface defined by the 
equation 

*!+£ + L a = i (117) 

CT x Gy & • 

The stress represented by a radius vector of the stress ellipsoid acts on the piano 
parallel to the tangent, plane to the stress-director surface at the point of its inter¬ 
section with the radius vector. This can be shown as follows. The equation of 
the tangent plane to the stress-director surface (117) at any point x 0 , y o, zo is 


xxa into 

O x Gy 


ZZo 

Gm 


1 



Denoting by h the length of the perpendicular from the origin of coordinates to the 
above tangent plane, and by l, in, n the direction cosines of this perpendicular, 
the equation of this tangent plane can be written in the form 


lx tny + nz = h 

Comparing (u) and (/>) we find 
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Substituting these values in Eqs. (115) we find 

X = Xo h, Y — yoh, Z = Zuh 

i.e., the components of stress on the plane with direction cosines 1, m, n are pro¬ 
portional to the coordinates x 0 , y o, zo. Hence the vector representing the stress 
goes through the point Xo, yo, Zo, as was stated above. 1 

70. Determination of the Principal Stresses. If the stress com¬ 
ponents for three coordinate planes are known, we can determine the 
directions and magnitudes of the principal stresses by using the prop¬ 
erty that the principal stresses are perpendicular to the planes on 
which they act. Let l y m y n be the direction cosines of a principal plane 
and & the magnitude of the principal stress acting on this plane. 
Then the components of this stress are: 

x = Sl y Y = Sm, Z = Sn 

Substituting in Eqs. (112) we find 

(S — a x )l — T xv m — r xz n = 0 

- Txyl -f" (*S <T v )m TyzTl = 0 ( a ) 

— T x: l — r V2 m + (aS — <T z )n = 0 

These are three homogeneous linear equations in Z, m y n. They will 
give solutions different from zero only if the determinant of these 
equations is zero. Calculating this determinant and putting it equal 
to zero gives us the following cubic equation in <S. 

S z — (cr x + (Ty + (Tz)S 2 + (o-xO-y + (TyO-z -\r <J x (Tz — Ty Z 2 — r X2 2 — Txy^S 

— (VxOTyaz + 2 TyzTxzTzry — <T x Tyz 2 — OyT xz 2 — (TzTxy 2 ) = 0 (118) 

The three roots of this equation give the values of the three principal 
stresses. By substituting each of these stresses in Eqs. (a) and using 
the relation Z 2 + m 2 n 2 = 1, we can find three sets of direction 

cosines for the three principal planes. 

It may be noted that Eq. (118) for determining the principal stresses must be 
independent of the directions of the coordinates x, y, z; hence the factors in paren¬ 
thesis in this equation should remain constant for any change of directions of 
coordinates. Hence the coefficients of Eq. (118) 

(a) tr x T <r v •+• 

( b ) cr z <r v -f- o v a z -+- &z<Tz — r xv 2 r V r 2 r xz 7 

(c) <j I<y v<3 z + < 2<Tx U T v zT x x <T x Tyz~ OyTxz~ O'zTxy 

1 Another method of representing the stress at a point, by using circles, has been 
developed by O. Mohr, “Technische Meschanik,” 2d ed., p. 192, 1914. See also 
A. Foppl and L. Foppl, “Drang und Zwang,” vol. 1, p. 9, and H. M. W estergaard, 
Z. angexo. Math . Mech., vol. 4, p. 520, 1924. Applications of Mohr s circles were 
made in discussing two-dimensional problems (see Art. 9). 
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do not vary with changing directions of the coordinates. This means that the 
sum ox 4- cr v + <*z of the three normal components of stress at a point in three 
perpendicular directions remains constant and is equal to the sum of the principal 
stresses at this point. 

71. Determination of the Maximum Shearing Stress. Let x, y, z 

lie the principal axes so that <r T , o v ,<y z are principal stresses, and let l, m , 
n he the direction cosines for a given plane. then, from Eqs. (115), 
the square of the total stress on this plane is 



= X 2 + Y- + Z 2 = cr x 2 / 2 + 


2 ?n 2 -f- <7 s ~n 2 


The square of the normal component of the stress on the same plane is, 
from Eq. (113), 

(J n~ = (ffr / 2 T <y u m ~ <T«H 2 ) 2 ( a ) 


Then the square 


of the shearing stress on the same plane must be 



<T X 2 / 2 + C 2 m 2 T <T:-n 2 


(a z l 2 + + <r,n 2 ) 2 ( b ) 


We shall now eliminate one of the direction cosines, say n, from this 
equation by using the relation 

V- + m 2 + n 2 = 1 

and then determine I and m so as to make r a maximum. After sub¬ 
stituting n 2 = 1 —l 2 — m 2 in expression (6), calculating its derivatives 
with respect to l and ?«, and equating these derivatives to zero, we 
obtain the following equations for determining the direction cosines of 
the planes for which r is a maximum or minimum: 

/[ (<T x — 4" (o"w — C t )ni 2 J (^x <T.)] = 0 

m\(o x — cr-)l~ 4" (<Ty — <Tz)tH 2 — ‘J(°'l/ = ^ 

One solution of these equations is obtained by put t ing / = m = 0. We 
can also obtain solutions different from zero. Taking, for instance, 
/ = 0, we find from the second of Eqs. (r) that m = ± ; and taking 

m = 0, we find from the first of Eqs. (e) that l = ± \/J* There are in 
general no solutions of Eqs. ( c ) in which l and m are both different from 
zero, for in this case the expressions in brackets cannot both vanish. 

Repeating the above calculations by eliminating from expression (6) 
m and then /, we finally arrive at the following table of direction cosines 
making r a maximum or minimum: 
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Direction Cosines for Planes of T ina x. and r m in. 


l = 

0 

0 

±1 

0 

± Vi 

± VI 

m = 

1 

0 

± 1 

0 

. -/T 

± V 2 

0 

+ v\ 

n = 

±1 

0 

0 

*> 

+1 

i+ 

0 


The first three columns give the directions of the planes of coordi¬ 
nates, coinciding, as was assumed originally, with the principal planes. 
For these planes the shearing stress is zero, i.e., expression ( b ) is a 
minimum. The three remaining columns give planes through each 
of the principal axes bisecting the angles between the two other pi in- 
cipal axes. Substituting the direction cosines of these three planes into 
expression ( b ) we find the following values of the shearing stresses on 

these three planes: 

r — +^(o- y — a z ), t = ±i(tr x — <j z ), r = i a y) (11^) 

This shows that, the maximum shearing stress acts on the plane bisect¬ 
ing the angle between the largest and the smallest principal stresses and 
is equal to half the difference between these two principal stresses. 

If the x -, 7 /-, 2 -axes in Fig. 132 represent the directions of principal stress, and 
if OB = OC — OD , so that the normal N to the slant face of the tetrahedron has 
direction cosines l = m = n = l/VZ, the normal stress on this face is given by 
Eq. (a), or (113), as 


This is called the “mean stress.” 


The shear stress on the face is given by Eq. (ft) as 


r 2 = -g- (<r x ~ — o-j/ 2 + a* 2 ) — 9'(<*x + <*v + 


This can also be written 

T 2 = -£d(«x - cr u ) 2 (o v - <Tz)~ + Wz <Tx) 2 ] 


and also, by using (d), as 

T 2 = ■gK^’x - CTu ) 2 + (<^V O’n ) 2 + (°* ^n) 2 ] 

This shear stress is called the “octahedral shear stress,” because the face on which 
it acts is one face of a regular octahedron with vertices on the axes. It occurs 
frequently in the theory of plasticity. 

72. Homogeneous Deformation. We consider only small deforma¬ 
tions, such as occur in engineering structures. The. small displace¬ 
ments of the particles of a deformed body will usually be resolved into 
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components u, v , w parallel to the coordinate axes x, y , z, respectively. 

It will he assumed that these components are very small quantities 

varying continuously over the volume of the body. 

Consider, as an example, simple tension of a prismatical bar fixed at 
the upper end (Fig. 133). Let € be the unit elongation of the bar in the 
^-direction and ve the unit lateral contraction. Then the components 

of displacement of a point with coordinates x f y, z are 

u = e.r, v = — vty y w = —vtz 

Denoting by .r', y', z' the coordinates of the point 
after deformation, 

x' = X + u = .r(l + €), y‘ = V + V = 2/(1 - *«), 

z' = z + w — z(l — ve) (a) 

If we consider a plane in the bar before deformation 
such as that given by the equation 

ax T by T cz + d = 0 (b) 

the points of this plane will still be in a plane after 
deformation. The equation of this new plane is 
obtained by substituting in Kq. {b) the values of .r, y, z from Eq. (a). 
It can easily be proved in this manner that parallel planes remain 
parallel after deformation and parallel lines remain parallel. 

If we consider a spherical surface in the bar before deformation such 

as given by the equation 

•r 2 + y- + z 2 = r 2 (c) 

this sphere becomes an ellipsoid after deformation, the equation of 
which can be found by substituting in Eq. (c) the expressions for x y i/, 
z obtained from Eqs. («). This gives 



x'~ 


r=(l + «) 2 + r 2 (l - «)* 


z'- 


(l - 




Thus a sphere of radius 7* deforms into an ellipsoid with semiaxes 
r(l -h e), r(l — ve), r(l — ve). 

The simple extension, and lateral contraction, considered above, 
represent only a particular case of a more general type of deformation 
in which the components of displacement, v , v, w f are linear functions 
of the coordinates. Proceeding as before, it can be shown that this 
type of deformation has all the properties found above for the case of 
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simple tension. Planes and straight lines remain plane and straight 
after deformation. Parallel planes and parallel straight lines remain 
parallel after deformation. A sphere becomes, after deformation, an 
ellipsoid. This kind of deformation is called homogeneous deformation. 
It will be shown later that in this case the deformation in any given 
direction is the same at all points of the deformed body. Thus two 
geometrically similar and similarly oriented elements of a body remain 

geometrically similar after distortion. 

In more general cases the deformation varies over the volume of a 
deformed body. For instance, when a beam is bent, the elongations 
and contractions of longitudinal fibers depend on their distances from 
the neutral surface; the shearing strain in elements of a twisted circular 
shaft is proportional to their distances 
from the axis of the shaft. In such 
cases of nonhomogeneous deformation 
an analysis of the strain in the 
neighborhood of a point is necessary. 

73. Strain at a Point. In discuss¬ 
ing strain in the neighborhood of a 
point 0 of a deformed body (Fig. 

134), let us consider a small linear 



Fig. 134. 


element OO i of length r, with the direction cosines Z, m, n. 
projections of this element on the coordinate axes are 


The small 


8x = rZ, 5y = rm , hz = rn (a) 

They represent the coordinates of the point 0\ with respect to the 
x-, y-, 2 -axes through O as an origin. If u, v, w are the components of 
the displacement of the point O during deformation of the body, the 
corresponding displacements of the neighboring point Oi can be repre¬ 
sented as follows: 




dll 

8x + 

du 

u-i 

= U + 

dx 

dy 



Dv 

■ 

dv 

Vi 

— V + 

ox + 
dx 

dy 



dw 

8x + 

dw 

W 1 

= w + 

dx 

dy 


Sy -h 

St/ + 
by + 




It is assumed here that the quantities 8x , 8y, 8z are small, and hence the 
terms with higher powers and products of these quantities can be 
neglected in (6) as small quantities of higher order. The coordinates 
of the point Oi become, after deformation, 
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bx + ?/i — u = 5x + 
by Vi — v = by -+■ 
bz + u>x — w = bz + 



bx + 
bx T 
bx + 


du 

dy 

dv 

dy 

dw 

dy 


*« + i 52 
^ +1 «* 
S y+f z 



It will ho noticed that these coordinates are linear functions of the 
initial coordinates bx, by, bz; hence the deformation in a very small 
element of a body at a point 0 can be considered as homogeneous 
(Art. 72). 

Let us consider the elongation of the element r, due to this deforma¬ 
tion. The square of the length of this element after deformation is 
equal to the sum of the squares of the coordinates (c). Hence, if e is 
the unit elongation of the element, we find 


(r + er) 2 



„ . du „ , du . . d 

bx — bx T — by + -j. 
dx dy dz 

( . dv _ . dv . .dr 

+ (' iu + ai Sx + dT> &y + a 



, dlV „ , dw „ . dw 

+ [& , + -- Sx + —Sy + —Sz 


(1 + «) 



+ m 


qs. 

(fl), 



du 


•> 


dy 

+ " az\ 



1 

' , a A 

1 + « 

del 2 

m( 

v dy) 

a«J 


r . dw , 

dw 

+ a 

+ 

L' dx + 

m 

dy 


1 + 



W) 


Remembering that e and the derivatives du/d .r . . . dw/dz are small 
quantities whose squares and products can be neglected, and using 
l- -b m- -f n- = 1, Eq. (d) becomes 



Hence the elongation of an element r can be calculated provided the 


expressions 


du 

dl? 



Using the 


. . are known. 
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notations 


du 

dy 


du 

dv 


dw 

dx 

dy 


dz 

dv 

dx 

du . dw 

Tz + dx” 

dv 

dz 

dw 

+ ~dy 


= e 


(e) 


Eq. (120) can be presented in the form 

e = e x l 2 + e y m 2 + + 7 xj m + 7 + 7*^ ,!!,l (121) 

The physical meaning of such quantities as e x , y „ 2 . . . has 

already been discussed (see Art. 5), and it was shown that e It e„, e 2 aie 
unit elongations in the x-, y-, z-directions and y„, y„-_, y v , the three unit 
shear strains related to the same directions. We now see that the 
elongation of any linear element through a point O can be calculated 
from Eq. (121), provided we know the six strain components. 

In the particular case of homogeneous deformation the components 
u, v, w of displacement are linear functions of the coordinates, and from 
Eqs. (e) the components of strain are constant over the volume of the 
body, i.e., in this case each element of the body undergoes the same 

strain. 

In investigating strain around a point O it is necessary sometimes to know the 
change in the angle between two linear elements through the point. Using Fqs. 
(c) and (a) and considering € as a small quantity, the direction cosines of the ele¬ 
ment r (Fig. 134), after deformation, are 

^ / . du\ . dU . _ dU 


_ 6x + u i — u _ , ( j __ 

~ r( 1 4- «) V 


dx 


) dU , du 

+ m Ty + n Tz 


by + V\ — v 
m ‘ = r(l + e) 


, dv . 

'5 + " 


(■- 


dy 


\ , dv 
) + n al 


5 z + w x ~ w _ , dw dw 

= r(l + 0- 1 dx + m dy^ 


n ^1 — 


dz 

dv 

dz 

dw' 


(/) 


dz 


Taking another element r' through the same point with direction cosines V, vT, 
the magnitudes of these cosines, after deformation, are given by equations analo¬ 
gous to (/). The cosine of the angle between the two elements after deformation is 

cos (/■/*') = l\l\ + rri\m\ 4“ n\n\ 

Considering the elongations « and e' in these two directions as small quantities 
and using Eqs. (/), we find 

cos (rr') = {IV + ruin' 4" nn')(l — €—«') + 2(e x U' + e v mm' + e z nn') 

-f- y vz {mn' + m'n) + yxz{nV + ri'l) + yz V (J- m + ^ m ) (*22) 

If the directions of r and r' are perpendicular to each other, then 

IV + mm’ -b nn' = 0 

and Eq. (122) gives the shearing strain between these directions. 
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74. Principal Axes of Strain. From Eq. (121) a geometrical inter¬ 
pretation of the variation of strain at a point can be obtained. For this 
purpose let us put in the direction of each linear element such as r 
(Fig. 134) a radius vector of the length 

s = w 

Then, proceeding as explained in Art. 08, it can be shown that the ends 
of all these radii are on the surface given by the equation 

±k 2 = CxX* 4- e v y 2 + e*z 2 + yyzVZ -h y**xz + 7 ryxy (123) 

The shape and orientation of this surface is completely determined by 
the state of strain at the point and is independent of the directions of 
coordinates. It is always possible to take such directions of orthogonal 
coordinates that the terms with products of coordinates in Eq. (123) 
disappear, i.e., the shearing strains for such directions become zero. 
These directions are called principal axes of strain t corresponding 
planes the principal planes of strain , and the corresponding strains the 
principal strains. From the above discussion it is evident that the 
principal axes of strain remain perpendicular to each other after defor¬ 
mation, and a rectangular parallelepiped with the sides parallel to the 
principal planes remains a rectangular parallelepiped after deforma¬ 
tion. In general it will have undergone a small rotation. 

If the x-, y -, and z-axes are principal axes of strain, then Eq. (123) 
becomes 

±k 2 = €xX 2 H- e v y 2 + €.z 2 

In this case the elongation of any linear element with the direction 
cosines /, m, n becomes, from Eq. (121), 

c = e x l 2 -f* € u m 2 T (124) 

and t he shearing strain corresponding to two perpendicular directions r 
and r' becomes, from Eq. 122, 

yrr' = 2 (ejl' 4- c u mm' 4- €*n»') (125) 

It can thus be seen that the strain at a point is completely determined 
if we know the directions of the principal axes of strain and the magni¬ 
tudes of the principal extensions. The determination of the principal 
axes of strain and the principal extensions can be done in the same 
manner as explained in Art. 70. It can also be shown that the sum 


ANALYSIS OF STRESS AND STRAIN 


225 


€x q_ €y 4 - remains constant when the system of coordinates is rotated. 
This sum has, as we know, a simple physical meaning; it represents the 
unit volume expansion due to the strain at a point. 

75. Rotation. In general during the deformation of a body, any 
element is changed in shape, translated and rotated. On account of 
the shear strain the edges do not rotate by equal amounts, and it is 
necessary to consider how the rotation of the whole element can be 
specified. Any rectangular element could have been brought into its 
final form, position, and orientation in the following three steps, 
beginning with the element in the undeformed body: 

1. The strains e x , e v , e z , y xv , 77 are applied to the element, and the 
element is so oriented that the directions of principal strain have not 

rotated. 

2. The element is translated until its center occupies its final 
position. 

3. The element is rotated into its final orientation. 

The rotation in step 3 is evidently the rotation of the directions of 
principal strain, and is therefore independent of our choice of x- } y-, 
2 _axes. It must be possible to evaluate it when the displacements u, v , 
w are given. On the other hand it is clearly independent of the strain 

components. 

Since the translation of the element is of no interest to us here, we 
may consider the displacement of a point 0 1 , as in Art. 73 and Fig. 134, 
relative to the point O, the center of the element. This relative dis¬ 
placement is given by Eqs. ( b ) of Art. 73 as 




w x 



du 

dx 

du 

dx 


8x + 
5x + 


dw . 
—— bx + 




Introducing the notation (e) of Art. 73 for the strain components, and 
also the notation 1 


1 / dw 

2 \dy 





1 (dv 

2 \dx 



(126) 


1 A glance at Fig. 6 will show that dv/dx and -du/dy, occurring in the expres¬ 
sion for are the clockwise rotations of the line elements O'A', O’B from their 
original positions OA, OB. Thus is the average of these rotations, and Wl/ 
have a similar significance in the yz- and xe-planes. 
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we can write Eqs. (a) in the form 


Ui — U = fx 5X + &y + lyxz &Z — O): 8y U u bz 

vi — v = \y xy bx 4- by + %y U z &z — co x bz + a> z 5a; (6) 

U )i — W = %y zz bx + v7vz &y + bz — co y 5 A* + a> z by 

which express the relative displacement in two parts, one depending only 
on the strain components, the other depending only on the quantitites 

CO x , LO„, CO,. 

We can now show that o> x , co y , a) z are in fact the components of the 
rotation 3. Consider the surface given by Eq. (123). The square of 
the radius in any direction is inversely proportional to the unit elonga¬ 
tion of a linear element in that direction. Equation (123) is of the 

form 

F(x,y,z) = constant (c) 


If we consider a neighboring point x -T dx, y -f- dy, z -\- dz on the sur¬ 
face, we have the relation 


dF 

dx 


dx -f 






The shift dx, dy, dz is in a direction whose direction cosines are propor¬ 
tional to dx, dy, dz. The three quantities dF /dx, dF/dy, dF/dz also 
specify a direction, since we can take direction cosines proportional to 
them. The left-hand side of Eq. ( d ) is then proportional to the cosine 
of the angle between these two directions. Since it vanishes, the two 
directions are at right angles, and since dx, dy, dz represent a direction 
in the tangent plane to the surface at the point x, y, z, the direction 
represented by dF/dx, dF/dy, dF/dz is normal to the surface given by 

Eq. (r). 

Now F(x,y,z) is in our case the function on the right-hand side of Eq. 
(123). Thus 


dF 

dx 

dF 

dy 

dF 

dz 


2exX + y TU y -f 


y zu x -f- 2 e u y + 7 v*z 


7 xzX + y uc y + 2 e ,2 



The surface given by Eq. (123) being drawn with the point O (Fig. 
134) as center, we may identify 5.r, by, bz in Eqs. ( b ) with x, y, z in Eqs. 

(c). 
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We consider now the special ease when a,, are zero. T hen the 

right-hand sides of Eqs. (e) are the same as the right-hand sides of Eqs. 
(i b) but for a factor 2. Consequently the displacement given by Eqs. 
(&) is normal to the surface given by Eq. (123). Considering the point 
Oi (Fig. 134) as a point on the surface, this means that the displacement 
of Oi is normal to the surface at 0 i. Hence if 00 1 is one of the principal 
axes of strain, that is, one of the principal axes of the surface, the dis¬ 
placement of Oi is in the direction of OO,, and therefore OCh does not 
rotate. The displacement in question will correspond to step 1. 

In order to complete the displacement we must restore to Eqs. (b) 
the terms in co„ <•>„, o» z . But these terms correspond to a small rigid- 
body rotation having components co x , o> v , <*> z about the x-, y-, z-axes. 
Consequently these quantities, given by (120), express the rotation of 
step 3—that is, the rotation of the principal axes of strain at the point 
0. They are called simply the components of rotation. 

Problem 

1. What is the equation, of the type f(x,y,z) = 0, of the surface with center at 0 
which becomes a sphere *'• + y' 2 + after the homogeneous deformation 

of Art. 72? What kind of surface is it? 



CHAPTER 9 
GENERAL THEOREMS 

76. Differential Equations of Equilibrium. In the discussion of 
Art. 07 we considered the stress at a point of an elastic body. Let us 
consider now the variation of the stress as we change the position of the 
point. For this purpose the conditions of equilibrium of a small 
rectangular parallelepiped with the sides bx, by, bz (Fig. 135) must be 
studied. The components of stresses acting on the sides of this small 

element and their positive directions are indicated in the figure. Here 

we take into account the small 
changes of the components of 
stress due to the small increases 
5.r, by, bz of the coordinates. 
Thus designating the mid-points 
of the sides of the element by 
1, 2, 3, 4, 5, 6 as in Fig. 135, we 
distinguish between the value 
of o x at point 1, and its value at 
point 2, writing these (<r x )i and 
(<rx) 2 respectively. The symbol 

Ox itself denotes, of course, the value of this stress component at the point 
.r, ?/, 2 . In calculating the forces acting on the element we consider the 
sides as very small, and the force is obtained by multiplying the stress 
at the centroid of a side by the area of this side. 

It should be noted that the body force acting on the element, which 
was neglected as a small quantity of higher order in discussing the 
equilibrium of a tetrahedron (Fig. 132), must now be taken into 
account, because it is of the same order of magnitude as the terms duo 
to variations of the st ress components, which we are now considering. 
If we let X, V , Z denote the components of this force per unit volume 
of the element, then the equation of equilibrium obtained by summing 
all the forces acting on the element in the ^-direction is 

[(<^r)i — (oxh] by bz 4- ((r X y)3 — (t-xu).i] bx bz 

l(r xs )b — (rx^e] bx by + X bx by bz = 0 
228 
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The two other equations of equilibrium are obtained in the same man¬ 
ner. After dividing by bx by bz and proceeding to the limit by shrink¬ 
ing the element down to the point .r, y , we find 


da x 

dx 




+ A" 



d(Ty 

dy 



dr xy 

dx 




(127) 


Equations (127) must be satisfied at all points throughout the volume 
of the body. The stresses vary over the volume of the body, and when 
we arrive at the surface they must be such as to be in equilibrium with 
the external forces on the surface of the body. T. hese conditions of 
equilibrium at the surface can be obtained from Eqs. (112). Taking 
a tetrahedron OECD (Fig. 132), so that the side BCD coincides with 
the surface of the body, and denoting by X , 1 , Z the components of the 
surface forces per unit area at this point, Eqs. (112) become 

X = aj + r xu m + r xz n 

Y = a v m + T vz ii + t xv I (128) 

Z = cr z n + t x: 1 + T v= m 

in which Z, rrt, n are the direction cosines of the external normal to the 
surface of the body at the point under consideration. 

If the problem is to determine the state of stress in a body submitted 
to the action of given forces it is necessary to solve Eqs. (12/), and the 
solution must be such as to satisfy the boundary conditions (128). 
These equations, containing six components of stress, cr x , . . . , r ws , are 
not sufficient for the determination of these components. The problem 
is a statically indeterminate one, and in order to obtain the solution w e 
must proceed as in the case of two-dimensional problems, i.e. t the 
elastic deformations of the body must also be considered. 

77. Conditions of Compatibility. It should be noted that the six 
components of strain at each point are completely determined by the 
three functions u , v , w, representing the components of displacement. 
Hence the components of strain cannot be taken arbitrarily as func¬ 
tions of x, y , z but are subject to relations which follow fiom Eqs. (2) 

(see page 6). 

Thus, from Eqs. (2), 

d 2 e x d 3 u dH y _ d*v d 2 y xu = d 3 u dh> 

dy 2 dx dy 2 ’ dx 2 dx 2 dy dx dy dx dy 2 dx 2 dy 
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from which 


d 2 e z d 2 e y 


d 2 y 


TV 


(a) 


dy 2 ' d.r 2 dx dy 

Two more relations of the same kind can be obtained by cyclical inter¬ 
change of the letters x, y , 2 . 


Calculating the derivatives 


d 2 e x 
dy dz 
dy xz _ 

by 


dhi 


dy 


v* _ 


d 2 v 


dx dy dz 


dhi 


+ 


d'W 


dy dz dx dy 


dx 

by IV 

dz 


dx dz 
d 7 u 


+ 


dy dz 


d 2 w 
dx dy 

+ 


dx dz 


we find that 


d 2 € 


= d_ ( _ dy v . 

)z dx \ dx 


+ 


dy 


xz 


+ 


dy 


TV 


(&) 


dy dz dx \ dx dy ' dz 

Two more relations of the kind (b) can be obtained by interchange of 
the letters .r, y , 2 . We thus arrive at the following six differential rela¬ 
tions between the components of strain, which must be satisfied by 


virt 

tie 

of E 

qs. (2): 

b 2 e x 

dy~ 

+ 

d% 

dx 2 

_ d 2 y xv 
dx dy 

d 2 €y 

+ 

d 2 e. 

= b 2 y V z 

dz 2 

by' 1 

dy dz 

b 2 e z 

+ 

d 2 e x 

= d 'yiL, 

dx 2 

dz 2 

dx dz ’ 


d- 


by 

d-e 


<*_ = ± ( - 
dz dx \ 


by v: , dy xs 
dx dy 


= — ( dyu: — ^ 7j 
dx dz dy \ dx dy 

by x: 


+ 


+ 

dyx 

dz 


dy 


TV 


dz 


(129) 


a 2 e. 


= — ( 
dz \ dx 


+ 


XI _ d7xy\ 

/ dz ) 


dx dy dz \ dx ' dy 

These differential relations 1 are called the conditions of compatibility. 

By using Hooke’s law [Eqs. (3)] conditions (129) can be transformed 
into relations between the components of stress. Take, for instance, 
the condition 

d% d% = dy Vi 

dz 2 t dy- dy dz 

From Eqs. (3) and (4), using the notation (7), we find 

1 


(c) 


v = K + v ^ v 


1 


O] 


= E K 1 V>)<T: — 

_ 2(1 T- V)r v: 

7y ' E 

1 Proofs that those six equations are sufficient to ensure the existence of a dis¬ 
placement corresponding to a given set of functions , y xy . . . , may be 

found in A. E. II. Ix>vo, “Mathematical Theory of Elasticity,” 4th ed., p. 49, and 
I. S. SokolnikofT, “Mathematical Theory of Elasticity,” p. 24, 1946. 
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Substituting these expressions in (c), we obtain 


(1 + v) 


( &«v 

\dz 2 


+ 


d 2 a 

W 2 


)-( 


d 2 e d 2 o 

dz 2 + dy 2 


0 = 


2(1 + v) 


d'Tyz 

dy dz 


(d) 


The right side of this equation can be transformed by using the equa¬ 
tions of equilibrium (127). From these equations we find 



Differentiating the first of these equations with respect to 2 and the 
second with respect to y, and adding them together, we find 

0 d 2 r yz av 2 d*<Ty d (dr xz dr x A _ dZ _ dY 

Z dy dz dz 2 dy 2 dx \dz ^ dy ) dz dy 

or, by using the first of Eqs. (127), 

0 d 2 r uz __ d 2 a x d 2 (Jy d 2 (j z , dX dY _ dZ_ 

* dydz “ ~dx 2 dy 2 dz 2 ^ dx dy dz 


Substituting this in Eq. ( d ) 
symbol 

V 2 = 


and using, to simplify the writing, the 

52 . _*! , ii 

dx 2 dy 2 dz 2 


we find 


« + ’> (™ - - 5) - - ( v,e - 5) 

Two analogous equations can be obtained from the two other condi¬ 
tions of compatibility of the type (c). 

Adding together all three equations of the type (e) we find 

. (dX , dY . dZ\ 

d - dv 2 e = -a + *> 

Substituting this expression for v 2 ® in Eq. (e), 
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We can obtain three equations of this kind, corresponding to the first 
three of Eqs. (129). In the same manner the remaining three condi¬ 
tions (129) can be transformed into equations of the following kind: 




_1_ cT- O 

1 + V d\j dz 




If there are no body forces or if the body forces are constant, Eqs. (/) 
and (|y) become 


(1 + v)V 2 <r x 4 - ^2 — 0 , 
(1 + v)V 2 tr y + Q —,5 = 0, 

(1 + „)VV, + = 0 , 


(l + r)VV v , + 


(1 4 - v)W~t X2 4 - 
(1 4 - v)V 2 t tu 4 - 


d~e 

dy dz 
d-Q 
d.r d 2 
d 2 Q 
d.r d?/ 


= 0 
= 0 
= 0 


(130) 


We see that in addition to the equations of equilibrium (127) and the 
boundary conditions (128) the stress components in an isotropic body 
must satisfy the six conditions of compatibility (/) and (< 7 ) or the six 
conditions (130). This system of equations is generally sufficient for 
determining the stress components without ambiguity (see Art. 82). 

The conditions of compatibility contain only second derivatives of 
the stress components. Hence, if the external forces are such that the 
equations of equilibrium (127) together with the boundary conditions 
(128) can be satisfied by taking the stress components either as con¬ 
stants or as linear functions of the coordinates, the equations of com¬ 
patibility arc satisfied identically and this stress system is the correct 
solution of the problem. Several examples of such problems will be 
considered in Chap. 10. 

78. Determination of Displacements. When the components of 
stress are found from the previous equations, the components of strain 
can be calculated by using Hooke’s law [Eqs. (3) and ( 6 )]. Then Eqs. 
( 2 ) are used for the determination of the displacements u, v , w. Differ¬ 
entiating Eqs. ( 2 ) with respect to .r, ?/, z we can obtain 18 equations 
containing 18 second derivatives of ?/, r, u\ from which all these deriva¬ 
tives can be determined. For ?/, for instance, we obtain 
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The second derivatives for the two other components of displacement v 
and w can be obtained by cyclical interchange in Eqs. (a) of the letters 
x } y, z. 

Now u , v, w can be obtained by double integration of these second 
derivatives. The introduction of arbitrary constants of integration 
will result in adding to the values of ?/, v , w linear functions in x, y, z , as 
it is evident that such functions can be added to ?/, v, w without affecting 
such equations as (a). To have the strain components (2) unchanged 
by such an addition, the additional linear functions must have the form 


u' = a + by — cz 

v' = (l — bx + cz (b) 

w r = f + cx — cy 


This means that the displacements are not entirely determined by the 
stresses and strains. On the displacements found from the differential 
Eqs. (127), (128), (130) a displacement like that of a rigid body can be 
superposed. The constants a, d , / in Eqs. ( b ) represent a translatory 
motion of the body, and the constants b , c, c are the three lotations of 
the rigid body around the coordinate axes. When there are sufficient 
constraints to prevent motion as a rigid body, the six constants in Eqs. 
(6) can easily be calculated so as to satisfy the conditions of constraint. 
Several examples of such calculations will be shown later. 

79. Equations of Equilibrium in Terms of Displacements. One 
method of solution of the problems of elasticity is to eliminate the stiess 
components from Eqs. (127) and (128) by using Hooke s law, and to 
express the strain components in terms of displacements by using Eqs. 
(2). In this manner we arrive at three equations of equilibrium con¬ 
taining only the three unknown functions u, v , w. Substituting in the 
first of Eqs. (127) from (11) 

a x = Xe + 2G ^ ( a ) 


and from (6) 



we find 


(x+G )^ + G 


d 2 u d 2 u 

1 ~ o 


dv 1 


dz 2 


) 


A- X = 0 



The two other equations can be transformed in the same manner. 
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Then, using the symbol v 2 (see page 231), the equations of equilibrium 
(127) become 


(\+(?)^ + (?V 2 u + X = 0 

(x + G) ~ + a v 2 y + r = o 
d u 


( 131 ) 


(\+G)^+C 9 ! u> + Z 



and, when there are no body forces, 


(X + (?) ~ + G = 0 
(X+C)^+GV ! » = 0 

dy 

(X + G) ^ + Ci V 2 ui = 0 

oz 


(132) 


Differentiating these equations, the first with respect to x, the second 
with respect to ?/, and the third with respect to z , and adding them 
together, we find 

(X + 20) V 2 c = 0 


?>., the volume expansion c sat isfies the differential equation 



( 133 ) 


The same conclusion holds also when body forces are constant through¬ 
out the volume of the body. 

Substituting from such equations as («) and (6) into the boundary 
conditions (128) we find 



X cl T O 


/du 

\dx 


l + 




( 134 ) 


Equations (131) together with the boundary conditions (134) define 
completely the three functions u, v, tv. From these the components of 
strain are obtained from Kqs. (2) and the components of stress from 
Kqs. ( ( .)) and (0). Applications of these equations will be shown in 
Chap. 15. 
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80 . General Solution for the Displacements. It is easily verified 
by substitution that the differential equations (132) of equilibrium in 
terms of displacement are satisfied by 1 

U = 0 i — a — (0o + .T0i + 2/0 2 + 203) 

ox 

V = <f >2 — a — (0 0 + Z<t> 1 + 2/02 + 20 3 ) 

°y 

a 

W = 4>3 — a — (00 + .T</>1 + 2/02 “b 203) 

where 4c* = 1/(1 — y) and the four functions 0 O , 0i, 02 , 03 are har¬ 
monic, i.e., 

V 2 0o = 0, V 2 0! = 0, V 2 02 = 0, V 2 03 = 0 

Tt can be shown that this solution is general, and that any one of the 
four functions may be dropped without loss of generality. 

This form of solution has been adapted to curvilinear coordinates by 
Neuber, and applied by him in the solution of problems of solids of 
revolution 2 generated by hyperbolas (the hyperbolic groove on a 
cylinder) and ellipses (cavity in the form of an ellipsoid of revolution) 
transmitting tension, bending, torsion, or shear force transverse to the 
axis with accompanying bending. 

81 . The Principle of Superposition. The solution of a problem of a 
given elastic solid with given surface and body forces requires us to 
determine stress components, or displacements, which satisfy the 
differential equations and the boundary conditions. If we choose to 
work with stress components we have to satisfy: (a) the equations of 
equilibrium (127); (b) the compatibility conditions (129); (c) the 
boundary conditions (128). Let <r x . . . , t x „ . . . ,_be the stress com¬ 
ponents so determined, and due to surface forces X , Y , Z, and body 
forces X, Y , Z. 

Let <sj . . . , t x J ... be the stress components in the same elastic 
solid due to surface forces X' , Y' , Z' and body forces X' y Y' f Z’ . then 

1 This solution was given independently by P. F. Papkovitch, Compt. rend. y 
vol. 195, pp. 513 and 754, 1932, and by H. Neuber, Z. angew. Math. Mech., vol. 14, 
p. 203, 1934. Other general solutions were given by B. Galerkin, Compt. rend., 
vol. 190, p. 1047, 1930, and by Boussinesq and Kelvin—see Todhunter and Pear¬ 
son, “History of Elasticity,” vol. 2, pt. 2, p. 268. See also R. D. Mindlin, Bull. 
Am. Math. Soc., 1936, p. 373. 

2 H. Neuber, “Kerbspannungslehre.” This book also contains solutions of 
two-dimensional problems. See Chap. 7 above. 
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the stress components o x + gJ, . . . , t x „ 4~ T xv > • • • > 'vill represent 
the stress due to the surface forces X + X', . . . , and the body forces 
X 4 - A'', .... This holds because all the differential equations and 
boundary conditions are linear. Thus adding the first of Eqs. (127) to 
the corresponding equation 


()g z ^ dr x „ | d T xz | y ' = 0 

dx dy dz 


we 


find 


$- (c T x + G x ) + ( T xu T Txu ) 4" 4z ( T « + T -r/) + X + A'' — 0 

Ox dy 


dz 


and similarly from the first of (128) and its counterpart we have by 
addition 


X + X' = (g x + g x )1 + i T tv + T x J)m -f (r„ 4- t„ # )h 


The compatibility conditions can be combined in the same manner. 
The complete set of equations shows that g x 4- (Tx y • • • y T xy 4- Try 
. . . , satisfy all the equations and conditions determining the stress 
due to forces X -\- X', . . . , X 4- -V', .... This is th e principle of 
super posit ion. 

In deriving our equations of equilibrium (127) and boundary condi¬ 
tions (128) we made no distinction between the position and form of 
the element before loading, and its position and form after loading. 
As a consequence our equations, and the conclusions drawn from them, 
are valid only so long as the small displacements in the deformation do 
not affect substantially the action of the external forces. There are 


cases, however, in which the deformation must be taken into account. 
Then the justification of the principle of superposition given above 
fails. The beam under simultaneous thrust and lateral load affords an 
example of this kind, and many others arise in considering the elastic 
stability of thin-walled structures. 

82. Uniqueness of Solution. We consider now whether our equa¬ 
tions can have more than one solution corresponding to given surface 
and body forces. 

Let g x ' ... f t x ,/ . . . represent a solution for loads X . . • > 
AT , and let a x " . . . , r xy " . . . represent a second solution for 

the same loads X ...» X ... . 
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Then for the first solution we have such equations as 


d<Jx 

dx 




+ X = 0 


X — <7 z l “I - T xy m ~ I - X xz ^ 


and also the conditions of compatibility. 
For the second solution we have 



X - <7x"l + TxJ'm + T«"n 


and also the conditions of compatibility. 

By subtraction we find that the stress distribution given by the 
differences cj - <j x ", . . . , r xy ' - r^", satisfies the eciuations 

d(<r x ' — <Tx") | d(Txy' — Try") , d(r xz ' Txz ) _ q 

dx dy dz 


0 = (ax' - * x ")l + (Txy' - Om + (jxz - Tx/')n 


in which all external forces vanish. The conditions of compatibility 
(129) will also be satisfied by the corresponding strain components 

e x € x , ■ • • J yxy yxy > • • • * 

Thus this stress distribution is one which corresponds to zero surface 
and body forces. The work done by these forces during loading is 
zero, and it follows that JJ/Fo dx dy dz vanishes. But, as Eq. (85) 
shows, Vo is positive for all states of strain, and therefore the integral 
can vanish only if Vo vanishes at all points of the body. ^ This requires 

that each of the strain components ej — e x", • • • > “ Txy , • • • 

should be zero. The two states of strain • • • > T* y • • • > an d 
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€ n y " y and consequently the two states of stress 

a \' [ .* ’ T J\ , and <r x " . . . , r IV " . . . , are therefore identical. 

That is, the equations can yield only one solution corresponding to 
given loads. 1 

The proof of uniqueness of solution was based on the assumption 
that the strain energy, and hence stresses, in a body disappear when it 
is freed of external forces. However there are cases when initial 
stresses may exist in a body while external forces are absent. An 
example of this kind was encountered in studying the circular ring (see 
Art . 39). If a portion of the ring between two adjacent cross sections 
is cut out, and the ends of the ring are joined again by welding or other 
means, a ring with initial stresses is obtained . 2 Several examples of 
this kind were discussed in considering two-dimensional problems. 

We can also have initial stresses in a simply connected body due to 
some nonelastic deformations during the process of forming the body. 
We may have, for instance, considerable initial stresses in large forgings 
due to nonuniform cooling and also in rolled metallic bars due to the 
plastic flow produced by cold work. For determining these initia 
stresses the equations of elasticity arc not sufficient, and additional 
information regarding the process of forming the body is necessary. 

It should be noted that in all cases in which the principle of super¬ 
position can be used the deformations and stresses produced by external 
forces are not affected by initial stresses and can be calculated in 
exactly the same manner as if there were no initial stresses. Then the 
total stresses are obtained by superposing the stresses produced by 
external forces on the initial stresses. In cases when the principle ot 
superposition is not applicable, the stresses produced by external loads 
cannot be determined without knowing the initial stresses. We can¬ 
not, for instance, calculate bending stresses produced by lateral loads 
in a thin bar, if the bar has an initial axial tension or compression, 
without knowing the magnitude of this initial stress. 

1 This theorem is due to G. KirchhofT. See his Vorlosungen uber Math. Phys., 

Meehanik. . T 

2 The ring represents the simplest example of multiply-connected bodies. In 

the ease of such bodies general equations of elasticity, expressed in terms of stress 
components, are not sufficient for determining stresses, and to get a complete 
solution an additional investigation of displacements is necessary. The hrst 
investigations of this kind were made by J. II. Michell, I*roc. London Moth. Soc., 
vol. 31, p. 103, 1899. See also L. X. G. Filon, lint. Assoc. Advancement Sci. Rcpt 
1921, p. 305, and V. Voltcrra, Sur Tequilibre des corps tHastiqucs multiplement 
eonnex^s, Ann. (cole norm., Paris, series 3, vol. 24. pp. 401-517, 1907. Further 
references on initial stresses are given in the paper by P. X'emenyi. Z. ongew. Moth. 
Mcch., vol. 11. p. 59. 1931. 
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83. The Reciprocal Theorem. Limiting ourselves to the two- 
dimensional case let us consider the plate under two different loading 
conditions, and denote by X ly Y ly Xi, and Y i the components of the 
boundary and the volume forces in the first case, and by X 2y Y 2 , X 2y 
and Y 2 in the second case. For the displacements, the strain compo¬ 
nents, and stress components in the two cases we use the notation 


U\j V\j € x > j yxy y (?z > 


a y j r *y 


' and u 2 , v 2y 


// 


n 


y 


yxv", 


// 


a 


11 


// 


y 


xy 


Let us consider now the work which would be produced by the forces 
of the first state of stress on the corresponding displacements of the 
second state. This work will be 


T = fXiU 2 ds + JYiVzds + JjXiU 2 dx dy + f JYiV 2 dx dy (a) 

where the first two integrals are extended around the entire boundary 
of the plate and the second two over the entire area of the plate. Sub- 
stitutingfor X\ its expression from Eqs. (20), page 23, we can repre¬ 
sent the first term on the right-hand side of Eq. (a) as follows: 

JJi u 2 ds = Jla x 'u 2 ds + fniTsy'uz ds ( 6 ) 


Proceeding now as explained on page 1G4 we get 


J l<r x 'u 2 ds = J J u 2 dx dy + J J aj dx dy 



mT x Ju 2 ds 


-Ih 


dr 


xv 


dy 


dx dy + 



du 2 

dy 


t x y dx dy 


Substituting this in ( b ) we find that the first and the third terms of (a) 
give us 


J Xiu 2 ds + J J XiU 2 dx dy — J J H" ^ ^ W2 dx dy 

+ / J (fe r -') dx dy (c) 

Similarly the second and the fourth terms give 

j YiV 2 ds + J J Yio 2 dx dy = J J + Y^ v 2 dx dy 

+ // b aJ + £ 2 Tiy ) dx dy {d) 

Observing now that the first terms on the right-hand side of equations 
(c) and ( d ) vanish in virtue of equilibrium equations (18), and sub- 
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stituting in Eq. (a), we obtain 

T = f J W<r,’ + W + yJ'rJ) dx dy 

= J J \aJ'<Jx + a y "aj o'* ■ l ' a X o v 


+ 2(1 4- v)t„"t xv '] dx dy 


{23 


£ 


r<z> 


T—« 


Exactly the same result is obtained if we calculate the work done by 
t he forces of the second state of stress on the displacements of the first 
state. Thus we can conclude, comparing two states of stress of an 
elastic body, that the work done by the forces of the first state on the 
corresponding displaccnents of the second is equal to the woik done by 
the forces of the second state on the corresponding displacements of 
the first. This represents the reciprocal theorem. It can be easily 

extended also to bodies in motion or in 
vibration. It is only necessary to add 
the inertia forces to the external loads. 
The reciprocal theorem finds an important 
application in the theory of structures in 
the construction of influence lines. It also 
has useful applications in the theory of 
elasticity. 

Take as a simple example the case of a prismatical bar compressed 
by two equal and opposite forces 1 P, Fig. 130a. The problem of find¬ 
ing the stresses produced by these forces is a complicated one, but 
assume that we are interested not in the stresses but in the total 
elongation b of the bar. This question can be answered at once by 
using the theorem. For this purpose we consider in addition to the 
given stress condition represented in Fig. 130a the simple central 
tension of the bar shown in Fig. 1306. For this second ease we find 

the lateral contraction, equal to 5i = v w ^ ere ^ ^ ie cross “ sec ~ 

tional area of the bar. Then the reciprocal theorem gives us the 
equation 

Qh 


Via. 130. 


AK 


= Qb 


1 We may suppose that the forces are distributed over a small area, to avoid 
singularit ies. Ideally concent rated forces in Oro-dimcnsional problems usually 
result in infinite displacement, indicating that the actual displacement depends 
on the distribution 
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and the elongation of the bar, produced by two forces P in Fig. 13Ga, is 

h = AE 

and is independent of the shape of the cross section. 

As a second example let us calculate the reduction A in volume of an 
elastic body produced by two equal and opposite forces P, Fig. 137a. 
As a second case of stress we take 
the same body submitted to the 
action of uniformly distributed pres¬ 
sure p. In this latter case we will 
have at each point of the body a 
uniform compression in all directions 
of the magnitude (1 — 2 v)p/E [see 
Eq. (8), page 9] and the distance 
l between the points of application 
A and B will be diminished by the amount (1 — 2 v)pl/E. The 
reciprocal theorem applied to the two stress conditions 1 of Fig. 137 
will then give 





and the reduction in the volume of the body is therefore 



84. Approximate Character of the Plane Stress Solutions. It was pointed out 
on page 25 that the set of equations we found sufficient for plane stress problems 
under the assumptions made (<r z = t zz = t vz — 0, <r x , <r v , r X]/ independent of z) did 
not ensure satisfaction of all the conditions of compatibility. These assumptions 
imply that e z , e„, e z , y zv are independent of z, and that y XZl y vz are zero. The first of 
the conditions of compatibility (129) was included in the plane stress theory, as 
Eq. (21). It is easily verified that the other five are satisfied only if e z is a linear 
function of x and y, which is the exception rather than the rule in the plane stress 
solutions obtained in Chaps. 3 to 7. Evidently these solutions cannot be exact, 
but we shall now see that they are close approximations for thin plates. 

Let us seek exact solutions of the three-dimensional equations for which 2 

<T Z = T xt = Tyjz = 0 

1 For other applications of this kind see A. E. H. Love, “Mathematical Theory of 
Elasticity,” 4th ed., pp. 174-176, 1927. 

2 A. Clebsch, “ Elasticity,” Art. 39. See also A. E. H. Love, “Mathematical 
Theory of Elasticity,” 4th ed., p. 145, 1927. 
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taking body force as zero. Such solutions must satisfy the equations of equilibrium 

(127) and the compatibility conditions (130). 

Since r x; , r v , are zero, the third, fourth, and fifth of Kqs. (130) (reading by 

columns) give 



which mean that 00 /0z is a constant. Writing this k, we have, by integration with 
respect to z, 

O = kz + B 0 («) 


where O n is so far an arbitrary function of x and y. 

The third of Eqs. (127) is identically satisfied, and the first two reduce to the 

t wo-diinensionul forms 

0<T.t , Otxu _ q Q& V I OTxj, _ q 

Ox Oy ’ Oy Ox 


which are satisfied, as before, by 

0 2 <t> 0 7 <p o 2 <t> 

" x = w' <Tu - Ox*' Txv ~ Ox Oy 



but <t> is now a function of x, ?/, and z. 

Returning to Eqs. (130) we observe that by addition of the three equations on 


the left, recalling that G 

= ff, + <r, + <r,, we have 



V 3 G = 0 

(c) 

and therefore, from (a) 

Vi*Oo = 0 

(cl) 

where 

„ , o 2 . o 2 

V i 3 ~ 1 2 4" ^ 3 

Ox* Oy 1 



Also, since <x t is zero, and <r, and a v are given by the 
write Vi 2 <f> = G, and therefore, using (a) 


first two of Eqs. (6), we can 


Vi 2 4> = kz + O 0 



where O 0 is a function of x and y satisfying Eq. (</). Using (a) and the first of (b), 
the first of Eqs. (130) becomes 


(1 + v)V’ 


0 2 <fi 

Oy 2 


0 2 Go 
Ox 2 




But 





V, 3 </> + 




o^>\ 

Oz 2 ) 


where Eq. (c) has been used in the last step. Also, on account of (d), we can replace 
0 2 O 0 /Dx 2 in (/) by —0 2 O 0 /0y 2 . Then (/) becomes 


mi >> ( n i ° 5 ° 0 


0 
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or 



v 

1 + 





This equation may be used in place of the first of (130). Similarly the second 
and last can be replaced by 


5 (0 + »•) - ° 


d 2 

Ox iiy 



1 + 


0 


") 



These, with (g), show that all three second derivatives with respect to x and y of 
the function (of x, y, and z) in brackets vanish. Thus this function must be linear 
in x and y , and we can write 


d 2 <p v 

dz 2 + 1 + ^ ()l ’ 


= a + bx + cy 



where a, b, and c are arbitrary functions of z. Integrating this equation twice with 
respect to z, we find 

= — 2 y v ® uz2 B x + Cy + <t>iz + 00 (0 


where A, B, C are functions of 2 obtained by repeated integration of a, b } c, and 
0i, 0o are functions of x and y, as yet arbitrary. 

If we evaluate <r Xt <r Vt r xv from (z) by means of the formulas (6), the terms 


A + Bx + Cy 

make no difference. We may therefore set A, B, and C equal to zero, correspond¬ 
ing to taking a, b, c, zero in (/t). 

If we restrict ourselves to problems in which the stress distribution is symmetrical 
about the middle plane of the plate, 2=0, the term 0i2 must also be zero. So 
also must k in Eq. (a). 

Then (z) reduces to 

* = *<> - \ e ° z2 w 

However 0 and 0 O are related by (e) in which we can now take k = 0. Thus, 
substituting (J) in (e) and using (d), we have 


Vi 2 0o 

and therefore, from (d), 

Vi 4 0 o 


= 0o 

l k) 

= 0 

(0 


The remaining equations of (130) are satisfied on account of Eq. (a) and the 
vanishing of <x z> r xs , t vz . 

We can now obtain a stress distribution by choosing a function 0 O of x and y 
which satisfies Eq. (Z), finding 0 O from Eq. (k), and <p from Eq. (J). The stresses 
are then found by the formulas (6). Each will consist of two parts, the first derived 

from 0o in Eq. (j), the second from the term — ^ y 0u z 2 . In view of Eq. (Z), 

the first part is exactly like the plane stress components determined in Chaps. 3 to 
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7. The second part, being proportional to 2 2 , may be made as small as we please 
compared with the first by restricting ourselves to plates which are sufficiently 
thin. Hence the conclusion that our solutions in Chaps. 3 to 7, which do not 
satisfy all the compatibility conditions, are nevertheless good approximations for 

thin plates. . 

The “exact” solutions, represented by stress functions of the form (j), will 

recpiire that the stresses at the boundary, as elsewhere, have a parabolic variation 

over the thickness. However any change from this distribution, so long as it 

does not alter the intensity of force per unit length of boundary curve, will only 

alter the stress in the immediate neighborhood of the edge, by Saint-Venant’s 

principle (page 33). The type of solution considered above will always represent 

the actual stress, and the components <r r , r xt , t vz will in fact be zero, except close 

to the edges. 

Problems 

1. Show that 

= A(x 2 4 - ?/ 2 ), = W + n, y*u = A-'xyz 

= yn = y ut = 0 

where A*, k’ are small constants, is not a possible state of strain. 

2. A solid is heated nonuniformly to temperature 7’, a function of x, y, and z. 
If it is supposed that each element has unrestrained thermal expansion, the strain 

components will be 

1 1 = t u = < i — «/ , y xv ~ Tv* = yx* ® 

where « is the constant coefficient of thermal expansion. 

Prove that this can only occur when T is a linear function of x, y , and z. (The 
stress and consequent further strain arising when T is not linear are discussed in 

Chap. 14.) 

3. A disk or cylinder of the shape shown in Fig. 137a is compressed by forces 
H at C and />, along CD , causing extension of A B. It is then compressed by forces 
/’ along .1// (Fig. 137a) causing extension of CD. Show that these extensions are 

equal. 

4. In the general solution of Art. 80 what choice of the functions <t> 0 , <t>\> <#*«> «#>i will 
give the general solution for plane strain (ir =0)? 



CHAPTER 10 


ELEMENTARY PROBLEMS OF ELASTICITY 

IN THREE DIMENSIONS 

86 . Uniform Stress. In discussing the equations of equilibrium 
(127) and the boundary conditions (128), it was stated that the true 
solution of a problem must satisfy not only Eqs. (127) and (128) but 
also the compatibility conditions (see Art. 77). These latter condi¬ 
tions contain, if no body forces are acting, or if the body forces are 
constant, only second derivatives of the stress components. If, there¬ 
fore, Eqs. (127) and conditions (128) 
can be satisfied by taking the stress 
components either as constants or as 
linear functions of the coordinates, „ , 

1 Fig. 138. 

the compatibility conditions are sat¬ 
isfied identically and these stresses are the correct solution of the 
problem. 

As a very simple example we may take tension of a prismatical bar 
in the axial direction (Fig. 138). Body forces are neglected. The 
equations of equilibrium are satisfied by taking 

<r x = constant, <r y = a z = r xy = t xz = t vz = 0 (a) 

It is evident that boundary conditions (128) for the lateral surface 
of the bar, which is free of external forces, are satisfied, because all 
stress components, except <r xy are zero. The boundary conditions for 
the ends reduce to 

c z = X ( b) 

i.e.y we have a uniform distribution of tensile stresses over cross sec¬ 
tions of a prismatical bar if the tensile stresses are uniformly distributed 
over the ends. In this case solution (a) satisfies Eqs. (127) and (128) 
and is the correct solution of the problem because the compatibility 
conditions (130) are identically satisfied. 

If the tensile stresses are not uniformly distributed over the ends, 
solution (a) is no longer the correct solution because it does not satisfy 
the boundary conditions at the ends. The true solution becomes more 
complicated because the stresses on a cross section are no longer uni- 

245 
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formly distributed. Examples of such nonuniform distribution 
occurred in the discussion of two-dimensional problems (see pages 51 

and 167). 

As a second example consider the case of a uniform hydrostatic com¬ 
pression with no body forces. The equations of equilibrium (127) are 

satisfied by taking 

<T X = (T v = C z ~ P f T tu ~ T xz ~ T vz ~ 0 (c) 


The ellipsoid of stress in this case is a sphere. Any three perpendicular 
directions can be considered as principal directions, and the stress on 
any plane is a normal compressive stress equal to p. The surface con¬ 
ditions (128) will evidently be satisfied if the pressure p is uniformly 

distributed over the surface of the body. 

86 . Stretching of a Prismatical Bar by Its Own 
Weight. If pg is the weight per unit volume of the 
bar (Fig. 139), the body forces are 

X = Y = 0, Z = -pg (a) 

The differential equations of equilibrium (127) are 
satisfied by putting 

(T c = pgz, (J x = (T u = Try = T v , = Txt = 0 ( 6 ) 

i.e.y by assuming that on each cross section we have a 
uniform tension produced by the weight of the lower portion of the bar. 

It can easily be seen that the boundary conditions (128) at the lateral 
surface, which is free from forces, are satisfied. The boundary condi¬ 
tions give zero stresses for the lower end of the bar, and, for the upper 
end, the uniformly distributed tensile stress <r. = pgl } in which l is the 
length of the bar. 

The compatibility equations (130) are also satisfied by the solution 
( 5 ), hence it is the correct solution of the problem for a uniform dis¬ 
tribution of forces at the top. It coincides with the solution which is 
usually given in elementary books on the strength of materials. 

Let us consider now the displacements (see Art. 78). From Hooke s 
law, using Eqs. (3) and ( 6 ), we find 



Via. 130. 



7 xv = Tx-- 
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The displacements u , v, w can now be found by integrating Eqs. (c), 
(d), and ( e ). Integration of Eq. (c) gives 


w 


pgz- 
2 E 


+ U>Q 



where w 0 is a function of x and y, to be determined later. Substituting 
(/) in the second and third of Eqs. (e), we find 


from which 





in which u 0 and v 0 are functions of x and y only. Substituting expres¬ 
sions ( g ) into Eqs. (d), we find 


d 2 w 0 
2 dx 2 





Remembering that u 0 and v 0 do not depend on z , Eqs. ( h ) can be 
satisfied only if 


duo _ dv 0 
dx dy 





Substituting expressions ( g ) for u and v into the first of Eqs. ( e ), we find 



d 2 w 0 
dx dy 




and, since u 0 and v 0 do not depend on 2 , we must have 


d 2 wp 
dx dy 




From Eqs. ( k ) and ( l ) general expressions can now be written for the 
functions Up y Vp, Wp. It is easy to show that all these equations are 
satisfied by 

up = by + 5i 
Vp = — 8x + 

Wo = H (x2 + yt) + + &y + t 
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in which a, 0, y, b, b ly y i are arbitrary constants. Now, from Eqs. (/) 
and (g) f the general expressions for the displacements are 


u = — vpg * Z — otz -Y by Ar ^ i 
v = — — (3z — bx ~Y y i 

™ = + <** + y 2 ) + + ft / + y 


(m) 


The six arbitrary constants must be determined from the conditions at 
the support. The support must be such as to prevent any movement of 
the bar as a rigid body. To prevent a translatory motion of the bar, let 
us fix the centroid A of the upper end of the bar so that u = v = w = 0 
for x = y = 0 and z = l. To eliminate rotation of the bar about axes 
through the point A, parallel to the x- and y- axes, let us fix an element 
of the 2 -axis at A. Then du/dz = dv/dz = 0 at that point. The pos¬ 
sibility of rotation about the 2 -axis is eliminated by fixing an ele¬ 
mental area through A , parallel to the 2 .r-plane. Then dv/dx = 0 at 
the point A. Using Eqs. (m) the above six conditions at the point A 

become 


od -f- 6i — 0, 

a = 0 , 


— 01 + 7i = 0, 

0 = 0 , 


pq!: 
2 E 

6 = 0 


4 - 7=0 


Hence 


<5i =0, 7i = 0 , 


7 = — 


PQl 2 
2 E 


and the final expressions for the displacements are 


u = — 


v = — 


vpgxz 

E 

vpgyz 

E 


w = py £r 4- ^py ( r 2 4- ?/ 2) 

w 2 E ^ 2 E V ^ J ) 


P9l 

2E 


It may be seen that points on the 2 -axis have only vertical displacements 


- = - H < /a - 


Other points of the bar, on account of lateral contraction, have not 
only vertical but also horizontal displacements. Lines which were 
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parallel to the z-axis before deformation become inclined to this axis 
after deformation, and the form of the bar after deformation is as indi¬ 
cated in Fig. 139 by dotted lines. Cross sections of the bar perpendicu¬ 
lar to the z-axis after deformation are curved to the surface of a 
paraboloid. Points on the cross section z = c, for instance, after 
deformation will be on the surface 


z 


c + w = c + 


pgc 2 
2 E 



ypg 

2 E 


( x 2 + y 2 ) 


pgP 

2 E 


This surface is perpendicular to all longitudinal fibers of the bar, these 
being inclined to the z-axis after deformation, so that there is no shear¬ 
ing strain 7 ^ or y xz . 

87. Twist of Circular Shafts of Constant Cross Section. The ele¬ 
mentary theory of twist of circular shafts states that the shearing stress 
r at any point of the cross section (Fig. 140) is 
perpendicular to the radius r and proportional to the 
length r and to the angle of twist 6 per unit length of 
the shaft: 

r = GOr ( a ) 

where G is the modulus of rigidity. Resolving this 
stress into two components parallel to the x- and 
y- axes, we find 

x 


yz 


xz 


= G0r-~ = Gdx 

r 

= -Gdr • ? = -G0y 


The elementary theory also assumes that 

= 0 



O’ r - O' f / — O' 7. — T 



xy 


We can show that this elementary solution is the exact solution 
under certain conditions. Since the stress components are all either 
linear functions of the coordinates or zero, the equations of compati¬ 
bility (130) are satisfied, and it is only necessary to consider the equa¬ 
tions of equilibrium (127) and the boundary conditions (128). Sub¬ 
stituting the above expressions for stress components into Eqs. (127) 
we find that these equations are satisfied, provided there are no body 
forces. The lateral surface of the shaft is free from forces, and the 
boundary conditions (128), remembering that for the cylindrical sur¬ 
face cos ( Nz ) = n = 0 , reduce to 


0 = r xz cos (Nx) + T VZ cos (Ny) 


(c) 
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For the case of a circular cylinder we have also 


cos (Nx) 



cos (Ny) = V 



Substituting these and expressions (b) for the stress components into 
Eq. (c) it is evident that this equation is satisfied. It is also evident 
that for cross sections other than circular, for which Eqs. ( d ) do not 
hold, the stress components ( 6 ) do not satisfy the boundary condition 
(c), and therefore solution (a) cannot be applied. These more compli¬ 
cated problems of twist will be considered later (see Chap. 11). 

Considering now the boundary conditions for the ends of the shaft, 
we see that the surface shearing forces must be distributed in exactly 
the same manner as the stresses t x: and t vz over any intermediate cross 
section of the shaft. Only for this case is the stress distribution given 



by Eqs. (b) an exact solution of the problem. But the practical 
application of the solution is not limited to such cases. From Saint- 
Venant’s principle it can be concluded that in a long twisted bar, at a 
sufficient distance from the ends, the stresses depend only on the magni¬ 
tude of the torque M t and are practically independent of the manner in 
which the forces are distributed over the ends. 

The displacements for this case can be found in the same manner as 
in the previous article. Assuming the same condition of constraint at 
the point A as in the previous problem we find 


u = — Oyz, v — 0xz, 


w — 0 


1 his means that the assumption that cross sections remain plane and 
radii remain straight, which is usually made in the elementary deriva¬ 
tion of the theory of twist, is correct. 

88 . Pure Bending of Prismatical Bars. Consider a prismatical bar 
bent in one of its principal planes by two equal and opposite couples Af 
(P ig. 141). 1 aking the origin of the coordinates at the centroid of the 
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cross section and the xz-plane in the principal plane of bending, the 
stress components given by the usual elementary theory of bending are 



in which R is the radius of curvature of the bar after bending. Sub¬ 
stituting expressions (a) for the stress components in the equations of 
equilibrium (127), it is found that these equations are satisfied if there 
are no body forces. The boundary conditions (128) for the lateral 
surface of the bar, which is free from external forces, are also satisfied. 
The boundary conditions (128) at the ends require that the surface 
forces must be distributed over the ends in the same manner as the 
stresses a z . Only under this condition do the stresses (a) represent the 
exact solution of the problem. The bending moment M is given by 
the equation 

^ f [ Ex 2 dA _ EI V 

M - J vtx <1A J R R 

in which I v is the moment of inertia of the cross section of the beam 
with respect to the neutral axis parallel to the 2 /-axis. From this equa¬ 
tion we find 

1 _ M 

R Ely 

which is a well-known formula of the elementary theory of bending. 

Let us consider now the displacements for the case of pure bending. 
Using Hooke’s law and Eqs. (2) we find, from solution (a), 



(b) 

(c) 

(d) 


By using these differential equations, and taking into consideration 
the fastening conditions of the bar, the displacements can be obtained 
in the same manner as in Art. 86. 

From Eq. (6) we find 

w = -g + Wq 
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in which w 0 is a function of x and y only. 
Eqs. ( d ) give 

du _ z _ dw 0 dv 

dz ~ R dx’ dz 

from which 


The second and third of 


dw 


u — — 


2 R 


— z 


dwo 

dx 


“b Wo, 


v = — 


dy 


dw n , 

Z —-b Vo 


dy 


(e) 


Here w 0 and v 0 denote unknown functions of x and y y which will be 
determined later. Substituting expressions ( e ) in Eqs. (c), 


d 2 w 0 , du o 
2 + 


dx 2 


dx 


vx 

~R 


d 7 w 0 . dv o 

2 r + 


dy 


dy 




R 


These equations must be satisfied for any value of 2 , hence 


d 2 w 0 
dx 2 


= 0 , 


and by integration 


d 2 Wo 

dy 2 


= 0 


(/) 


Wo = — 


VX* 

2R 


-b fi(y), 


Vo = 


- V ~W + ^ 


(?) 


Now substituting ( e ) and ( g ) into the first of Eqs. ( d ), we find 

d 2 Wo dfi(y) 


2 2 


dfi(x) vy n 

^ R 


dx dy dy dx 

Noting that only the first term in this equation depends on 2 , we con¬ 
clude that it is necessary to have 

d 2 w n 


= 0, 


dfx(y) , df 2 (x) _ vy = 
dy “ r dx R 


dx dy 

These equations and Eqs. (/) require that 

Wo = rnx ny -f- p 

My) = ^ + <*y + y 

fi(x) = — ax -b /3 

in which m, n, p, a, (3, y are arbitrary constants. The expressions for 
the displacements now become 

1/ i 1/ f « 

H- ay -b y 


u = — 


2 R 


mz — 


o o 

vx- vy- 
2 R 2 R 


v — — nz — 


xz 


vxy 

R~ 


— ax -b 


w = + rnx + ny -b p 
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The arbitrary constants are determined from the conditions of 
fastening. Assuming that the point A , the centroid of the left end of 
the bar, together with an element of the z-axis and an element of the 
rrz-plane, are fixed, we have for x = y = z = 0 


u = v = w = 0, 


du _ dv _ dv 
dz dz dx 



These conditions are satisfied by taking all the arbitrary constants 
equal to zero. Then 

u = — ^ [z 2 -f u(x 2 — y 2 )], v = — w = ^ (h) 


To get the deflection curve of the axis of the bar we substitute in the 
above Eqs. ( h ) x = y = 0. Then 



This is the same deflection curve as is given by the elementary theory 
of bending. 

Let us consider now any cross section z = c, a distance c from the 
left end of the bar. After deformation, the points of this cross section 
will be in the plane 


z 


c + w = c + 


cx 

R 


i.e., in pure bending the cross section remains plane as is assumed in 
the elementary theory. To examine the deformation of the cross sec¬ 
tion in its plane, consider the sides y = ± b (Fig. 1416). After bending 
we have 

‘-i) 

The sides become inclined as shown in the figure by dotted lines. 

The other two sides of the cross section x = ± a are represented 
after bending by the equations 

x = ± a -h u = + a — [c 2 + y ( a2 ~~ 2/ 2 )] 

They are therefore bent to parabolic curves, which can be replaced 
with sufficient accuracy by an arc of a circle of radius R/ when the 


y = Ab v = ±6 
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deformation is small. In considering the upper or lower sides of the 
bar it is evident that while the curvature of these sides after bending is 
convex down in the lengthwise direction, the curvature in the crosswise 
direction is convex upward. Contour lines for this anticlastic surface 
will be as shown in Fig. 142a. By taking x and u constant in the first 

of Kqs. (h) we find that the equation for the 
contour lines is 


z~ — vy~ = constant 

They are therefore hyperbolas with the asymptotes 

2- - nr = o 

From this equation the angle a (Fig. 142a) is 
found from 



4 1 

tan- a = - 

V 


This equation has been used for determining Poisson’s ratio v. x If the 
upper surface of the beam is polished and a glass plate put over it, 
there will be, after bending, an air gap of variable thickness between 
the glass plate and the curved surface of the beam. This variable 
thickness can be measured optically. A beam of monochromatic 



light, say yellow sodium light, perpendicular to the glass plate, will be 
reflected partially by the plate and partially by the surface of the beam. 
The two reflected rays of light interfere with each other at points where 
the thickness of tin* air gap is such that the difference between the 

1 A. Cormi, Com/it. nn</., vol. I>9, p. 333, 1SU9. See also R. St ra libel, 11 it'd- 
Ann., vol. US, p. 399, 1899. 
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paths of the two rays is equal to an uneven number of half wave 
lengths of the light. The picture shown in Fig. 1425, representing the 
hyperbolic contour lines, was obtained by this means. 

89. Pure Bending of Plates. The result of the previous article 
can be applied in discussing the bending of plates of uniform thickness. 
If stresses <r x = Ez/R are distributed over the edges of the plate parallel 


to the y-axis (Fig. 143), the sur¬ 
face of the plate will become 1 an 
anticlastic surface, the curvature 
of which in planes parallel to the 
xz-plane is 1/R and in the per¬ 
pendicular direction is —v/R. 

If h denotes the thickness of the 
plate, Mi the bending moment per 
the y-axis and 




unit length on the edges parallel to 


1 • h 3 
12 


the moment of inertia per unit length, the relation between Mi and R , 
from the previous article, is 


1 M 1 12Afi 
R EI V Eh 3 



When we have bending moments in two perpendicular directions 

(Fig. 144), the curvatures of the deflection surface may be obtained by 

superposition. Let l/Ri and 



x 


\/R 2 be the curvatures of the 
deflection surface in planes 
parallel to the coordinate planes 
zx and zy , respectively; and let 
Mi and M 2 be the bending 
moments per unit length on the 
edges parallel to the y- and x- 
axes, respectively. Then, using Eq. (a) and applying the principle of 
superposition, we find 

12 (Mi - vM 2 ) 


Ri 
R 2 


Eh 3 
12 
Eh 3 


(M 2 - vM i) 


(&) 


1 It is assumed that deflections are small in comparison with the thickness of the 
plate. 
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The moments are considered positive if they produce a deflection of the 
plate which is convex down. Solving Eqs. ( 6 ) for M x and M 2 , we find 




Eh 3 

- 12(1 - v 2 ) 

Eh 3 

~~ 12(1 - v 2 ) 


For small deflections we can use the approximations 





1 d 2 w J_ = _ d 2 W 

r~i = ~ ax 2 ’ R 2 dy 2 


Then, writing 

Eh 3 _ D 

12(1 - u 2 ) 

(135) 

we find 

^ (d 2 W , d 2 w\ 

MD \dx 2+V dy 2 ) 

_ (d 2 W . d 2 w\ 

Mi = -D ( ^5 + v dxi ) 

(136) 


The constant D is called the flexural rigidity of a plate. In the particu¬ 
lar case when the plate is bent to a cylindrical surface with generators 
parallel to the y -axis we have d 2 w/dy 2 = 0, and, from Eqs. (136), 


M l = 

Mo = 



(137) 


For the particular case in which Mi — M 2 — we have 

1 1 _ 1 _ 

Ri R 2 R 

The plate is bent to a spherical surface and the relation between the 
curvature and the bending moment is, from Eq. (c), 

ir Eh 3 1 D( 1 + v) H38) 

M = 12(1 —)'R ~ R 


We shall have use for these results later. 
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The formulas (136) are used in the theory of plates when the bending 
moments are not uniform, and are accompanied by shear forces and 
surface pressures. For these circumstances they can be deduced from 
the general equations of Chap. 9 as approximations valid when the 
plate is thin. The elementary theory of bending of bars can be related 
to the general equations in a similar manner. 1 

1 J. N. Goodier, Trans. Roy. Soc. Can., 3d ser., sec. Ill, vol. 32, p. 65, 1938. 



CHAPTER 11 
TORSION 


90. Torsion of Prismatical Bars. It has already been shown 
(Art. 87) that the exact solution of the torsional problem for a ciicular 
shaft is obtained if we assume that the cross sections of the bar remain 
plane and rotate without any distortion during twist. This theory, 
developed by Coulomb, 1 was applied later by Navier 2 to prismatical 
bars of noncircular cross sections. Making the above assumption he 
arrived at the erroneous conclusions that, for a given torque, the angle 
of twist of bars is inversely proportional to the centroidal polar moment 
of inertia of the cross section, and that the maximum shearing stress 
occurs at the points most remote from the centroid of the cross section. 3 

It, is easy to see that the above assumption is in con- 
tradiction with the boundary conditions. Take, 

r yz 9r -^ for instance, a bar of rectangular cross section 

rpj/ _ (Fig. 145). From Navier’s assumption it follows 

z xz A that at any point A on the boundary the shearing 

y stress should act in the direction perpendicular to 

F, °- 145 - the radius OA . Resolving this stress into two com¬ 

ponents t xz and t U z, it is evident that there should be a complementary 
shearing stress, equal to t uz , on the element of the lateral surface of the 
bar at the point A (see page 4), which is in contradiction with the 
assumption that the lateral surface of the bar is free from external 
forces, the twist being produced by couples applied at the ends. A 
simple experiment with a rectangular bar, represented in Fig. 146, 
shows that the cross sections of the bar do not remain plane during 
torsion, and that the distortions of rectangular elements on the surface 
of the bar are greatest at the middles of the sides, i.e. y at the points 
which are nearest to the axis of the bar. 




y 

Fig. 145. 


1 “Ilistoire do l'aead6mie, M 1784, pp. 229—2G9, Paris, 1/87. ^ 

2 Navier, “Resum6 dos logons sur l’application do la mdcaniquc,” 3d ed., Pans, 

1804, oditod by Saint-Venant. 

3 Those conclusions arc correct for a thin elastic layer, corresponding to a slice 
of the bar between two cross sections, attached to rigid plates. See J. N. Goodier, 
J. Applied Phys., vol. 13, p. 107, 1942. 
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The correct solution of the problem of torsion of prismatical bars by 
couples applied at the ends was given by Saint-Venant. 1 

He used the so-called semi-inverse ynethod . That is, at the start he 
made certain assumptions as to the deformation of the twisted bar and 
showed that with these assumptions he could 
satisfy the equations of equilibrium (127) and the 
boundary conditions (128). Then from the unique¬ 
ness of solutions of the elasticity equations 
(Art. 82) it follows that the assumptions made at 
the start are correct and the solution obtained is 
the exact solution of the torsion problem. 

Consider a prismatical bar of any cross section 
twisted by couples applied at the ends, Fig. 147. 

Guided by the solution for a circular shaft (page 
249), Saint-Venant assumes that the deformation 
of the twisted shaft consists (a) of rotations of cross 
sections of the shaft as in the case of a circular shaft 
and ( b ) of warping of the cross sections which 
is the same for all cross sections. Taking the origin of coordinates in 
an end cross section (Fig. 147) we find that the displacements corre¬ 
sponding to rotation of cross sections are 

u = — dzy , v = Bzx (a) 

where Bz is the angle of rotation of the cross section 
at a distance 2 from the origin. 

The warping of cross sections is defined by a 
function 

w = B\J/(x,y) ( b) 

With the assumed displacements (a) and (b) we 
calculate the components of strain from Eqs. (2), which give 




Fig. 146. 




1 Mim. savants strangers, vol. 14, 1855. See also Saint-Venant’s note to Navier’s 
book, loc. cit., and I. Todhunter and K. Pearson, “History of the Theory of 
Elasticity,” vol. 2. 
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The corresponding components of stress, from Eqs. (3) and ( 6 ), are 




It can be seen that with the assumptions (a) and (b) regarding the 
deformation, there will be no normal stresses acting between the 
longitudinal fibers of the shaft or in the longitudinal direction of those 
fibers. There also will be no distortion in the planes of cross sections, 
since e x , e v , 7 ^ vanish. We have at each point pure shear, defined by 
the components t xz and t vz . The function ^(x,y), defining warping of 

cross section, must now be deter¬ 
mined in such a way that equa¬ 
tions of equilibrium (127) will be 
satisfied. Substituting expres¬ 
sions ( d) in these equations and 
neglecting body forces we find 
that the function \p must satisfy 
the equation 



dV , dV _ n 

dx 2 ^ dy 2 


(139) 


Consider now the boundary con¬ 
ditions (128). For the lateral sur¬ 
face of the bar, which is free from external forces and has normals per¬ 
pendicular to the 2 -axis, we have X = Y = Z = 0 and cos (TVs) = n = 0. 
The first two of Eqs. (128) are identically satisfied and the third gives 


T X zl T" r vz m = 0 (e) 

which means that the resultant shearing stress at the boundary is 
directed along the tangent to the boundary, Fig. 148. It was shown 
before (see page 258) that this condition must be satisfied if the lateral 
surface of the bar is free from external forces. 

Considering an infinitesimal element abc at the boundary and assum¬ 
ing that s is increasing in the direction from c to a, we have 

l = cos ( Nx ) = m = cos ( Ny ) = — ^ 
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and Eq. ( e ) becomes 

(g-»)8-(S+*)£-° (140) 

Thus each problem of torsion is reduced to the problem of finding a 
function yj/ satisfying Eq. (139) and the boundary condition (140). 

An alternative procedure, which has the advantage of leading to a 
simpler boundary condition, is as follows. In view of the vanishing 
of <t x , <r„, <t z1 t x v [Eqs. (d)], the equations of equilibrium (127) reduce to 

d T X z _ n dr yz _ „ dr xz dr yz _ ~ 

~~ ’ dz ’ dx ^ dy 


The first two are already satisfied since t xz and r yz , as given by Eqs. (d), 
are independent of z. The third means that we can express r xz and 



(141) 


where <t> is a function of x and y , called the stress function. 1 
From Eqs. (141) and (d) we have 

Eliminating xf/ by differentiating the first with respect to y } the second 
with respect to x, and subtracting from the first, we find that the stress 
function must satisfy the differential equation 


where 


d 2 <f> d 2 <f> _ p 

dx 2 dy 2 

F = —2 Gd 


(142) 

(143) 


The boundary condition (e) becomes, introducing Eqs. (141), 


d<f> dy 
dy ds 



d<f> dx d<f> 

dx ds ds 



(144) 


This shows that the stress function <t> must be constant along the 
boundary of the cross section. In the case of singly connected bounda¬ 
ries, o.g.f for solid bars, this constant can be chosen arbitiarily, and in 
the following discussion we shall take it equal to zero. Thus the deter¬ 
mination of the stress distribution over a cross section of a twisted bar 


1 It was introduced by L. Prandtl. See Physik . Z. 9 vol. 4, 1903. 
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consists in finding the function <f> which satisfies Eq. (142) and is zero 
at the boundary. Several applications of this general theory to par¬ 
ticular shapes of cross sections will be shown later. 

Let us consider now the conditions at the ends of the twisted bar. 
The normals to the end cross sections are parallel to the z-axis. Hence 
l = 7n = 0, n = ±1 and Eqs. (128) become 

X = ± t XZj Y — ±t vz (g) 


in which the + sign should be taken for the end of the bar for which 
the external normal has the direction of the positive z-axis, as for the 
lower end of the bar in Fig. 147. We see that over the ends the shear¬ 
ing forces are distributed in the same manner as the shearing stresses 
over the cross sections of the bar. It is easy to prove that these forces 
give us a torque. Substituting in Eqs. (g) from (141) and observing 
that 0 at the boundary is zero, we find 



X d:x dy 

Y dx dy 



Thus the resultant of the forces distributed over the ends of the bar is 
zero, and these forces represent a couple the magnitude of which is 


M 



(Yx - Xy) dx dy = - 



d<f> 


dx 


- x dx dy 



d<f> 

dy 


y dx dy (h) 


Integrating this by parts, and observing that <f> = 0 at the boundary, 
we find 

M t = 2f f <f> dx dy (145) 

each of the integrals in the last member of Eqs. (h) contributing one 
half of this torque. Thus we find that half the torque is due to the 
stress component t xz and the other half to t vz . 

We see that by assuming the displacements (a) and (5), and deter¬ 
mining the stress components r x; , t vz from Eqs. (141), (142), and (144), 
we obtain a stress distribution which satisfies the equations of equilib¬ 
rium (127), leaves the lateral surface of the bar free from external 
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forces, and sets up at the ends the torque given by Eq. (145). The 
compatibility conditions (130) need not be considered since the stress 
has been derived from the displacements (a) and (6). Thus all the 
equations of elasticity are satisfied and the solution obtained in this 
manner is the exact solution of the torsion problem. 

It was pointed out that the solution requires that the forces at the 
ends of the bar should be distributed in a definite manner. But the 
practical application of the solution is not limited to such cases. Fiom 
Saint-Venant’s principle it follows that in a long twisted bar, at a suffi¬ 
cient distance from the ends, the stresses depend only on the magnitude 
of- the torque M t and are practically 
independent of the manner in which the 
tractions are distributed over the ends. 

91. Bars with Elliptical Cross Section. 

Let the boundary of the cross section 
(Fig. 149) be given by the equation 


4- _ 1 

o 1 7 0 


a 


b 2 


= 0 


(a) 



Then Eq. (142) and the boundary con¬ 
dition (144) are satisfied by taking the stress function in the form 


<t> 


- m ($ 


+ v - 
7.2 




(*«) 


in which m is a constant. Substituting (5) into Eq. (142), we find 


m = 


a 2 b 2 


2 (a 2 4 b 2 ) 


Hence 


<t> = 


a 2 b 2 F 


2 (a 2 + b 


~(- 

2 ) \a 


4 


jr 

b 2 


-■) 


(c) 


The magnitude of the constant F will now be determined from Eq 
(145). Substituting in this equation from (c), we find 


M t = 

Since 


a 2 b 2 F 
a 2 4 b 2 



x 2 dx dy 4 


b 2 



dx dy 



dx dy) ( d ) 



dx dy = I y = 


7 rba 3 



dx dy — I x = 


irab 



dx dy = irab 
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we find, from (d). 


Mt = - 


7r a 3 b 3 F 
2(a 2 H- 6 2 ~) 


from which 


F = — 


2 M,(a 2 + fr 2 ) 

7ra 3 6 3 


(«) 


Then, from (c), 


4> = 


_ ^ A 

7rab \a 2 ^ 6 2 / 


(/) 


Substituting in Eqs. (141), the stress components are 


r,., = — 


2M t y 

7r a6 3 


2M t x 
ir a*b 


(146) 


The ratio of the stress components is proportional to the ratio y/x and 
hence is constant along any radius such as OA (Fig. 149). This means 
that the resultant shearing stress along any radius OA has a constant 
direction which evidently coincides with the direction of the tangent to 
the boundary at the point A. Along the vertical axis OB the stress 
component t vz is zero, and the resultant stress is equal to t zz . Along 
the horizontal axis OD the resultant shearing stress is equal to t vz . It 
is evident that the maximum stress is at the boundary, and it can 
easily be proved that this maximum occurs at the ends of the minor 
axis of the ellipse. Substituting y = b in the first of Eqs. (146), we 
find that the absolute value of this maximum is 


infix. 


2 Mt 
TT (lb 2 


(147) 


For a = b this formula coincides with the well-known formula for a 
circular cross section. 

Substituting (e) in Eq. (143) we find the expression for the angle of 
twist 


e = M t 


« 2 + b 2 
7T a*b*G 


(148) 


The factor by which we divide torque to obtain the twist per unit 
length is called the torsional rigidity. Denoting it by C, its value for 
the elliptic cross section, from (148), is 


C = 


iraVECr 

a 2 + b- 


G (Ay 

47T 2 /„ 


(149) 
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in which 





7r ba 3 
4 


are the area and centroidal moment of inertia of the cross section. 

Having the stress components (146) we can easily obtain the dis¬ 
placements. The components u and v are given by Eqs. (a) of Art. 90. 
The displacement w is found from 
Eqs. ( d ) and (5) of Art. 90. Sub¬ 
stituting from Eqs. (146) and 
(148) and integrating, we find 


w = Mi 


(6 2 — a 2 )xy 
7T a 3 b 3 G 


(150) 



Torque 
Fig. 150. 


This shows that the contour lines 
for the warped cross section are 
hyperbolas having the principal axes of the ellipse as asymptotes 
(Fig. 150). 

92. Other Elementary Solutions. In studying the torsional problem, Saint- 
Venant discussed several solutions of Eq. (142) in the form of polynomials. To 
solve the problem let us represent the stress function in the form 


<J> = <t> i + | (a: 2 4- y 2 ) 


(a) 


Then, from Eq. (142), 


d 2 <t> i 
dx 2 


d 2 <f> 


dy 2 


0 


( 6 ) 


and along the boundary, from Eq. (144), 


tf>i + — (x 2 + y 2 ) = constant 


(c) 


Thus the torsional problem is reduced to obtaining solutions of Eq. (6) satisfying 
the boundary condition (c). To get solutions in the form of polynomials we take 
the function of the complex variable 

(x + iy) n ( d ) 

The real and the imaginary parts of this expression are each solutions of Eq. ( b ) 
(see page 182). Taking, for instance, n = 2 we obtain the solutions x 2 — y 2 and 
2 xy. With n = 3 we obtain solutions x 3 — 3xy 2 and 3x 2 y — y 3 . With n — 4, 
we arrive at solutions in the form of homogeneous functions of the fourth degree, 
and so on. Combining such solutions we can obtain various solutions in the form 
of polynomials. 

Taking, for instance, 

4> = £ (x 2 4- y 2 ) 4- ^ \\ (* 2 + 2/ 2 ) - ^ x3 - 3x y^ + 6 ] W 
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we obtain a solution of Eq. (142) in the form of a polynomial of the third degree 
with constants o and b which will be adjusted later. This polynomial is a solution 
of the torsional problem if it satisfies the boundary condition (144), i.e. % if the 
boundary of the cross section of the bar is given by the equation 

\ (x 2 + y 2 ) - ^ (x 3 - Sxy 2 ) + b = 0 (/) 


By changing the constant b in this equation, we obtain various shapes of the cross 
section. 

Taking b = — ^a 2 we arrive at the solution for the equilateral triangle. Equa¬ 
tion (/) in this case can be presented in the form 

(x - V3 y — ia){x + \/3 y — %n)(x + i«) = 0 


which is the product of the three equations of the sides of the triangle shown in 

Fig. 151. Observing that V = -2 GO and sub¬ 
stituting 



Fit*. 151 


<t> 


= ~Oe [l <*■ + !/’>- i (*> - 


3 xy 2 ) 




iff) 


into Eqs. (141), we obtain the stress components 
r jz and T V t. Along the z-nxis, r,, = 0. from 
symmetry, and we find, from ( g ), 


T U Z 


_ SGO /2 ax A 

2u \ 3 X ) 


(*) 


The largest stress is found at the middle of the sides of the triangle, where, from ( h ), 


Gda 


T mnx. — 


(*) 


At the corners of the triangle the shearing stress is zero (sec Fig. 151). 

Substituting (g) into Eq. (145), we find 

M, = G **L = ? 0GI p (0 

15 a/3 5 

Taking a solution of Eq. (142) in the torm of a polynomial of the fourth degree 
containing only even powers of x and y, we obtain the stress function 

4- = -GO (* 2 + i/ 2 ) “ | ~ 6c V + !/ 4 ) + g (« - O] 

The boundary condition (144) is satisfied if the boundary of the cross section is 
given by the equation 

x 2 y 2 — a(x* — 6 x 2 y 2 -\- y*) + o — 1 =0 
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Bj' changing a, Saint-Venant obtained the family of cross sections shown in Fig. 
152a. Combining solutions in the form of polynomials of the fourth and eighth 
degrees, Saint-Venant arrived at the cross section shown in Fig. 1526. 

On the basis of his investigations, Saint-Venant drew certain general 
conclusions of practical interest. He showed that, in the case of singly 
connected boundaries and for a given cross-sectional area, the torsional 
rigidity increases, if the polar moment of inertia of the cross section 
decreases. Thus for a given amount of material the circular shaft 
gives the largest torsional rigidity. Similar conclusions can be drawn 
regarding the maximum shearing stress. For a given torque and cross¬ 



ly 





Fig. 152. 


sectional area the maximum stress is the smallest for the cross section 
with the smallest polar moment of inertia. 

Comparing various cross sections with singly connected boundaries, 
Saint-Venant found that the torsional rigidity can be calculated approx¬ 
imately by using Eq. (149), i.e., by replacing the given shaft by the 
shaft of an elliptic cross section having the same cross-sectional area 
and the same polar moment of inertia as the given shaft has. 

The maximum stress in all cases discussed by Saint-Venant was 
obtained at the boundary at the points which are the nearest to the 
centroid of the cross section. A more detailed investigation of this 
question by Filon 1 showed that there are cases where the points of 
maximum stress, although always at the boundary, are not the nearest 
points to the centroid of the cross section. 


1 L. N. G. Filon, Trans. Roy. Soc. (London), series A, vol. 193, 1900. See also the 
paper by G. Polya, Z. angew. Math. Mech., vol. 10, p. 353, 1930. 
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Taking n = 1 and n = — 1 in expression ( d ), and using polar coordinates r and 
we obtain the following solutions of Eq. ( b ): 

1 

<f>i = r cos \f/ t <J>i = ~ cos *p 


Then the stress function (a) can be taken in the form 


<t> = ^ U* + y 2 ) - y r cos ^ + yr “ cos + — ^ 


(m) 


in which a and b are constants. 



It will satisfy the boundary condition (144) if 
at the boundary of the cross section we have 
<t> = 0, or, from (;n), 

r* - b* - 2«(r* - 6= 0 (n) 

or 

(r» _ b ,) (x _ 20^) = 0 (0) 

which represents the equation of the boundary 
of the cross section shown in Fig. 153. 1 By 
taking 

r 2 _ b 7 = o 


we obtain a circle of radius b with the center at the origin; and by taking 

1 _ 2a cos ^ = Q 
r 

we have a circle of radius a touching the 7/-axis at the origin. The maximum 
shearing stress is at the point A and is 

Tmax. = G0(2a - b ) (P) 

When b is very small in comparison with a, i.e., when we have a semicircular 
longitudinal groove of very small radius, the stress at the bottom of the groove is 
twice as great as the maximum stress in the circular shaft of radius a without the 
groove. 

93. Membrane Analogy. In the solution of torsional problems the 
membrane analogy , introduced by L. Prandtl, 2 has proved very valua¬ 
ble. Imagine a homogeneous membrane (Fig. 154) supported at the 
edges, with the same outline as that of the cross section of the twisted 

1 This problem was discussed by C. Weber, Forschungsarbeiten, No. 249, 1921. 

2 Physik. Z ., vol. 4, 1903. See also Anthes, Dinglers polytech. J ., p. 342, 1906. 
Further development of the analogy and applications in various cases are given 
in the papers by A. A. GrifTith and G. I. Taylor, Tech. Rept. Adv. Comm. Aero¬ 
nautics, vol. 3, pp. 910 and 938, 1917-1918. 
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bar, subjected to a uniform tension at the edges and a uniform lateral 
pressure. If q is the pressure per unit area of the membrane and S is 
the uniform tension per unit length of its boundary, the tensile forces 
acting on the sides ad and be of an infinitesimal element abed (Fig. 154) 
give, in the case of small deflections of the membrane, a resultant in the 
upward direction — S(d 2 z/dx 2 ) dx dy. In the same manner the tensile 



Fio. 154. 

forces acting on the other two sides of the element give the resultant 
— S{d 2 z/dy 2 ) dx dy and the equation of equilibrium of the element is 

q dx dy + S dx dy + S ^ dx dy =0 

from which 

d 2 z ■ d 2 z _ _ 1 (151) 

dx 2 dy 2 S 

At the boundary the deflection of the membrane is zero. Comparing 
Eq. (151) and the boundary condition for the deflections z of the mem¬ 
brane with Eq. (142) and the boundary condition (144) (see page 261) 
for the stress function <£, we conclude that these two problems are 
identical. Hence from the deflections of the membrane we can obtain 
values of <f> by replacing the quantity — (q/S) Eq. (151) with the 
quantity F = — 2G6 of Eq. (142). 

Having the deflection surface of the membrane represented by con¬ 
tour lines (Fig. 155), several important conclusions regarding stress 
distribution in torsion can be obtained. Consider any point B on the 
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membrane. The deflection of the membrane along the contour line 
through this point is constant, and we have 


dz 

ds 


= 0 


The corresponding equation for the stress function <j> is 


d± = ( 

ds \ 


d<f> dy d<f> dx 
dy ds dx ds 


xz 


dy 

ds 


— r 


uz 


dx 

ds 


= 0 


This expresses that the projection of the resultant shearing stress at a 
point B on the normal N to the contour line is zero and therefore we 

may conclude that the shearing stress 
at a point B in the twisted bar is 
in the direction of the tangent to the 
contour line through this point. The 
curves drawn in the cross section of 
a twisted bar, in such a manner that 
the resultant shearing stress at any 
point of the curve is in the direction 
of the tangent to the curve, are called 
lines of shearing stress. Thus the 
contour lines of the membrane are the 
lines of shearing stress for the cross 
section of the twisted bar. 

The magnitude of the resultant stress r at B (Fig. 155) is obtained 
by projecting on the tangent the stress components t zs and t vz . Then 



r = T y: cos (N. r) — t zz cos (Ny) 


Substituting 

d<f> 

T xz T * 

dy 

we obtain 


T V z = — 


d(f> 
dx’ 


cos {Nx) = g£ 


cos {Ny) = ^ 




d<t> dx . d<t> dy 


dx dn 


+ 


d(f> 

dn 


dy dn 

Thus the magnitude of the shearing stress at B is given by the maxi¬ 
mum slope of the membrane at this point. It is only necessary in tie 
expression for the slope to replace q/S by 2 GO. from this it can be 
concluded that t he maximum shear acts at the points where the contour 
lines are closest to each other. 
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From Eq. (145) it can be concluded that double the volume bounded 
by the deflected membrane and the xy-plane (Fig. 155) represents the 
torque, provided q/S is replaced by 2 GO. 

It may be observed that the form of the membrane, and therefore the stress 
distribution, is the same no matter what point in the cross section is taken for 
origin in the torsion problem. This point, of course, represents the axis of rotation 
of the cross sections. It is at first sight surprising that the cross sections can 
rotate about a different (parallel) axis when still subjected to the same torque. 
The difference, however, is merely a matter of rigid body rotation. Consider, 
for instance, a circular cylinder twisted by rotations about the central axis. A 
generator on the surface becomes inclined to its original direction, but can be 
brought back by a rigid body rotation of the whole cylinder about a diameter. 
The final positions of the cross sections then correspond to torsional rotations 
about this generator as a fixed axis. The cross sections remain plane but become 
inclined to their original planes in virtue of the rigid body rotation of the cylinder. 
In an arbitrary section there will be warping, and with a given choice of axis the 
inclination of a given element of area in the end section is definite, dw/dx and dw/dy 
being given by Eqs. (d) and (6) of Art. 90. Such an element can be brought back 
to its original orientation by a rigid body rotation about an axis in the end section. 
This rotation will change the axis of the torsional rotations to a parallel axis. Thus 
a definite axis or center of torsional rotation, or center of torsion , can be identified 
provided the final orientation of an element of area in the end section is specified— 
as for instance if the element is completely fixed. 


Let us consider now the equilibrium condition of the portion mn of 
the membrane bounded by a contour line (Fig. 155). The slope of the 
membrane along this line is proportional at each point to the shearing 
stress r and equal to r • q/S • 1/2 Gd. Then denoting by A the horizon¬ 
tal projection of the portion mn of the membrane, the equation of equi¬ 
librium of this portion is 

/ ^ ( T I 2 Gd) ds = qA 

or 

frds = 2G0A (152) 


From this the average value of the shearing stress along a contour line 
can be obtained. 

By taking q = 0, i.e. y considering a membrane without lateral load. 


we arrive at the equation 

^ . ** = 
dx 2 dy 2 


(153) 


which coincides with Eq. (5) of the previous article for the function <f>i. 
Taking the ordinates of the membrane at the boundary so that 


z + (x 2 + y 2 ) = constant 


(154) 
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the boundary condition (c) of the previous article is also satisfied. 
Thus we can obtain the function <f>i from the deflection surface of an 
unloaded membrane, provided the ordinates of the membrane surface 
have definite values at the boundary. It will be shown later that both 
loaded and unloaded membranes can be used for deter minin g stress 
distributions in twisted bars by experiment. 

The membrane analogy is useful, not only when the bar is twisted 
within the elastic limit, but also when the material yields in certain 
portions of the cross section. 1 Assuming that the shearing stress 
remains constant during yielding, the stress distribution in the elastic 
zone of the cross section is represented by the membrane as before, but 
in the plastic zone the stress will be given by a surface having a constant 





y 

Fig. 15G. 


maximum slope corresponding to the yield stress. Imagine such a sur¬ 
face constructed as a roof on the cross section of the bar and the mem¬ 
brane stretched and loaded as explained before. On increasing the 
pressure we arrive at the condition when the membrane begins to touch 
the roof. This corresponds to the beginning of plastic flow in the 
twisted bar. As the pressure is increased, certain portions of the mem¬ 
brane come into contact with the roof. These portions of contact give 
us the regions of plastic flow in the twisted bar. Interesting experi¬ 
ments illustrating this theory were made by A. Ntldai. 2 

94. Torsion of a Bar of Narrow Rectangular Cross Section. In the 
case of a narrow rectangular cross section the membrane analogy gives 
a very simple solution of the torsional problem. Neglecting the effect 
of the short sides of the rectangle and assuming that the surface of the 
slightly deflected membrane is cylindrical (Fig. 156), we obtain the 

1 This was indicated by L. Prandtl; see A. N&dai, Z. angew. Math. Mech. t vol. 3, 
p. 4-42, 1023. See also E. Trefftz, ibid., vol. 5, p. 64, 1925. 

2 See Trans. A.S.M.E., Applied Mechanics Division, 1930. See also A. N&dai, 
“Theory of Flow and Fracture of Solids,” 1950, Chaps. 35 and 36. 
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deflection of the membrane from the elementary formula for the 
parabolic deflection curve of a uniformly loaded string 1 (Fig. 1566), 



From the known properties of parabolic curves, the maximum slope, 
which occurs in the middle portions of the long sides of the rectangle, is 
equal to 



The volume bounded by the deflected membrane and the xy- plane, 
calculated as for a parabolic cylinder, is 

Tr 2 _ qbc 3 , 

F = 3 c5b = 12 S (c) 


Now using the membrane analogy and substituting 2 GO for q/S in (6) 
and (c), we find 

TjnBx. = cGO , M t = ibc 3 Gd (d) 


from which 


e = 


M t 


Tmax. 


$bc*G 

M t 

\bc 2 


From the parabolic deflection curve (Fig. 1566) 


46 (c* _ 
c 2 \ 4 


x 


and the slope of the membrane at any point is 


dz 

dx 


8 bx 


~s x 


The corresponding stress in the twisted bar is 

Tyr = 2 GOx 


(155) 

(156) 


The stress distribution follows a linear law as shown in Fig. 156a. 
Calculating the magnitude of the torque corresponding to this stress 
distribution we find 

Tmax - . ? r . 7> = — br 2 r 

4 6 3 C 6 max> 

1 See S. Timoshenko and D. H. Young, “Engineering Mechanics/’ p. 35. 
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(a) 


(b) 


Fig. 157. 


This is only one half of the total torque given by Eq. (156). The sec¬ 
ond half is given by the stress components t x _., which were entirely 
neglected when we assumed that the surface of the deflected membrane 
is cylindrical. Although these stresses have an appreciable magnitude 
only near the short sides of the rectangle and their maximum values are 

smaller than r nmx . as calculated above, they 
__ act at a greater distance from the axis of the 

bar and their moment represents the second 

half of the torque A/*. 1 

It is interesting to note that the r mi%x . given 
by the first of Eqs. (d) is twice as great as in 
the case of a circular shaft with diameter equal 
to c and subjected to the same twist 0. This 
can be explained if we consider the warping of 
the cross sections. The sides of cross sections 
such as ririi (Fig. 157) remain normal to the 
longitudinal fibers of the bar at the corners, 
as is shown at the points n and rii. The 
total shear of an element such as abed con¬ 
sists of two parts: the part 71 due to rotation 
of the cross section about the axis of the bar and equal to the shear in 
the circular bar of diameter c; and the part 72 due to warping of the 
cross section. In the case of a narrow rectangular cross section 
72 = 71 , and the resultant shear is twice as great as in the case of a 

circular cross section of the diameter c. 

Equations (155) and (156), obtained above for a narrow rectangle, 

can also be used in the cases of thin- 
walled bars of such cross sections as 
shown in Fig. 158 by setting b equal to 
t he developed length of the cross section. 

This follows from the fact that, if the 
thickness c of a slotted tube (Fig. 158a) 
is small in comparison with the diam¬ 
eter, the maximum slope of the mem¬ 
brane and the volume bounded by the 
membrane will be nearly the same as for a narrow rectangular cross 
section of the width c and of the same length as the circumference of 
the middle surface of the tube. An analogous conclusion can be made 
also for a channel (Fig. 1585). It should be noted that in this latter 

1 This question was clenretl up by Lord Kelvin; sec Kelvin and Tait, “Natural 
Philosophy,” vol. 2, p. 2G7. 
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case a considerable stress concentration takes place at the reentrant 
corners, depending on the magnitude of the radius r of the fillets, and 
Eq. (156) cannot be applied at these points. A more detailed dis¬ 
cussion of this subject will be given in Art. 98. 

95. Torsion of Rectangular Bars. Using the membrane analogy, 
the problem reduces to finding the deflections of a uniformly loaded 
rectangular membrane as shown in Fig. 159. These deflections must 
satisfy the Eq. (151) 


d 2 z 
dx 2 





and be zero at the boundary. 

The condition of symmetry with respect to the ?/-axis and the 
boundary conditions at the sides x = ±a of the 
rectangle are satisfied by taking 2 in the form of a 
series, 


T 


h 


a. 



mvx __ 

bn cos w Yn 


( 6 ) 


1 * 3 , 5 , 


b 

L 


ct -H 


I 

o__ 


i_ 


X 


in which b 1 , b 3y . . . are constant coefficients 
and Y Xi F 3 , . . . are functions of y only. Sub¬ 
stituting ( b ) in Eq. (a), and observing that the 
right side of this equation can be presented in the form of a series, 1 


y 

Fig. 159. 


Q = 
S 



(-DTT-cos^ 
Smr 2a 


n = 1.3.5, 


we arrive at the following equation for determining Y n : 


Y " — 

n 


nV 

4a 2 


Fn = - 


q 4 


n — 1 


S riTrbn 


(-D 


from which 


F„ = 


A Sinh 3=2 + B cosh "S + 

2 a 2 a Sn 3 ir 3 b n 


2 n — 1 

-(- 1 ) 2 





From the condition of symmetry of the deflection surface of the 
membrane with respect to the x-axis, it follows that the constant of 
integration A must be zero. The constant B is determined from the 

1 B. O. Peirce, “A Short Table of Integrals,” p. 95, 1910. 
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condition that the deflections of the membrane are zero for y 
i.c.. (Fn)*—.6 = 0, which gives 


= ±b, 


Yn = 


16 qa 2 


SnVb 




cosh (n7r?//2a) 1 

cosh ( mrb/2a ) J 


(/) 


and the general expression for the deflection surface of the membrane, 
from (6), becomes 


z = 


167a 

~S^ 


n — 1,3,5, 


30 


71 — 1 

i) ^ 


[ _ cosh ( mry/2a) ~\ 

cosh ( mrb/2a ) J 


cos 


TlirX 

2a 


Replacing q/S by 2 GO, we obtain for the stress function 


co 


<f> = 


32 G6a 2 


7T 


X 


l)" 2 ’ [1 - 


cosh (mry /2a) 1 mrx 


cosh (n7rb/2a) J C ° S 2a 


(1 9 ) 


71 — 1 • • • 

The stress components are now obtained from Eqs. (141) by differ¬ 
entiation. For instance, 


so 


VZ 


I 


1 — 
A(-l) 2 



cosh (mry/2a) l . mrx 


sm —— ( h) 


cosh (mrb/2a) I 2a 


Assuming that b > a, the maximum shearing stress, corresponding to 
the maximum slope of the membrane, is at the middle points of the 

= ±a of the rectangle. Substituting x = a, y = 0 in (h), 


long sides x — ± 
we find 


co 


1 ISGda 


T mu . 


7 r 


or, observing that 


n =» 1.3 



i[‘- 


cosh ( mrb/2a) 


1+ i + i+... =4 

r 3 2 r 5 2 T 8 


we have 


00 


mux 


= 2G0a - 


16 GQa 


7T 


O 



2 cosh ( mrb/2a ) 


(157) 


71 1 , 3,0 


The infinite series on the right side, for b > a, converges very rapidly 
and there is no difficulty in calculating r™**. with sufficient accuracy for 
any particular value of the ratio 5/a. For instance, in the case of a 
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very narrow rectangle, b/a becomes a large number, so that the sum of 
the infinite series in (157) can be neglected, and we find 

7"max . = 2 GQa 


This coincides with the first of the Eqs. ( d) of the previous article. 

In the case of a square cross section, a = b; and we find, from Eq. 
(157), 

1 


max 


* r 

. = 2G6a \l - 


= 2 Gda 


1 — 


8 


7T 


509 


tt/2) 


+ 


+ 


9 cosh (37r/2) 
1 + * * 


+ 



9 X 55.67 



In general we obtain 


Tmax . = k2GQa 


= 1.35lG0a (158) 


(159) 


in which A; is a numerical factor depending on the ratio b/a. Several 
values of this factor are given in the table below. 


Table of Constants for Torsion of a Rectangular Bar 


b 

a 

k 

ki 

k 2 

b 

a 

k 

k\ 

k 2 

1.0 

0.675 

0.1406 

0.208 

3 

0.985 

0.263 

0.267 

1 .2 

0.759 

0.166 

0.219 

4 

0.997 

0.281 

0.282 

1 .5 

0.848 

0.196 

0.231 

5 

0.999 

0.291 

0.291 

2.0 

0.930 

0.229 

0.246 

10 

1.000 

0.312 

0.312 

2.5 

0.968 

0.249 

0.258 

OO 

1.000 

0 333 

0.333 


Let us calculate now the torque M t as a function of the twist 0. 
Using Eq. (145) for this purpose, we find 

*$*/: /: { £ £<->** 


[*- 


cosh ( mry/2a) ~| 
cosh ( nnb/2a ) J 


TlirX 1 , , 

cos > ax ay = 


ti 1,3,5, • • • 

32G0(2a) 3 (26) 


ao 


7r 


co 


64C?0(2a) 4 


7r 



n = 1,3,0, • • • 

1 . , mrb 

—r tanh —— 
n b 2 a 


n = 1,3,3, • • • 


1.1.1. 7T 


or, observing that 1 

— -4- — -4— — 4- • • • = 

1 3 4 5 4 -. ' 96 

1 B. O. Peirce, “A Short Table of Integrals,” p. 90, 1910. 
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we have 


M t = i (70(2a) 3 (26) 



192 a 

7 r 5 6 




(160) 


The series on the right side converges very rapidly, and M t can easily 
he evaluated for any value of the ratio a/ 6 . In the case of a narrow 

rectangle we can take 


t-anh 


N7t6 

2 a 


1 


Then 


M, = ^ Ce(2a) 3 (2b) 



0.G30 ^) 


(161) 


In the case of a square, a = 6 ; and (100) gives 

\I t = 0.1406(70(20) 4 (162) 


In general the torque can he represented by the equation 

M t = Aq(70(2a) 3 (26) (163) 


in which ki is a numerical factor depending on the magnitude of the 
ratio 6 /a. Several values of this factor are given in the table on 

page 277. 

Substituting the value of 0 from Eq. (163) into Eq. (159), we obtain 

the maximum shearing stress as a function of 
the torque in the form 

(164) 



M t 


T innx. 


A* 2 (2a) 2 (26) 

where A : 2 is a numerical factor the values of 
which can be taken from the table on page 277. 

96. Additional Results. By using infinite series 
as in the previous article, the torsional problem can be 
solved for several other shapes of cross sections. 

In the case of a sector of a circle 1 (Fig. 100) the boundaries are given by = ±<*/2, 
r = 0, r = a. We take a stress function in the form 


F Gdr % 

<t> = ^ (j 2 + y 2 ) = <t>\ — — 2 ~ 

1 This problem was discussed by Saint-'Venant, Compt. rend., vol. 87, pp. 849 
and 893, 1878. See also A. G. Grcenhill, Messenger of Math., vol. 9, p. 35, 1879. 
Another method of solution by using Bessel’s function was given by A. Dinnik, 
Bull. Don Polytech. Inst., Novotcherkassk, vol. 1, p. 309. See also A. F6ppl and 
L. Foppl, “Drang und Zwang,” p. 96, 1928. 
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The function 4>i must satisfy Laplace’s equation (see Art. 92). Taking a solution 
of this equation in the form of the series 


OO 


GO f 

* l = 2" L 


GO f r 2 cos 2^ 


cos OL 


+ 


- I 


n 


G) 


72 TT 
CL 


mnp 

COS - 


cc 


n = 1,3,5, . . 


we arrive at the stress function 


-S¥)+- 2 J -G) 


n 7c 

CX 


COS 


nmp "1 

« J 


n= 1,3,5, . . . 


This expression is zero at the boundaries: 


* - ± f 


To make it vanish also along the circular boundary r = a, we must put 


2 


nmfs ^ cos 

An COS - = 1 — - 


CL 


COS cl 


n = 1,3,5, . . . 


from which we obtain, in the usual way, 


n + 1 


^ n = i5fL 2 (-l) ^ 


The stress function is therefore 


n 


4 > = 


GO 


-r» (l - 


cos 2^\ . 16 a 2 a 2 


COS or 


) 


+ 


7T 


OO 



yi 1,3,5, • • 


(“ + v) (" - 


2 f) 


n±l nx 

(_1) 2 /r\« 


G) 


COS 


nmf/ 


O' 


" ( n + t ) (" - 


2a\ 

7T / J 


Substituting into Eq. (145), we find A/, = 2JJ<f>rd^ dr = in which fc is a 

factor depending on the angle a of the sector. Several values of k, calculated by 
Saint-Venant, are given below. 


or = 

7r 

4 

7r 

3 

7T 

2 

2tt 

3 

TT 

37r 

T 

57T 

IT 

2tt 

k = 
kx = 

ki = 

0.0181 

0.0349 

0.452 

0.490 

0.0825 

0.148 

0.622 

0.652 

0.296 

0.719 

0.849 

0.572 1 

0.672 1 

0.878 2 












i These figures have been corrected by M. Aisseu. See G. P61ya and G. Szego, ‘Tsoperimetric 
Inequalities in Mathematical Phyics,” p. 261. Princeton University Press. 1951. 

* This figure has been corrected by Dinnik, loc. ext. 
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The maximum shearing stresses along the circular and along the radial boundaries 
are given by the formulas k x Ga6 and k 2 GaO, respectively. Several values of k x 
and k 2 are given in the table on page 270. 

The solution for a curvilinear rectangle bounded by two concentric circular arcs 
and two radii can be obtained in the same manner. 1 

In the case of an isosceles right-angled triangle 2 the angle of twist is given by the 
equation 

" = 38 - 3 ^ 

in which a is the length of the equal sides of the triangle. The maximum shearing 
stress is at the middle of the hypotenuse and is equal to 

r m «. = 18.02 ~ 

a 3 * 

By introducing curvilinear coordinates several other cross sections have been 
investigated. Taking elliptic coordinates (see page 103) and using conjugate 
functions £ and r?, determined by the equation 

x -f- iy — c cosh (£ -f- i-q) 

we arrive at cross sections bounded by confocal ellipses and hyperbolas. 8 By 
using the equation 4 

x + iy = + ivY 

we obtain cross sections bounded by orthogonal parabolas. 

Solutions have been found for many other sections, 6 solid and hollow, including 
polygons, angles, cardioids, lcmniscatos,* and circles with one or several eccentric 
holes. 7 When the section can be conformally mapped into the unit circle a solu¬ 
tion can always be written down in terms of a complex integral. 8 

97. Solution of Torsional Problems by Energy Method. 9 We have 
seen that the solution of torsional problems is reduced in each particu- 

1 Saint-Venant, loc. cit. Sec also A. E. II. Love, “Theory of Elasticity,” 4th ed. 
p. 319, 1927. 

2 B. G. Galerkin, Dull. arad. des sci. de Russ., p. Ill, 1919; G. KolosofT, Compl. 
rend., vol. 178, p. 2057, 1924. 

3 A. G. Grcenhill, Quart. ,/. Math., vol. 16, 1879. See also L. N. G. Filon, Trans. 
Roy. Soc. (London), series A, vol. 193, 1900. 

4 E. W. Anderson and D. L. Holl, Iowa State Coll. J. Sci., vol. 3, p. 231, 1929. 

6 A compilation is given by T. J. Higgins, Am. J. Phys ., vol. 10, p. 248, 1942. 

6 References to papers giving exact solutions for such sections, too numerous to 
include here, may be found by consulting Applied Mechanics Reviews, Science 
Abstracts A, Mathematical Reviews, and Zentralblatt fur Mechanik. Most of tho 
references on p. 331 refer to or include the corresponding torsion problem. 

7 See C. B. Ling, Quart. Applied Math., vol. 5, p. 168, 1947. 

8 Due to N. I. MuscheliSvili. See I. S. SokolnikofT, “Mathematical Theory of 
Elasticity,” Chap. 4, 1946. 

9 For a survey, with references, of this and other approximate methods see T. J. 
Higgins, J. Applied Phys., vol. 14, p. 469, 1943. 
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lar case to the determination of the stress function satisfying the differ¬ 
ential equation (142) and the boundary condition (144). In deriving 
an approximate solution of the problem it is useful, instead of working 
with the differential equation, to determine the stress function from the 
minimum condition of a certain integral, 1 which can be obtained from 
consideration of the strain energy of the twisted bar. The strain 
energy of the twisted bar per unit length, from (88), is 

v = ^i f (t ~ 2 + t - 2) dxdy = wj{ / [(H) + (H) ] dxdy 

If we give to the stress function <f> any small variation 5<£, vanishing at 
the boundary, 2 the variation of the strain energy is 

A *//K3)’+<£)>* 

and the variation of the torque is, from Eq. (145), 

2/ J 8<t> dx dy 

Then by reasoning analogous to that used in developing equation (91) 
on page 164, we conclude that 

h s II [(H) + (H) ] dxdy = 20 If Hdxdy 

or 

*//IH(£)’ + (s»)’] - H 0 

Thus the true expression for the stress function <f> is that which makes 
zero the variation of the integral 

u - / / {s [(s)' + (i)’] - 2 H •" * (165 > 

We come also to the same conclusion by using the membrane analogy and the 
principle of virtual work (Art. 48). If S is the uniform tension in the membrane, 
the increase in strain energy of the membrane due to deflection is obtained by 
multiplying the tension S by the increase of the surface of the membrane. In this 
manner we obtain 

W/[( £)■ + (©>* 

1 This method was proposed by W. Ritz, who used it in the solution of problems 
of bending and vibration of rectangular plates. See J. reine angew. Math., vol. 
135, 1908, and Ann. Physik , series 4, vol. 28, p. 737, 1909. 

* If b<f> is taken equal to zero at the boundary, no forces on the lateral surface 
of the bar will be introduced by variation of <t>. 
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where z is the deflection of the membrane. If we take now a virtual displacement 
of the membrane from the position of equilibrium, the change in the strain energy 
of the membrane due to this displacement must be equal to the work done by the 
uniform load q on the virtual displacement. Thus we obtain 

\/ / [ (BY + GDl dx du = II qSz dx dy 

and the determination of the deflection surface of the membrane is reduced to 
finding an expression for the function 2 which makes the integral 

nm ©•+(gy] 

a minimum. If we substitute in this integral 2 GO for q/S, we arrive at the integral 
(105) above. 

In the approximate solution of torsional problems we replace the 
above problem of variational calculus by a simple problem of finding a 
minimum of a function. We take the stress function in the form of a 

series 

</> = a.o<t >0 -\- cti</>i <*202 * ( a ) 

in which </> 0 , <t> 1, <t>2, . . • are functions satisfying the boundary condi¬ 
tion, 2.c., vanishing at the boundary. In choosing these functions we 
should be guided by the membrane analogy and take them in a form 
suitable for representing the function <j>. The quantities do, di, <*2, 
. are numerical factors to be determined from the minimum condi¬ 
tion of the integral ( 105 ). Substituting the series (a) in this integral 
we obtain, after integration, a function of the second degree in a 0 , a lf 
a 2 , , and the minimum condition of this function is 


dU 

da 0 






Thus we obtain a system of linear equations from which the coefficients 
«o, di, do, . . . can be determined. By increasing the number of terms 
in the series (d) we increase the accuracy of our approximate solution, 
and by using infinite series we may arrive at an exact solution of the 
torsional problem . 1 


1 The condition of convergency of this method of solution was investigated by 
Ilitz, loc. at. See also E. TrefTtz, “Ilandbuch der Physik,” vol. 6, p. 130, 1928. 
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Take as an example the case of a rectangular cross section 1 (Fig. 
159). The boundary is given by the equations a; = ±a, y = ±b, and 
the function (x 2 — a 2 )(y 2 — b 2 ) is zero at the boundary. The series 
(a) can be taken in the form 

<j> = (x 2 - a 2 ) (y 2 - b 2 ) 2 2a mn x m ?/ n (c) 

in which, from symmetry, m and n must be even. 

Assuming that we have a square cross section and limiting ourselves 

to the first term of the series (c) we take 

<f) = a 0 (x 2 — a 2 )(y 2 — a 2 ) (d) 

Substituting this in (165) we find from the minimum condition that 

_ 5 G6 
a ° ' 8 ^ 

The magnitude of the torque, from Eq. (145), is then 

M t = 2 fS<t>dxdy = *$G0a* = 0.1388 (2a) 

Comparing this with the correct solution (162) we see that the error in 
the torque is about l£ per cent. 

To get a closer approximation we take the three first terms in the 
series (c). Then, by using the condition of symmetry, we obtain 

<f> = (x 2 — a 2 ) (y 2 — a 2 )[a 0 + a^x 2 + y 2 )] (e) 

Substituting this in (165) and using Eqs. (5), we find 

5 259 GQ 5 3 35 Gd 

a ° ~ 8 ’ 277 * a 2 ’ 0,1 8 * 2 * 277 ' a 4 

Substituting in expression (145) for the torque, we obtain 

M t = - 2 ^(Mf + f * i * -gMGea 4 = O.14O4G0(2a) 4 

This value is only 0.15 per cent less than the correct value. 

A much larger error is found in the magnitude of the maximum stress. 
Substituting (e) into expressions (141) for the stress components we 
find that the error in the maximum stress is about 4 per cent, and to get 
a better accuracy more terms of the series (c) must be taken. 

It can be seen from the membrane analogy that in proceeding as 
explained above we generally get smaller values for the torque than the 
correct value. A perfectly flexible membrane, uniformly stretched at 

1 See S. Timoshenko, Bull. Inst. Ways of Communication, St. Petersburg, 1913, 
and Proc. London Math. Soc., series 2, vol. 20, p. 389, 1921. 
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the boundary and uniformly loaded, is a system with an infinite num¬ 
ber of degrees of freedom. Limiting ourselves to a few terms of the 
series (c) is equivalent to introducing into the system certain con- 
straints, which reduce it to a system with a few degrees of freedom only 
Such constraints can only reduce the flexibility of the system and 
diminish the volume bounded by the deflected membrane. Hence the 
torque, obtained from this volume, will generally be smaller than its 

true value. , , . ,. 

E Trefftz suggested 1 another method of approximate determination 

of the stress function <*>. With this method the approximate magni¬ 
tude of the torque is larger than its true value. Hence by using the 
Ritz and the Trefftz methods together the limits of error of the approxi¬ 
mate solution can be established. 

In using Ritz’s method we are not limited to polynomials (c). We 
can take the functions <f>o , <h, <t> 2 , . . . of the series (a) in other forms 
suitable for the representation of the stress function <f>. Taking, for 
instance, trigonometric functions, and observing the conditions of 

symmetry (Fig. 159), we obtain 



Substituting in (165) and performing the integration, we find that 



Equations ( b ) become 

Tr 2 ab (m 2 . nA 
“ amn \a 2 b 2 ) 


206 • 


16 oh 

mnn z 



and we find 

12SG6b 2 (-\)~* 1 

° mn “ Tr A mn(m 2 ct 2 + n 2 ) 

• E. Trefftz, Proc. Second Intern. Corujr. Applied Mcch., Ziirich, 1926, p. 131. 
See also N. M. Basil, Phil. May., vol. 10, p. 886, 1930. 
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where a. = b/a. Substituting in (/) we obtain the exact solution of the 
problem in the form of an infinite trigonometric series. The torque 
will then be 




128 G6b 2 

Tr A mn(m 2 ci 2 + n 2 ) 


32 ab 

mnir 2 



This expression is brought into coincidence with expression (160) given 
before if we observe that 


_l_ 

7i 2 (ra 2 o: 2 -f- n 2 ) 

Tl = 1,3,0, • • • 

As another example, in the case of a narrow rectangle, when b is 
very large in comparison with a (Fig. 159), we may take, as a first 
approximation, 

<t> = GQ(a 2 - x 2 ) (h) 



tanh 


moor 


mair 


t r 


96m 2 — £(m«7r/2) 3 


which coincides with the solution discussed before (Art. 94). To get 
a better approximation satisfying the boundary condition at the short 
sides of the rectangle, we may take 

<*> = G6(a 2 - x 2 )[l - e~ P(b ~~ v) ] (/c) 

and choose the quantity & in such a manner as to make the integral 
(165) a minimum. In this way we find 



Due to the exponential term in the brackets of expression ( k ) we obtain 
a stress distribution which practically coincides with that of the solu¬ 
tion (Ji) at all points a considerable distance from the short sides of the 
rectangle. Near these sides the stress function ( k ) satisfies the 
boundary condition (144). Substituting ( k ) into equation (145) for 
the torque, we find 

M t = 2 j j b <f>dxdy = i Gd(2a)*(2b ) ^1 — 0.632 
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which is in very good agreement with Eq. (101) obtained before by 
using infinite series. 

A polynomial expression for the stress function, analogous to expres¬ 
sion (c) taken above for a rectangle, can be used successfully in all 
cases of cross sections bounded by a convex polygon. If 


aix + b x y + ci = 0, a 2 x + b 2 y + c 2 = 0, . . . 


are the equations of the sides of the polygon, the stress function can be 
taken in the form 


c f > = (aix + b\y + c\)(a 2 x + b 2 y 4 ~ c 2 ) * * * 4 " b n y 4 “ c n ) 2Za mn x y 

and the first few terms of the scries arc usually sufficient to get a satis¬ 
factory accuracy. 

The energy method is also useful when the boundary of the cross 
section (Fig. 161) is given by two curves 1 



The boundary conditions will be satisfied if we take for the stress 
function an approximate expression 


<f> = A(y — ayp)(y 4 - 


Substituting into the 

dl/dA = 0 , 


integral (165) we find, from the equation 


A = 


GO 


where 


1 4~ «(a 2 4- af 4" a«i)/5 2 
j' (<!\p/<H)- <lt 


oc = 


i ; 


From Eq. (145) we find the torque 

M, = -,1 f 1 r <U 

o Jo 

1 Such problems were discussed by L. S. Eeibenson. See his book * ^ ariational 
Methods for Solving Problems of the Theory of Elasticity,” Moscow, 1943. See 
alsj W. J. Duncan, Phil. May., series 7, vol. 25, p. 034, 1938. 
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In the particular case when m = p — g = 1, a = ai, we have 
y = ±a\J/(x/b) = ± y/x/b[l — (x/b)], and we obtain 



<70 


1 + 11 ^! 
^ 13 b 2 


M t = 0.073G 


G6ba 3 


1 + 


11 a 


13 b 2 


An approximate solution, and a comparison with tests, for sections 
bounded by a circle and a chord has been given by A. Weigand. 1 
Numerical methods are discussed in the Appendix. 

98. Torsion of Rolled Profile Sections. In investigating the torsion 
of rolled sections such as angles, channels, and I-beams, the formulas 
derived for narrow rectangular bars (Art. 94) can be used. If the 
cross section is of constant thickness, as in Fig. 102a, the angle of twist 



is obtained with sufficient accuracy from Eq. (155) by putting, 
instead of b, in this equation the developed length of the center line, 2 
namely, b = 2a — c. In the case of a channel section (Fig. 1G26) a 
rough approximation for the angle of twist is obtained by taking for the 
flanges an average thickness c 2 , subdividing the cross section into the 
three rectangles, and substituting in Eq. (155), &iCi 3 + 2 b 2 c 2 3 instead 
of bc z , i.e., assuming that the torsional rigidity of the channel is equal 
to the sum of the torsional rigidities of the three rectangles. 3 Then 


3 M t 

(6 lCl 3 + 2b 2 c 2 z )G 



1 Luftjahrt-forsch ., vol. 20, 1944, tranlated as N.A.C.A. Tech. Mem. 1182, 1948. 

2 a. more elaborate formula, taking account of the increased stiffness resulting 
from the junctions of the rectangles, was developed on the basis of soap film and 
torsion tests by G. W. Trayer and H. W. March, Natl. Advisory Comm. Aeronaut., 
Rept. 334, 1930. 

3 Comparison of torsional rigidities obtained in this manner with those obtained 
by experiments is given for several types of rolled sections and for various dimen¬ 
sions in the paper by A. Foppl, Sitzber. Bayer. Akad. Wiss., p. 295, Munchen, 1921. 
See also Bauingenieur, series 5, vol. 3, p. 42, 1922. 
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To calculate the stress at the boundary at points a considerable dis¬ 
tance from the corners of the cross section we can use once more the 
equation for a narrow rectangle and take 

r = cdG 


Then, from Eq. (a), we obtain for the flanges of the channel 


3 Af tCi 


T = 


biCi 3 “H 262C2 


00 


The same approximate equations can be used for an I-beam (Fig. 162c). 

At reentrant corners there is a considerable stress concentration, the 
magnitude of which depends on the radius of the fillets. A rough 

approximation for the maximum stress at 
these fillets can be obtained from the 
membrane analogy. Let us consider a 
cross section in the form of an angle of 
constant thickness c (Fig. 163) and with 
radius a of the fillet of the reentrant corner. 
Assuming that the surface of the membrane 
at the bisecting line 00 1 of the fillet is 
approximately a surface of revolution, with 
axis perpendicular to the plane of the figure 
at 0, and using polar coordinates, the Eq. (151) of the deflection surface 
of the membrane becomes (see page 57) 






Via. 1G3. 


(Pz 1 = 

dr 2 r dr 


g 

S 


(c) 


Remembering that the slope of the membrane dz/dr gives the shearing 
stress r when g/S is replaced by 2 G0 f we find from (c) the following 
equation for the shearing stress: 


^ + -T = -2 G0 
dr r 


(d) 


The corresponding equation in the arms of the angle at a considerable 
distance from the corners, where the membrane has a nearly cylindrical 
surface, is 

dr — (e) 


dn 


= -2 GO 


in which n is the normal to the boundary. Denoting by t\ the stress 
at the boundary we find from (e) the previously found solution for a 
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narrow rectangle r\ = Gdc. Using this, we obtain from ( d) 


dr . 1 

~r i- T 

dr r 

from which, by integration, 

= A 

r 



Tjr 

c 


(d') 

(/) 


where A is a constant of integration. For the determination of this 
constant, let us assume that the shearing stress becomes zero at point 



small radius of fillet the maximum stress becomes very high. Taking, 


for instance, a = 0.1c we find r^x. = 3.5 ti. 

More accurate and complete results can be obtained by numerical 
calculations based on the method of finite differences (see Appendix). 
A curve of r max ./ri as a function of a/c obtained by this method 1 is 
shown in Fig. 164 (curve A), together with the curve representing Eq. 
( g ). It will be seen that this simple formula gives good results when 
a/c is less than 0.3. 

99. The Use of Soap Films in Solving Torsion Problems. We have 
seen that the membrane analogy is very useful in enabling us to visual¬ 
ize the stress distribution over the cross section of a twisted bar. 

1 By J. H. Huth, J. Applied. Mechanics (Trans. A.S.M.E .), vol. 17, p. 388, 1950. 
The rise of the curve towards the right is required by the limiting case as the 
fillet radius is increased in relation to the leg thickness. References to earlier 
attempts to solve this problem including soap-film measurements are given by 
I, Lyse and B. G. Johnston, Proc. A.S.C.E., 1935, p. 469, and in the above paper. 
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shaft under the condition that they have the same angle of twist 6 per 
unit length and the same G. The corresponding ratio of the torques is 
determined by the ratio of the volumes between the soap films and the 
plane of the plate. 

For obtaining the contour lines of the films the apparatus shown in 
Fig. 165 was used. 1 The aluminum plate with the holes is clamped 
between the two halves of the cast-iron box A. The lower part of the 
box, having the form of a shallow tray, is supported on leveling screws. 
The mapping of contour lines is done by using the screw B passing 
through a hole in a sheet of plate glass sufficiently large to cover the 
box in any possible position. The lower end of the screw carries a hard 
steel point whose distance from the 
glass plate is adjustable by the 
screw. The point is made to 
approach the film by moving the 
glass plate until the distortion of 
the image in the film shows that 
contact has occurred. The record is 
made on a sheet of paper attached to 
the board E, which can swing about 
a horizontal axis at the same height 
as the steel recording point D. To 
mark any position of the screw, it is 
only necessary to prick a dot on the paper by swinging it down on the 
recording point. After the point has been made to touch the film at a 
number of places, the dots recorded on the paper are used for drawing a 
contour line. By adjusting the screw B this can be repeated for as 
many contour lines as may be required. When these lines have been 
mapped, the volume and the corresponding torque can be obtained by 
summation. The slopes and the corresponding stresses are obtained 
by measuring the distances between neighboring contour lines. The 
slope can be obtained optically with much more accuracy by projecting 
a beam of light on to the surface of the film and measuring the angle of 
the reflected ray. The normal to the film is then half way between the 
incident and the reflected rays. A special instrument was constructed 
for this purpose by Griffith and Taylor. Figure 166 represents an 
example of contour lines obtained for a portion of an I-beam (wooden 
wing spar of an airplane). From the close grouping of the contour 
lines at the fillets of the reentrant corners and at the middle of the 
upper face, it follows that the shearing stresses are high at these places. 
The projecting parts of the flange are very lightly stressed. The 

1 See the paper by Taylor and Griffith, loc. cii. 
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maximum stress in the middle portion of the web is practically constant 
along the side of the web and equal to that in a narrow rectangle for the 
same angle of twist. The application of soap-film measurements to 
such cross sections as ellipses and rectangles, for which exact solutions 
are known, shows that the maximum stress and the torque can be 
measured with an accuracy of 1 or 2 per cent. At the points of great 
stress concentration, as in the case of fillets of very small radii, an 
accuracy of the same order is not readily obtained. 1 

100. Hydro dynamical Analogies. There are several analogies 

between the torsional problem and the 
hydrodynamical problem of the motion of 
fluid in a tube. Lord Kelvin 2 pointed out 
that the function [<f >i see Eq. (a), Art. 92] 
which is sometimes used in the solution of 
torsional problems is identical with the stream 
function of a certain irrotational motion of 
“ideal fluid” contained in a vessel of the same 
cross section as the twisted bar. 

Another analogy was indicated by J. Boussinesq. 3 He showed that 
the differential equation and the boundary condition for determining 
the stress function <£ (see Eqs. 142 and 144, Art. 90) are identical with 
those for determining velocities in a laminar motion of viscous fluid 
along a tube of the same cross section as the twisted bar. 4 * 

Greenhill showed that the stress function <f> is mathematically 
identical with the stream function of a motion of ideal fluid circulating 
with uniform vorticity , 6 in a tube of the same cross section as the 
twisted bar. 6 Let u and v be the components of the velocity of the 
circulating fluid at a point A (Fig. 167). Then from the condition oi 
incompressibility of the ideal fluid we have 



Fio. 167. 


du 

dx 





1 See the paper by C. B. Biezeno and J. M. Rademaker, De Ingenieur t No. 52, 
1931. See also papers by P. A. Cushman, Trans. A.S.M.E ., 1932, H. Quest, 
Ingenieur-Archiv., vol. 4, p. 510, 1933, and J. II. Huth, loc. cit. 

2 Kelvin and Tait, “Natural Philosophy,” pt. 2, p. 242. 

3 J. Boussinesq, J. math, pure et appl., series 2, vol. 16, 1871. 

4 This analogy was used by M. Paschoud, Compt. rend., vol. 179, p. 451, 1924. 

See also Bull. tech. Suisse Rom. (Lausanne), November, 1925. 

6 The analytical expression for vorticity is the same as for rotation co, discussed 
on p. 225, provided u and denote the components of the velocity of the fluid. 

6 A. G. Greenhill, Hydromechanics, an article in the Encyclopaedia Britannica, 
llthed., 1910. 
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The condition of uniform vorticity is 


By taking 


dv 

dx 


du 

— = constant 

dy 



d<f> 

ay’ 



we satisfy Eq. (a), and from Eq. (b) we find 


( 6 ) 

(c) 


d 2 <f> d 2 4> 

dx 2 + Ihj 2 


= constant 



which coincides with Eq. (142) for the stress function in torsion. 

At the boundary the velocity of the circulating fluid is in the direc¬ 
tion of the tangent to the boundary and the boundary condition for the 
hydrodynamical problem is the same as the condition (144) for the 
torsional problem. Hence the velocity distribution in the hydrody¬ 
namical problem is mathematically identical with 
the stress distribution in torsion, and some practi¬ 
cally important conclusions can be drawn by using 
the known solutions of hydrodynamics. 

As a first example we take the case of a small 
circular hole in a twisted circular shaft 1 (Fig. 168). 

The effect of this hole on the stress distribution is 
similar to that of introducing a stationary solid 
cylinder of the same diameter as the hole into the stream of circulating 
flmd of the hydrodynamical model. Such a cylinder greatly changes the 
velocity of the fluid in its immediate neighborhood. The velocities at 
the front and rear points are reduced to zero, while those at the side 
points m and n are doubled. A hole of this kind therefore doubles the 
shearing stress in the portion of the shaft in which it is located. A 

B J“ : T, 1 groove on the surface parallel to the length of the 

shaft (Fig. 168) has the same effect. The shearing stress at the bottom 

of the groove the point m, is about twice the shearing stress at the sur- 
lace or the shaft far away from the groove. 

The same hydrodynamical analogy explains the effect of a small hole 
of elliptic cross section or of a groove of semi-elliptic cross section. If 
one of the principal axes a of the small elliptical hole is in the radial 
direction and the other principal axis is b, the stresses at the edge of the 



hole at the ends of the a-axis are increased in the proportion 
1 See J. Larmor, Phil. Mag., vol. 33, p. 76, 1892. 
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The maximum stress produced in this case thus depends upon the 
magnitude of the ratio a/b. The effect of the hole on the stress is 
greater when the major axis of the ellipse is in the radial direction than 
when it runs circumferentially. This explains why a radial crack has 
such a weakening effect on the strength of a shaft. Similar effects on 
the stress distribution are produced by a semi-elliptic groove on the 
surface, parallel to the axis of the shaft. 

From the hydrodynamical analogy it can be concluded also that at 
the projecting corners of a cross section of a twisted bar the shearing 
stress becomes zero, and that at reentrant corners this stress becomes 
theoretically infinitely large, i.e., even the smallest torque will produce 
yielding of material or a crack at such a corner. In the case of a 
rectangular key way, therefore, a high stress concentration takes place 
at the reentrant corners at the bottom of the key way. These high 
stresses can be reduced by rounding the corners. 1 

101. Torsion of Hollow Shafts. So far the discussion has been 
limited to shafts whose cross sections are bounded by single curves. 
Let us consider now hollow shafts whose cross sections have two or 
more boundaries. The simplest problem of this kind is a hollow shaft 
with an inner boundary coinciding with one of the stress lines (see page 
270) of the solid shaft, having the same boundary as the outer boundary 
of the hollow shaft. 

Take, for instance, an elliptic cross section (Fig. 149). The stress 
function for the solid shaft is 


The curve 


( .r 2 

* 2(«- + b-) \a~ 





(a) 

(b) 


is an ellipse which is goometricnlly similar to the outer boundary of the 
cross section. Along this ellipse the stress function (a) remains con¬ 
stant, and hence, for k less than unity, this ellipse is a stress line for the 
solid elliptic shaft. The shearing stress at any point of this line is in 
the direction of the tangent to the line. Imagine now a cylindrical 
surface generated by this stress line with its axis parallel to the axis of 


1 The stresses at the keyway were investigated by the soap-film method. See 
the paper by A. A. Griffith and G. I. Taylor, Tech. Rept., .Wall. Advisory Comm. 
Aeronaut., vol. 3, p. 938, 1917-1918. The same problem was discussed by the 
photoelastic method. See the paper by A. G. Solakian and G. B. Karclitz, Trans. 
A.S.M.E., Applied Mechanics Division, 1931. 
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the shaft. Then, from the above conclusion regarding the direction 
of the shearing stresses, it follows that there will be no stresses acting 
across this cylindrical surface. We can imagine the material bounded 
by this surface removed without changing the stress distribution in the 
outer portion of the shaft. Hence the stress function (a) applies to the 
hollow shaft also. 

For a given angle Q of twist the stresses in the hollow shaft are the 
same as in the corresponding solid shaft. But the torque will be 
smaller by the amount which in the case of the solid shaft is carried by 
the portion of the cross section corresponding to the hole. From Eq. 
(148) we see that the latter portion is in the ratio fc 4 :l to the total 
torque. Hence, for the hollow shaft, instead of Eq. (148), we will have 


_ M t a 2 + b 2 

1 - k 4 7ra 3 6 3 G 

and the stress function (a) becomes 


. _ M t (x 2 y 2 

V nab (l - k 4 ) \a 2 b 2 

The formula for the maximum stress will be 



_ 2 M t 1 

T ““' irab 2 1 - k* 

In the membrane analogy the middle portion of the membrane, cor¬ 
responding to the hole in the shaft (Fig. 1G9), must be replaced by the 
horizontal plate CD. We note that 
the uniform pressure distributed 
over the portion CFD of the mem¬ 
brane is statically equivalent to the 
pressure of the same magnitude 
uniformly distributed over the plate 
CD and the tensile forces S in the 
membrane acting along the edge of 
this plate are in equilibrium with the 
uniform load on the plate. Hence, 
in the case under consideration the 
same experimental soap-film method 
as before can be employed because the replacement of the portion 
CFD of the membrane by the plate CD causes no changes in the con¬ 
figuration and equilibrium conditions of the remaining portion of the 
membrane. 
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Let us consider now the more general case when the boundaries of 
the holes are no longer stress lines of the solid shaft. From the general 
theory of torsion we know (see Art. 90) that the stress function must be 
constant along each boundary, but these constants cannot be chosen 
arbitrarily. In discussing multiply-connected boundaries in two- 
dimensional problems it was shown that recourse must be had to the 
expressions for the displacements, and the constants of integration 
should be found in such a manner as to make these expressions single¬ 
valued. An analogous procedure is necessary in dealing with the 
torsion of hollow shafts. The constant values of the stress function 
along the boundaries should be determined in such a manner as to 
make the displacements single-valued. A sufficient number of equa¬ 
tions for determining these constants will then be obtained. 

From Eqs. (b) and (d) of Art. 90 we have 

= c 0 ? - ° !/ )’ r » = ° (js+° x ) to 

Let us now calculate the integral 

Jr ds (< d ) 

along each boundary. Using (r) and resolving the total stress into its 
components we find 



The first integral must vanish, from the condition that the integration 
is taken round a closed curve and that w is a single-valued function. 
Hence, 

Jt ds = 0GJ (x dy — y dx) 


1 he integral on the right side is equal to double the area of the hole. 
Then 


Jt ds = 2GOA 




Thus we must determine the constant values of the stress function 
along the boundaries of the holes so as to satisfy Eq. (e) for each 
boundaiy. this equation is also valid for any closed curve drawn in 
the cross section, as may be seen by reexamining the proof. 
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A physical significance for Eq. ( e) was discussed before [see Eq. 
(152), page 271]. It indicates that in using the membrane analogy the 
level of each plate, such as the plate CD (Fig. 169), must be taken so 
that the vertical load on the plate is equal and opposite to the vertical 
component of the resultant of the tensile forces on the plate produced 
by the membrane. If the boundaries of the holes coincide with the 
stress fines of the corresponding solid shaft, the above condition is 
sufficient to ensure the equilibrium of the plates. In the general case 
this condition is not sufficient, and to keep the plates in equilibrium in 
a horizontal position special guiding devices become necessary. This 
makes the soap-film experiments for hollow shafts more complicated. 

To remove this difficulty the following procedure may be adopted. 1 We make a 

hole in the plate (Fig. 165) corresponding to the outer boundary of the shaft. 

The interior boundaries, corresponding to the holes, are mounted each on a vertical 

sliding column so that their heights can be easily adjusted. Taking these heights 

arbitrarily and stretching the film over the boundaries we obtain a surface which 

satisfies Eq. (142) and boundary conditions (144), but the Eq. (e) above generally 

will not be satisfied and the film does not represent the stress distribution in the 

hollow shaft. Repeating such an experiment as many times as the number of 

boundaries, each time with another adjustment of heights of the interior boundaries 

and taking measurements on the film each time, we obtain sufficient data for 

determining the correct values of the heights of the interior boundaries and can 

finally stretch the soap film in the required manner. This can be proved as 

follows: If i is the number of boundaries and <t> u <*» 2 , . . . , </>,- are the film surfaces 

obtained with i different adjustments of the heights of the boundaries, then a 
function 

<t> = m\4>i m 2 <t >2 4“ * * * 4~ (y) 

in which m,, m 2 , . . . , are numerical factors, is also a solution of Eq. (142) 
provided that ’ 

mi + m 2 -b * * * 4- mi = 1 

Observing now that the shearing stress is equal to the slope of the membrane, and 
substituting (/) into Eqs. (e), we obtain i equations of the form 

/ ^ds=2Ge Ai 

from which the f-factors m u m 2 , ... , m < can be obtained as functions of Q 
Ihen the true stress function is obtained from (/).« This method was applied 
by Griffith and Taylor m determining stresses in a hollow circular shaft having a 

vol ^3 p 938^1917''' 1918^* ^ Tayl ° r ’ Techm RepL NaU - Advisory Co?nm. Aeronaut ., 

2 Griffith and Taylor concluded from their experiments that instead of constant- 
pressure films it is more convenient to use zero-pressure films (see p. 272) in studying 
the stress distribution in hollow shafts. A detailed discussion of the calculation 
of factors mi, m 2 , ... is given in their paper. 
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keyway in it. It was shown in this manner that the maximum stress can be con¬ 
siderably reduced and the strength of the shaft increased by throwing the bore in 
the shaft off center. 


The torque in the shaft with one or more holes is obtained using 
twice the volume under the membrane and the flat plates. To see 
this we calculate the torque produced by the shearing stresses dis¬ 
tributed over an elemental ring between two adjacent stress lines, as 
in Fig. 169 (now taken to represent an arbitrary hollow section). 
Denoting by 8 the variable width of the ring and considering an element 
such as that shaded in the figure, the shearing force acting on this ele¬ 
ment is rb (Is and its moment with respect to O is rrb ds. Then the 
torque on the elemental ring is 

dM t = jrrdds ( c ) 



in which the integration must be extended over the length of the ring. 
Denoting by A the area bounded by the ring and observing that r is 

the slope, so that t8 is the difference 
in level h of the two adjacent con¬ 
tour lines, we find, from (c), 

dM t = 2 hA (d) 

i.c. f the torque corresponding to the 
elemental ring is given by twice 
the volume shaded in the figure. 
The total torque is given by the 
sum of these volumes, i.c. y twice 
the volume between AB, the membrane AC and DB, and the flat plate 
CD. The conclusion follows similarly for several holes. 

102. Torsion of Thin Tubes. An approximate solution of the tor¬ 
sional problem for thin tubes can easily be obtained by using the mem¬ 
brane analogy. Let AB and CD (Fig. 170) represent the levels of the 
outer and the inner boundaries, and AC and DB be the cross section of 
the membrane stretched between these boundaries. In the case of a 
thin wall, we can neglect the variation in the slope of the membrane 
across the thickness and assume that AC and BD are straight lines. 
This is equivalent, to the assumption that the shearing stresses are uni¬ 
formly distributed over the thickness of the wall. Then denoting by 
h the difference in level of the two boundaries and by 8 the variable 
thickness of the wall, the stress at any point, given by the slope of the 
membrane, is 


h 
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It is inversely proportional to the thickness of the wall and thus 
greatest where the thickness of the tube is least. 

To establish the relation between the stress and the torque M t we 
apply again the membrane analogy and calculate the torque from the 
volume ACDB. Then 

Mt — 2 Ah = 2 A dr ( b ) 

in which A is the mean of the areas enclosed by the outer and the inner 
boundaries of the cross section of the tube. From (6) we obtain a 
simple formula for calculating shearing stresses, 


2 A 8 


(16G) 


For determining the angle of twist 0, we apply Eq. (152). Then 


rds = ¥i j d i = 2GdA < c > 

from which 1 

• - sfe / T <■<*> 

In the case of a tube of uniform thickness, 
d is constant and (167) gives 

* = 4^5 < 168 > 

:n which s is the length of the center line 
of the ring section of the tube. 




If the tube has reentrant corners, as in the case represented in Fig. 
171, a considerable stress concentration may take place at these cor¬ 
ners. The maximum stress is larger than the stress given by Eq. (166) 
and depends on the radius a of the fillet of the reentrant corner (Fig. 
1716). In calculating this maximum stress we shall use the membrane 
analogy as we did for the reentrant corners of rolled sections (Art. 98). 

The equation of the membrane at the reentrant corner may be taken 
in the form 


d 2 z 1 dz 
dr 2 r dr 


Q 

S 


1 Equations (166) and (167) for thin tubular sections were obtained by R. Bredt, 
V.D.I., vol. 40, p. 815, 1896. 
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Replacing q/S by 2GO and noting that r = — dz/dr (see Fig. 170), we 
find 

( Il +- T = 2Gd ( d) 

dr r 


Assuming that we have a tube of a constant thickness S and denoting 
by to the stress at a considerable distance from the corner calculated 
from Eq. (160), we find, from (c), 


Substituting in (r/), 


2 GO 


To S 

A 


(h , 1 _ ToS 

7h- r T - ~A 



The general solution of this equation is 


r 


r 


to sr 

2 A 



Assuming that the projecting angles of the cross section have fillets 
with the radius a, as indicated in the figure, the constant of integration 
C can be determined from the equation 


t dr = t 0 S ( g ) 

which follows from the hydrodynnmieal analogy (Art. 100), viz.: if an 
ideal fluid circulates in a channel having the shape of the ring cross 
section of the tubular member, the quantity of fluid passing each cross 
section of the channel must remain constant. Substituting expression 
(/) for t into Eq. (g), and integrating, we find that 




1 - (s/A A)(2a + 5) 
log, (1 + S/a) 


and, from Eq. (/), that 


_ Tn5 1 — (s/4-4)(2a + 5) T 0 sr 

T r logo (1 + S/a) 2A 



For a thin-walled tube the ratios s(2a + 5) /A t sr/A , will be small, 
and (/i) reduces to 
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Substituting r = a we obtain the stress at the reentrant corner. This 
is plotted in Fig. 172. The other curve 1 (/I in Fig. 172) was obtained by 
the method of finite differences, without the assumption that the 
membrane at the corner has the form of a surface of revolution. It 
confirms the accuracy of Eq. (i) for small fillets—say up to a/8 = i. 
For larger fillets the values given by Eq. (i) are too high. 

Let us consider now the case 
when the cross section of a tubular 
member has more than two bound¬ 
aries. Taking, for example, the 
case shown in Fig. 173 and assum¬ 
ing that the thickness of the wall is 


0 0.5 1.0 1.5 2.0 

o/d 

Fig. 172. Fig. 173. 




very small, the shearing stresses in each portion of the wall, from the 
membrane analogy, are 




in which h\ and h 2 are the levels of the inner boundaries CD and EF 2 

The magnitude of the torque, determined by the volume ACDEFB, 
is 

Mt — 2(yli/ii T - A 2 h 2 ) — 2^4i5iti + 2 .T 252 T 2 ( l ) 

where Ai and A 2 are areas indicated in the figure by dotted lines. 

Further equations for the solution of the problem are obtained by 
a Pplying Eq. (152) to the closed curves indicated in the figure by 

1 Huth, loc. dt. 

It is assumed that the plates are guided so as to remain horizontal (see p. 297). 
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dotted lines. Assuming that the thicknesses Si, S 2 , 5 * are constant 
and denoting by s x , s 2 , s 3 the lengths of corresponding dotted curves, 
we find, from Fig. 173 , 


t iS i + T3.S3 = 2 ( 70 / 1 1 
r 2S2 — T3S3 = 2 ( 70 . 1 2 



By using the last of the Fqs. (/.') and Eqs. (/) and (m), we find the 
stresses r ly r 2 , r 3 as functions of the torque: 




il/^fAjSoA 1 -f- 

*sG 4 i 

+ 

A 2 )1 



M 

Tl = 

2[61 5 3 .So. 

A i 2 -F 626 38 i/I 2 2 

4 - 5 ! 

6 2 8 

;$(*1 1 


a/ 2 ] 



il/ 7 [ 53 $l/t 2 + 61; 

s 3 (-4 1 

+ 

A 2)] 



(0) 

T 2 = 

2 [8 x 8 A s 2 

A 1 2 T" 5 2 6 38 i/l 2" 

+ 61 

80s 

a (“4 1 

+ 

■uy-\ 



]\f t ( 5 182*11 - 

— 80S 

1 * 4 , 

r) 



( v ) 

r 3 = 

2[£ 16382- 

. 11" + 6 2 6 3 s i -4 2" 

+ 6! 

8 >s 

a(*l 1 

+ 

•U) 2 ] 

3 of a 

1 symmetrical cross see 

t ion, 

81 

= 82, 

Si 

= «*, 

A 1 = Ao, 


All II n: l vii t* o > liimv 1-1 iv tv* ' 4 ^ * 1 —* -» * **' ' 

and r 3 = 0 . In this case the torque is taken by the outer wall of the 
tube, and the web remains unstressed. 1 

To get the twist for any section like that shown in Fig. 173 , one 
substitutes the values of the stresses in one of the Fqs. (m). Thus 0 
can be obtained as a function of the torque M t . 


103. Torsion of a Bar in Which One Cross Section Remains Plane. In discuss¬ 
ing torsional problems it has always been assumed that the torque is applied by 
means of shearing stresses distributed over the ends of a bar in a definite manner, 
obtained from the solution of Kq. (112) and satisfying the boundary condition 
(144). If the distribution of stresses at the ends is different from this, a local 
irregularity in stress distribution results and the solution of Fqs. (142) and (144) 
can be applied with satisfactory accuracy only in regions at some distance from 

the ends of the bar. 2 3 

A similar irregularity occurs if a cross section of a twisted bar is prevented from 
warping by some constraint. We encounter problems of this kind occasionally in 
engineering.® A simple example is shown in Fig. 1 < 4. From symmetry it can be 
concluded that the middle cross section of the bar remains plane during torsion. 
Hence the stress distribution near this cross section must be different from that 


1 The small stresses corresponding to the change in slope of the membrane across 
the thickness of the web are neglected in this derivation. 

2 The local irregularities at the ends of a circular cylinder have been discussed 
by F. Purser, Proc. Roy. Irish Arad, Dublin, vol. 20, series A, p. 54, 1900. See 
also K. Wolf, Sitzher. Akad Wiss., Wien, vol. 125, p. 1149, 1910, and A. Timpe, 
Math. Annalen, vol. 71, p. 480, 1912. 

3 Torsion of I-beams under such conditions was discussed by S. Timoshenko, 
Z. Math. Physik, vol. 58, p. 301, 1910. See also C. Weber, Z. angew. Math. Mech ., 
vol. 0, p. 85, 1920. 
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obtained above for rectangular bars (Art. 95). In discussing these stresses, let us 
consider first the case of a very narrow rectangle 1 and assume that the dimension 
a is large in comparison with b. If cross sections are free to warp, the stresses, 
from Art. 94, are 

r xz = —2 Gey, Ty Z =0 (a) 

and the corresponding displacements, from Eqs. (a), (5), and (d) of Art. 90, are 

u = — Oyz, v — dxz, w = — 6xy ( b ) 


To prevent the warping of the cross sections, designated as displacement w, 
normal stresses <t s must be distributed over the cross sections. We obtain an 


approximate solution by assuming that 
<x z is proportional to w and that it 
diminishes with increase of distance z 
from the middle cross section. These 
assumptions are satisfied by taking 

o z = — mEde~ mz xy (c) 

in which m is a factor to be determined 
later. Due to the factor e~ ms the stress 
<t z diminishes with increase of z and 
becomes negligible within a certain 
distance depending upon the magnitude 
of m. 

The remaining stress components must 
now be chosen in such a manner as to 
satisfy the differential equations of 
equilibrium (127) and the boundary 
conditions. It is easy to prove that these 



requirements are satisfied by taking 


o z — o v — 0 

t xv = — Ein 3 0e~ mz (a 2 — x 2 )(b 2 — y 2 ) 
t iz = \Em 2 0e~ mz (a 2 — x 2 )y — 2 GOy 
t vz = \Em 2 6e~ mz (b 2 — y 2 )x 



For large values of z this stress distribution approaches the stresses (a) for simple 
torsion. The stress component t xv becomes zero at the boundary x = +a and 
y = ±b; t X s and r vz are zero for x = +a and y — +b, respectively. Hence the 
boundary conditions are satisfied and the lateral surface of the bar is free from 
forces. 

For determining the factor m, we consider the strain energy of the bar and calcu¬ 
late m to make this energy a minimum. By using Eq. (84) on page 148, we find 

V = 5G f-l S-a f-b [ Txv2 + T ~ 2 + ^ + 2(1 + u) * "* 2 \ dX dy dZ 


2(1 + y) 

Substituting from (cl), and noting that for a long bar we can with sufficient accuracy 
put 

l 1 

e -mr dz = - 

o m 


fo 


1 See S. Timoshenko, Proc. London Math. Soc., series 2, vol. 20, p. 389, 1921. 
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we get 

V = ^ E0*a*b 3 | -3m + (1 + *0 a*b 2 rn* + ^ (« 2 + b*)m 3 + (1 («) 

The minimum condition gives us the following equation for determining m. 

(1+ *01 ia a 6*m 4 -+• J(a 2 -f- 6 2 )m 2 ] = 3 


which, for a narrow rectangle, reduces approximately to 

m 2 = 71— \ i 
(1 + v)a 2 



Substituting this value of m in (r) and (d), we find the stress distribution for the 
case when the middle cross section of the bar remains plane. 

For calculating the angle of twist </-, we put the potential energy (c) equal to the 

work done by the torque lift. 


M ok 
2 



from which the angle of twist is 


, _ 34/, r 
* 16G7i6 3 \_ l 


V5(l 4- u) 



Comparing this result with Eq. (155) on page 273, wo conclude that by preventing 
the middle cross section from warping we increase the rigidity of the bar with 
respect to torsion. The effect of the local irregularity in stress distribution on the 
value of t is the same as the influence of a diminution of the length l by 

Vb (F+T) 


Taking v — 0.30, this reduction in l becomes 0.425a. We see that the effect of 
the constraint of the middle cross section on the angle of twist is small if the 

dimension a is small in comparison with l. 

The twist of a bar of an elliptic cross section can be discussed in an analogous 
manner. 1 Of greater effect is the constraint of the middle cross section in the 
case of torsion of a bar of I cross section. An approximate method for calculating 
the angle of twist in this case is obtained by considering bending of the flanges 
during torsion. 2 


104. Torsion of Circular Shafts of Variable Diameter. Let us 

consider a shaft in the form of a body of revolution twisted by couples 
applied at the ends (Fig. 175). We may take the axis of the shaft as 


1 A. Fop pi, Silzbcr. Bayer. Akad. H'/ss., 

p. 261. 

2 See S. Timoshenko, Math. Physik ., 
Materials, vol. 2, p. 287, 1941. 


Math.-phys. Klassc , Miinchcn, 1920, 
vol. 58, p. 361, 1910; or Strength of 
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the 2 -axis and use polar coordinates r and 6 for defining the position of 
an element in the plane of a cross section. The notations for stress 
components in such a case are a r , <r 0 , cr=, r r ,, r r0 , tq z . The components of 
displacements in the radial and tangential directions we may denote by 
u and v and the component in the 2 -direction by w. Then, using the 




formulas obtained previously for two-dimensional problems (Art. 28), 
we find the following expressions for the strain components: 



yre 



(169) 


Writing down the equations of equilibrium of an element (Fig. 175), 
as was done before for the case of two-dimensional problems (Art. 25), 
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and assuming that there are no body forces, we arrive at the following 
differential equations of equilibrium: 1 


do r - 1 dr r o dr rz a r o 

~dr ~r ~d0 ' dz r 

dr rz 1 dr 0z , da z T r: 

H-n-— -T- 


dr 

dr r 0 

dr 


+ - 


r 00 
1 dao 


r dO 


+ 


dz 
dr e ; 
dz 


+ 


r 
2 T r 0 


= 0 


= 0 


= 0 


(170) 


In the application of these equations to the torsional problem we use 
the semi-inverse method (see page 259) and assume that u and w are 
zero, i.e., that during twist the particles move only in tangential direc¬ 
tions. This assumption differs from that for a circular shaft of con¬ 
stant diameter in that these tangential displacements are no longer 
proportional to the distance from the axis, i.e., the radii of a cross sec¬ 
tion become curved during twist. In the following pages it will be 
shown that the solution obtained on the basis of such an assumption 
satisfies all the equations of elasticity and therefore represents the true 
solution of the problem. 

Substituting in (169) u = w = 0, and taking into account the fact 
that from symmetry the displacement v does not depend on the angle 
0 , we find that 


C r — €0 y rz 9, 


dv 

yr0 ~ Yr 


v 
—* 
r 


yoz = 


dv 

dz 


(a) 


Hence, of all the stress components, only r r o and t$ z are different from 
zero. The first two of Eqs. (170) are identically satisfied, and the 

third of these equations gives 


dTr° , d T 0z , 2 TrO _ ^ 

~Yr dz r 

This equation can be written in the form 

4~ (r-Tro) + 4- (r-T"') = 0 

dr dz 


(b) 


to 


It is seen that this equation is satisfied by using a stress function <f> of r 
and z, such that 

i i 

(d) 


r " T " = ~ Tz’ 


o 

r-roz = 


dr 


* These equations were obtained by Lnm6 and Clapeyron; see Crellc’s J ., vol. <> 
1831. 
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To satisfy the compatibility conditions it is necessary to consider 
the fact that r r0 and t 0z are functions of the displacement v. From 
Eqs. (a) and ( d ) we find 



From these equations it follows that 


or 


d 

dr 



d 2 4> 
dr 2 


3 d<p . d' 2 <f> = n 
r dr dz 2 


(/) 

(flO 



Let us consider now the boundary conditions for the function </>. 
From the condition that the lateral surface of the shaft is free from 
external forces we conclude that at any point A at the boundary of an 
axial section (Fig. 175) the total shearing stress must be in the direction 
of the tangent to the boundary and its projection on the normal N to 
the boundary must be zero. Hence 


Trd 


dz 

ds 




where ds is an element of the boundary. Substituting from (d), we 
find that 


d<f> dz 
dz ds 


+ 


d<t> dr 
dr ds 




from which we conclude that <f> is constant along the boundary of the 
axial section of the shaft. 

Equation ( g ) together with the boundary condition ( h ) completely 
determines the stress function <f>, from which we may obtain the stresses 
satisfying the equations of equilibrium, the compatibility equations, 
and the condition at the lateral surface of the shaft. 1 


1 This general solution of the problem is due to J. H. Michell, Proc. London Math. 
Soc. y vol. 31, p. 141. 1899. See also A. Foppl, Sitzher. Bayer. Akad. Wiss. y Mun- 
chen, vol. 35, pp. 249 and 504, 1905. Also the book “ Kerbspannungslehre ” by 
H. Neuber, which gives solutions for the hyperboloid of revolution, and for a 
cavity in the form of an ellipsoid of revolution, by a different method. Reviews 
of the literature on the subject have been given by T. Poschl, Z. angew. Math. 
Mech.y vol. 2, p. 137, 1922, and T. J. Higgins, Experimental Stress Analysis , vol. 3, 
no. 1, p. 94, 1945. 
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The magnitude of the torque is obtained by taking a cross section 
and calculating the moment given by the shearing stresses t Q z . Then 




2tt r 2 T 0 z dr = 2-k 




where a is the outer radius of the cross section. The torque is thus 
easily obtained if we know the difference between the values of the 
stress function at the outer boundary and at the center of the cross 

section. 

In discussing displacements during twist of the shaft let us use the 
notation \p = v/r for the angle of rotation of an elemental ring of radius 
r in a cross section of the shaft. This ring can be considered as the 
cross section of one of a number of thin elemental tubes into which 
the shaft is subdivided. Then ^ is the angle of twist of such a tube. 
From the fact that the radii of the cross section become curved, it 
follows that varies with r and the angles of twist of elemental tubes 
are not equal for the same cross section of the shaft. Equations (e) 
can now be written in the form 


from which 


or 


A solution of this equation gives us the angle of twist as a function of r 
and z. If we put 

\p = constant (w) 

in this solution, we obtain a surface in which all the points have the 
same angle of twist. In Fig. 175, A A i represents the intersection of 
such a surface with the axial section of the shaft. From symmetry it 
follows that the surfaces given by Eq. (m) are surfaces of revolution 
and A A i is a meridian of the surface going through the point A, Dur¬ 
ing twist these surfaces rotate about the 2 -axis without any distortion, 
exactly in the same manner as the plane cross sections in the case of 
circular cylindrical shafts. Hence the total strain at any point of the 
meridian A A i is pure shearing strain in the plane perpendicular to the 
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meridian, and the corresponding shearing stress in the axial section of 
the shaft has the direction normal to the meridian. At the boundary 
this stress is tangent to the boundary and the meridians are normal 
to the boundary of the axial section. If we go from the surface 
\p — constant to an adjacent surface the rate of change of \f/ along the 
boundary of the axial section of the shaft is d\f//ds, and in the same 
manner as for a cylindrical shaft of circular cross section (Art. 87) we 
have 

T = Gr fs (n) 

where 

dr dz 

T — TrO ~r T0z ~T 

ds ds 

is the resultant shearing stress at the boundary. It is 
seen that the value of this shearing stress is easily 
obtained if we find by experiment the values of d\f//ds. 1 

Let us consider now a particular case of a conical shaft 2 
(Fig. 176). In this case the ratio 

z z. 



(r 2 + z 2 )* 


Fig. 176. 


is constant at the boundary of the axial section and equal to cos a. 
Any function of this ratio will satisfy the boundary condition ( h ). In 
order to satisfy also Eq. ( g ) we take 



(r 2 + z 2 )* 


1 

3 


(r 2 -b z 2 )* 



where c is a constant. Then by differentiation we find 



T0 Z 


1 d<t> 
r 2 dr 


crz 

(r 2 + z 2 )8 



The constant c is obtained from Eq. ( k ). Substituting (o) in this 
equation we find 

c _ Mi _ 

27!-(-§• — COS a. + $ COS 3 a .) 

To calculate the angle of twist we use Eqs. (e), from which the expres¬ 
sion for \f/ y satisfying Eq. (Z) and the boundary condition, is 



c 

3G(r 2 + z 2 )* 



1 Such experiments were made by R. Sonntag, Z. angew. Math. Alech., vol. 9. 
p. 1, 1929. 


2 See Foppl, loc. cit. 
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It will be seen that the surfaces of equal angle of twist are spherical 
surfaces with their center at the origin O. 

The case of a shaft in the form of an ellipsoid, hyperboloid, or parab¬ 
oloid of revolution can be discussed in an analogous manner. 1 

The problems encountered in practice are of a more complicated 
nature. The diameter of the shaft usually changes abruptly, as shown 
in Fig. 177a. The first investigation of such problems was made by 
A. Foppl. C. Runge suggested a numerical method for the approxi¬ 
mate solution of these problems, 2 and it was shown that considerable 

st ress concentration takes place at such 
points as m and and that the magni¬ 
tude of the maximum stress for a shaft 
of two different diameters d and D 
(Fig. 177a) depends on the ratio of the 
radius a of the fillet to the diameter d 
of the shaft and on the ratio d/D. 

In the case of a semicircular groove 
of very small radius a, the maximum 
stress at the bottom of the groove 
(Fig. 177//) is twice as great as at the surface of the cylindrical shaft 
without the groove. 

In discussing stress concentration at the fillets and grooves of twisted 
circular shafts, an electrical analogy has proved very useful. 3 The 
general equation for the flow of an electric current in a thin homoge¬ 
neous plate of variable thickness is 



d_ 

d.V 




in which h is the variable thickness of the plate and \p the potential 
fund ion. 


1 See papers by K. Melan, Tech. Blatter , Prag, 1020; A. N. Rinnik, Bull. Don 
Polytech. Inst ., Norotcherkask , 1012; \Y. Arndt, Die Torsion von Wellcn mit 
achsensymmetrisehen Bohrungen und Ilohlrhumen, Dissertation, Gottingen, 
1010; A. Timpe, Math. Annalcn, 1011, p. 480. Further references are given in a 
review by Iliggins, lor. cit. 

2 Sec? F. A. Willers, Z. Math. Physik, vol. 55, p. 225, 1007. Another approximate 
method was developed by L. Foppl, Sitzhcr. Bayer. Akad. IFiss., Munchen, vol. 51, 
p. 01, 1021, and by U. Sonntag, Z. angew. Math. Mech ., vol. 0, p. 1, 1020. 

3 Sec* paper by L. S. Jacobsen, Trans. A.S.M.E. , vol. 47, p. 610, 1025, and the 
survey given by T. J. Iliggins, lor. cit. Discrepancies between results obtained 
from this and other methods are discussed in the latter paper. For further com¬ 
parisons and strain-gauge measurements extending Fig. 170 to 2 a/d = 0.50 sec 
A. Weigand, Luftfahrt-Forseh., vol. 20, p. 217, 1043, translated in X.A.C.A. 1'ech. 
Mem. 1170, September, 1047. 
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Let us assume that the plate has the same boundary as the axial sec¬ 
tion of the shaft (Fig. 178), that the x - and ?/-axes coincide with the 
z- and r-axes, and that the thickness of the plate is proportional to the 
cube of the radial distance r, so that h = ar 3 . Then Eq. (r) becomes 


dY . 3 <Y , ^Y = 0 

dz 2 r dr dr 2 


This coincides with equation (Z), and we conclude that the equipoten- 
tial lines of the plate are determined by the same equation as the lines 
of equal angles of twist in the case of a shaft of variable diameter. 

Assuming that the ends of the plate, corresponding to the ends of the 
shaft, are maintained at a certain difference of potential so that the 
current flows along the 2 -axis, the equipotential lines are normal to the 



Fia. 178. 



lateral sides of the plate, i.e., we have the same boundary conditions as 
for lines of constant angle of twist. If the differential equations and 
the boundary conditions are the same for these two kinds of lines, the 
lines are identical. Hence, by investigating the distribution of poten¬ 
tial in the plate, valuable information regarding the stress distribution 
in the twisted shaft can be obtained. 

The maximum stress is at the surface of the shaft and we obtain this 
stress by using Eq. (n). From this equation, by applying the electrical 
analogy, it follows that the stress is proportional to the rate of drop of 
potential along the edge of the plate. 

Actual measurements were made on a steel model 24 in. long by G in. 
wide at the larger end and 1 in. maximum thickness (Fig. 178). The 
drop of potential along the edge mrt'pq of the model was investigated by 
using a sensitive galvanometer, the terminals of which were connected 
to two sharp needles fastened in a block at a distance 2 mm. apart. 
By touching the plate with the needles the drop in potential over the 
distance between the needle points was indicated by the galvanometer. 
By moving the needles along the fillet it is possible to find the place of, 
and measure, the maximum voltage gradient. The ratio of this 
maximum to the voltage gradient at a remote point m (Fig. 178a) gives 
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the magnitude of the factor of stress concentration k* 


in the equation 


r 


max. 



lGil It 

7T d* 


The results of such tests in one particular case are represented in Fig. 
178c, in which the potential drop measured at each point is indicated 



2a 

d 

1'iu. 179. 


by the length on the normal to the edge of the plate at this point. 
From this figure the factor of stress concentration is found to be 1.54. 
The magnitudes of this factor obtained with various proportions of 
shafts are given in Fig. 179, in which the abscissas represent the ratios 
2a/f/ of the radius of the fillet to the radius of the smaller shaft and the 
ordinates the factor of stress concentration k for various values of the 
ratio D/d (see Fig. 177). By interpolating from these curves the factor 


* Small variations in vadius r (Ftp (//')] can hr neglected in this ease. 
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of stress concentration for any particular case can be found with suffi- 
cient accuracy. 

Problems 

1 . Show by considering the equilibrium of the whole bar that when all stress 
components vanish except t«, t„„ the loading must consist of torsional couples 

only [cf. Eqs. ( h ), Art. 90]. , .. 

2. Show that <t> = A(r* — a-) solves the torsion problem for the solid or hollow 

circular shaft. Determine A in terms of G0. Using Eqs. (141) and (145) evaluate 
the maximum shearing stress and the torsional rigidity in terms of Mt for the solid 
shaft, and verify that the results are in agreement with those given in any text 

on strength of materials. 

3. Show that for the same twist, the elliptic section has a greater shearing 
stress than the inscribed circular section (radius equal to the minor axis b of the 
ellipse). Which takes the greater torque for the same allowable stress? 

4. Use Eq. (g) of Art. 92 and Eq. (145) to evaluate the torsional rigidity of 

the equilateral triangle, and thus verify Eq. (0> Art. 92. 

6. Using the stress function (m) of Art. 92 expressed in rectangular coordinates, 
find an expression for along the middle line Ax of Fig. 153, and verify that the 
greatest value along this line is the value given by 
Eq. (p). 

6. Evaluate the torsional rigidity of the section 
shown in Fig. 153. Is it appreciably different 
from that of the complete circular section when the 
groove is small? 

7. Show that the expression for the stress func¬ 
tion <f> which corresponds to the parabolic mem¬ 
brane of Art. 94 is 


* = -Ge (*’ - c {) 



In a narrow tapered section such as the triangle 
shown in Fig. 180, an approximate solution can be 
obtained by assuming that at any level y the 

membrane has the parabolic form appropriate to the width at that level. Prove 
that for the triangular section of height b 

Alt = -y^GdbCo 3 

approximately. 

8. Using the method indicated in Prob. 7, find an approximate expression for the 
torsional rigidity of the thin symmetrical section bounded by two parabolas shown 
in Fig. 181, for which the width c at a depth y below the center is given by 


-'•(>- 6 ) 


9. Show that the method indicated in Prob. 7 gives for a slender elliptical 
section the approximate stress function 


* = “ GOb * (fi + I? _ 0 
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the ellipse l>ring that, of Fig. 140 with b/a small. Show that the exact solution of 
Art. 01 approaches this as b/a is made small. 

Derive the approximate formulas 

M, = *ab'G0, Trnfti. = 2 G6b = 2Af . ‘ 

irUU 2 

for the slender elliptical section, and compare with the corresponding formulas 
for the thin rectangular section of length 2a and thickness 2b. 

10. Apply the method given at the end of Art. 07 to find an approximation to 
the torsional rigidity of the section described in Prob. 8. 

11. A section has a single hole, and the stress function <t> is determined so that it 
vanishes on the outside boundary and has a constant value <£// on the boundary of 
the hole. By adapting the calculation indicated on page 202 for Eq. (145), prove 
that the total torque is given by twice the volume under the <£-surface plus twice 
the volume under a flat roof at height <t>n covering the hole (cf. page 298). 

12. A closed thin-walled tube has a perimeter l and a uniform wall thickness 6. 
An open tube is made by making a fine longitudinal cut in it. Show that when the 

maximum shear stress is the same in both 
closed and open tubes, 



CL 


Mu, 

Sit 


j»e n 


closed 


16 

64’ 


0«>t>C II 

0rlo*o<l 


2.1 

16 


and that the ratio of the torsional rigidities 
is / 2 5 2 /12.t 2 , 4 being the area of the “hole.” 

Evaluate these ratios for a circular tube of 
1 in. radius, y\j in. wall thickness. 

13. A thin -walled tube has the cross section shown in Fig. 182, with uniform 
wall thickness 5. Show that there will be no stress in the central web when the 
tube is twisted. 

Find formulas for (a) the shear stress in the walls, away from the corners, ( b ) the 
unit twist 0. in terms of the torque. 

14. Find expressions for the shear stresses in a tube of the section shown in 
Fig. 183, the wall thickness 6 being uniform. 

16. I n discussing thin-walled closed sec¬ 
tions, it was assumed that the shear stress 
is constant across the wall thickness, corre¬ 
sponding to constant membrane slope across 
the thickness. Show that this cannot be 
strictly true for a straight part of the wall 
( e.g ., Fig. 171a) and that in general the correc¬ 
tion to this shear stress consists of the shear 
stress in a tube made “open” by longitudinal cuts (ef. Prob. 12). 

16. The theory of Art. 104 includes the uniform circular shaft as a special case. 
What are the corresponding forms for the functions <J> and Show that these 
functions give the correct relation between torque and unit twist. 

17. Prove that 



Fio. 183. 


z Az 3 
* ~ R + It 3 


where 


R = (r 2 4- z 2 )i 


satisfies Eq. (g) of Art. 104 only if the constant A is — tj [cf. Eq. (o)]. 
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18. At any point of an axial section of a shaft of variable diameter, line elements 
ds and dn (at right angles) in the section are chosen arbitrarily as shown in Fig. 184. 
The shear stress is expressed by components r s , r n along these. Show that 


1 d<t> 
Tt ” r 2 an’ 


T n 


l d<t> . 
r 2 Os’ 



T n 



and deduce the boundary condition satisfied by . 

Show without calculation that the function given by Eq. (q) 
of Art. 104 satisfies this boundary condition for a conical 
boundary of any angle. 

19. Verify that Eq. ( q ) of Art. 104 gives correctly the func¬ 
tion i p corresponding to the function <fi in Eq. (o). 

20. If the theory of Art. 104 is modified by discarding the 




Fig. 184. 


boundary condition <t> = constant the stress will be due to 

certain “rings of shear” on the boundary, as well as end torques. Considering 
the uniform circular shaft, describe the problem solved by <t> = Czr 4 where C is a 


constant, for 0 < z < l. 

21. Prove that the relative rotation of the ends of the (conical) tapered shaft 


shown in Fig. 185 due to torque Alt is 




If a and b are both made large, with b — a = l, and <x is made small, the above 
result should approach the relative rotation of the ends of a uniform shaft of 
length l , and radius <xa, due to torque Alt. Show that it does so. 


O 



Fig. 185. Fig. 186- 


22. Use the functions given by Eqs. (o) and ( q ) of Art. 104 to find, in terms of Alt, 
the relative rotation of the ends of the hollow conical shaft shown in Fig. 186. 3. he 

ends are spherical surfaces of radii a, b, center O. 



CHAPTER 12 

BENDING OF PRISMATICAL BARS 


106. Bending of a Cantilever. In discussing pure bending (Art. 88) 
it was shown that, if a prismatical bar is bent in one of its principal 
planes by two equal and opposite couples applied at the ends, the 
deflection occurs in t he same plane, and of the six components of stress 
only the normal stress parallel to the axis of the bar is different from 
zero. This stress is proportional to the distance from the neutral axis. 
Thus the exact solution coincides in this case with the elementary 
theory of bending. In discussing bending of a cantilever of narrow 
rectangular cross section by a force applied at the end (Art. 20), it was 



shown that in addition to normal stresses, proportional in each cross 
section to the bending moment, there will act also shearing stresses 
proportional to the shearing force. 

Consider now a more general case of bending of a cantilever of a con¬ 
stant cross section of any shape by a force P applied at the end and 
Parallel to one of the principal axes of the cross section 1 (Fig. 187). 
1 ake the origin of the coordinates at the centroid of the fixed end. 
the z-axis coincides with the center line of the bar, and the x - and 
//-axes coincide with the principal axes of the cross section. In the 
solution of the problem we apply Saint-Venant’s semi-inverse method 
and at the very beginning make certain assumptions regarding stresses. 
We assume that normal stresses over a cross section at a distance z 

fiom the fixed end are distributed in the same manner as in the case of 
pure bending: 


_ _ PV- z)x 

a t = — --- 


(«) 


1 This problem was solved by Saint-Venant, J. malhSmat. (Liouville ), series 2, 
vol. 1, 1856. 
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We assume also that there are shearing stresses, acting on the same 
cross sections, which we resolve at each point into components r X2 and 
r vz . We assume that the remaining three stress components <r x , a Uf r^ 
are zero. It will now be shown that by using these assumptions we 
arrive at a solution which satisfies all of the equations of the theory of 
elasticity and which is hence the exact solution of the pioblem. 

With these assumptions, neglecting body forces, the differential 
equations of equilibrium (127) become 



dr xz 

dx 




Px 

I 


( b) 

(c) 


From (6) we conclude that shearing stresses do not depend on z and are 
the same in all cross sections of the bar. 

Considering now the boundary conditions (128) and applying them 
to the lateral surface of the bar, which is free from external forces, we 
find that the first two of these equations are identically satisfied and 
the third one gives 

r xz l + T yz m = 0 
From Fig. 1876 we see that 


l = cos (Nx) 


dy 

da’ 


m = cos (Ny) 


dx 

ds 


in which ds is an element of the bounding curve of the cross section. 
Then the condition at the boundary is 



Turning to the compatibility equations (130), we see that the first 
three of these equations, containing normal stress components, and the 
last equation, containing r^, are identically satisfied. The system 
(130) then reduces to the two equations 


V 2 r yz = 0, V 2 r xz 


P 

7(1 + v) 



Thus the solution of the problem of bending of a prismatical cantilever 
of any cross section reduces to finding, for t xz and t vz , functions of x 
and y which satisfy the equation of equilibrium (c), the boundary 
condition (d), and the compatibility equations (e). 
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106. Stress Function. In discussing the bending problems we 
shall again make use of a stress function <f>(x,y). It is easy to see that 
the differential equations of equilibrium ( b ) and (c) of the previous 
article are satisfied by taking 



Px 2 

+ /(*), 



(171) 


in which </> is the stress function of x and y, and f(y) is a function of y 
only, which will be determined later from the boundary condition. 

Substituting (171) in the compatibility equations ( e ) of the previous 
article, we obtain 

± (** 4 - £!*) = 0 
dx \dx 2 dy 2 ) 

d /ay d 2 <t>\ V P d 2 f 

dy \dx 2 ^ dy 2 ) 1 + vl dy 2 

From these equations we conclude that 


d-<t> d 2 <f> _ v Py df 

dx 2 dy 2 1 + v I dy ' C 



where c is a constant of integration. This constant has a very simple 
physical meaning. Consider the rotation of an element of area in the 
plane of a cross section of the cantilever. This rotation is expressed 
by the equation (see page 225) 

n dv du 

£( O z t: t 

ox dy 

The rate of change of this rotation in the direction of the 2 -axis can be 
written in the following manner: 


±(dv _du\ = d_ (dv dw\ _ d_(du ,dw\ _ dy ua dy x , 

dz \dx dy) dx \dz dy) dy \dz ^ dx) dx dy 

and, by using Hooke’s law and expressions (171) for the stress compo¬ 
nents, we find 


d_ 

dz 


(2o> z ) 


= 1 ( dTvc 
G \ dx 



Substituting in Eq. (a), 







v Py 

\~+~v~T 
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If the o:-axis is an axis of symmetry of the cross section, bending by a 
force P in this axis will result in a symmetrical pattern of rotation co 2 of 
elements of the cross section (corresponding to anticlastic curvature), 
with a mean value of zero for the whole cross section. The mean value 
of dcojdz will then also be zero, and this requires that c in Eq. (b) be 
taken as zero. If the cross section is not symmetrical we can define 1 
bending without torsion by means of the zero mean value of da> 2 /dz, 
again of course requiring the zero value for c. Then Eq. (6) shows that 
do> z /dz vanishes for the elements of cross sections at the centroids—that 
is, these elements along the axis have zero relative rotation, and if one 
is fixed the others have no rotation—about the axis. With c zero Eq. 
(a) becomes 


d~<t> d 2 f> = v Py df 

dx 2 dy 2 1 + v I dy 


(172) 


Substituting (172) in the boundary condition (d) of the previous 
article we find 


d<j> dy , d<t> dx_ _ 50 _ I" Px 2 _ ,, . ~| dy 
dy ds dx ds ds |_ 2/ ^ J ds 


(173) 


From this equation the values of the function <f> along the boundary of 
the cross section can be calculated if the function f(y) is chosen. 
Equation (172), together with the boundary condition (173), deter¬ 
mines the stress function <f>. 

In the problems which will be discussed later we shall take function 
f(y) in such a manner as to make the right side of Eq. (173) equal to 
zero. 2 <t> is then constant along the boundary. Taking this constant 
equal to zero, we reduce the bending problem to the solution of the 
differential equation (172) with the condition = 0 at the boundary. 
This problem is analogous to that of the deflection of a membrane uni¬ 
formly stretched, having the same boundary as the cross section of the 
bent bar and loaded by a continuous load given by the right side of Eq. 
(172). Several applications of this analogy will now be shown. 

107. Circular Cross Section. Let the boundary of the cross section 
be given by the equation 

x 2 y 2 — r 2 (a) 


1 J. N. Goodier, J. Aeronaut. Sci. f vol. 11, p. 273, 1944. A different definition 
was proposed by E. Trefftz, Z. angew. Math. Mech., vol. 15, p. 220, 1935. 

* See S. Timoshenko, Bull. Inst. Engineers of Ways of Communications, St. 
Petersburg, 1913. See also Proc London Math. Soc., series 2, vol. 20, p. 398, 1922. 
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The right side of the boundary condition (173) becomes zero if we take 


f(y) = (r 2 - y 2 ) 


(b) 


Substituting this into Eq. (172), the stress function <f> is then deter¬ 
mined by the equation 


d 2 (f> d 2 <{> 

o 


dx 2 




1 4-2 vPy 
1 + p I 


(c) 


and the condition that <t> = 0 at the boundary. Thus the stress func¬ 
tion is given by the deflections of a membrane with circular boundary 
of radius r, uniformly stretched and loaded by a transverse load of 
intensity proportional to 

1 +2 vPy 
l + i/ 1 

It is easy to see that Eq. (c) and the boundary condition are satisfied 
in this case by taking 

0 = m(x 2 + y 2 — r 2 )y (d) 

where m is a constant factor. This function is zero at the boundary 
(a) and satisfies Eq. (c) if we take 


m = 


Equation (d) then becomes 


(1 + 2 p)P 
8(1 + v)I 


_ (1 +_2y)P __ 

9 8(1 + v)7 ^ ^ y r )y 


w 


The stress components are now obtained from Eqs. (171): 


?xz = 


(3 + 2v)P 

8(1 


= — 


+ v)I 
(1 + 2 p)Pxy 
4(1 + p)I 


^r 2 - x 2 - 


1 - 2v 

3 + 



(174) 


The vertical shearing-stress component t zz is an even function of x and 
y } and the horizontal component t vi is an odd function of the same 
variables. Hence the distribution of stresses (174) gives a resultant 
along the vertical diameter of the circular cross section. 

Along the horizontal diameter of the cross section, x = Oj and we 
find, from (174), 

(3 + 2 p)P ( „ 1-2./ 


Txz = 


8(1 + P)I 


i'"-\ 


3 + 2p 


r va = 0 


(/) 
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The maximum shearing stress is obtained at the center (y = 0), where 

(3 + 2 v)Pr 2 


(r«) 


max • 


8(1 + v)I 


(<?) 


The shearing stress at the ends of the horizontal diameter (y — ±r) is 


ijxz)v=±T 


(1 + 2 u)Pr 
4(1 + v)I 


w 


It will be seen that the magnitude of the shearing stresses depends on 
the magnitude of Poisson’s ratio. Taking v = 0.3, ( g ) and ( h ) 

become 


(t»)b«. = 1.38-j, 


(r«)^r = 1.23 J 


(k) 


where A is the cross-sectional area of the bar. The elementary beam 
theory, based on the assumption that the shearing stress r xz is uni¬ 
formly distributed along the horizontal diameter of the cross section, 


gives 


4 P 
3 A 


The error of the elementary solution for the maximum stress is thus 
in this case about 4 per cent. 

108. Elliptic Cross Section. The method of the previous article 
can also be used in the case of an elliptic cross section. Let 



be the boundary of the cross section. The right side of Eq. (173) will 
vanish if we take 



P 

21 






Substituting into Eq. (172), we find 


d 2 <f> d 2 <f> 

dx 2 dy 2 


Py (a? 

I \b 2 



v — ) 
1 + v) 



This equation together with the condition <J> = 0 at the boundary 
determines the stress function <f>. The boundary condition and Eq. 
(c) are satisfied by taking 


(1 + v)a 2 + vb 2 P( x% ,* v t 

* 2(1 + v) (3a 2 + b 2 ) ‘ J V ^ *> 2 7 
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When a = b, this solution coincides with solution (c) of the previous 
article. 

Substituting (6) and (d) in Eqs. (171), we find the stress components 




2(1 + v)a 2 4- b 2 P [ 2 
(1 + x)(3a 2 + 6 2 ) ' 21 |_ a 
(1 4~ v)a 2 H- vb 2 Pxy 
~ (1 + v) (3a 2 + b 2 ) ~F 


(1 - 2,)a» 1 

2(1 + r)o . + »V J 


For the horizontal axis of the elliptic cross section (x = 0), we find 


2(1 »)a* 4- b 2 P 2 

(1 + »)(3a 2 + 6 2 ) 21 L“ 


(1 ~ 2v)a 2 1 

2(1 + x)a 2 + 6 2 y _ 


The maximum stress is at the center (y = 0) and is given by equation 



max . 



a 2 4- vb 2 /(1 4- v ) 
3a 2 4- b 2 



If b is very small in comparison with a, we can neglect the terms con¬ 
taining b 2 /a 2 , in which case 



max . 


Pa 2 _ 4 P 
3/ 3 A 


which coincides with the solution of the elementary beam theory. If 
b is very large in comparison with a, we obtain 

r ^ L 

lTx * W 14- vA 

The stress at the ends of the horizontal diameter (y = ±6) for this 
case is 

P 

T “ ~ 1 + vA 


The stress distribution along the horizontal diameter is in this case very 
far from uniform and depends on the magnitude of Poisson’s ratio v. 
Taking v = 0.30, we find 



max. 




0, y—* 



The maximum stress is about 14 per cent larger than that given by the 
elementary formula. 
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109. Rectangular Cross Section. The equation for the boundary 
line in the case of the rectangle shown in Fig. 188 is 


(x 2 - a 2 ) (y 2 - b 2 ) = 0 


(a) 


If we substitute into Eq. (173) the constant Pa 2 /2I for f(y), the 
expression Px 2 /2I — Pa 2 /2I becomes zero along the sides x — ±a of 
the rectangle. Along the vertical sides y = ± b 
the derivative dy/ds is zero. Thus the right 
side of Eq. (173) is zero along the boundary 
line and we can take <f> = 0 at the boundary. 

Differential equation (172) becomes 


d 2 <f> d 2 </> 


dx 2 


dy 


v Py 

1 + i/J 


(&) 



This equation, together with the boundary 
condition, determines completely the stress 
function. The problem reduces to the deter¬ 
mination of the deflections of a uniformly 
stretched rectangular membrane produced 
by a continuous load, the intensity of which is proportional to 




Z 

Fig. 188. 


y Py 

1 -j- v I 


The curve mnp in Fig. 188 represents the intersection of the membrane 
with the yz- plane. 

From Eqs. (171) we see that shearing stresses can be resolved into 
the two following systems: 


( 1 ) 

( 2 ) 



The first system represents the parabolic stress distribution given by 
the usual elementary beam theory. The second system, depending 
on the function <f>, represents the necessary corrections to the ele¬ 
mentary solution. The magnitudes of these corrections are given by 
the slopes of the membrane. Along the p-axis, d<f>/dx — 0, from sym- 
metry, and the corrections to the elementary theory are vertical shear¬ 
ing stresses given by the slope d<i>/dy. From Fig. 188, t xz " is positive 
at the points m and p and negative at n. Thus, along the horizontal 
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axis of symmetry, the stress r zz is not uniform as in the elementary 
theory but has maxima at the ends, m and p } and a minimum at the 

(‘enter n. 

From the condition of loading of the membrane it can be seen that <t> 
is an even function of x and an odd function of y. This requirement 
and also the boundary condition are satisfied by taking the stress func¬ 
tion (f> in the form of the Fourier series, 


m = <>o n = 00 

V V' , (2 m 4- 1)7tj: . mry , 

* = 2/ 2/ ' 42m+ ' " cos —2^^ sm ir (d) 

m = 0 n = 1 

Substituting this into Eq. (b) and applying the usual method of calcu¬ 
lating the coefficients of a Fourier series, we arrive at the equations 


A, m+l .„w'ab [( 2m 2 * -) + (?)] 


* P [° f b 

= - r+-,r J- a ]-„ y 


cos 


(2 m 4- 1)ttx . mry 


A 


2 a 

Sb( — i) m +»- 1 


sin 


dx dy 


2 m+l,n 


1 + vl 


Tr A (2m 4- 1) 


K 2 m 4- 



4- 


m 


Substituting in (r/), we find 


</> = —• 


PSb 


_ „ „=^ r( _ cog (2m + l jgr s . n iviry 


1 + v/ 


7T 


2 , 2 , 

m => 0 n ” 1 


2a 



b 2 


(2m 4- 1)^ (2m 4- *) 2 4^2 + 



Having this stress function, the components of shearing stress can be 
found from Eqs. (c). 

Let us derive the corrections to the stress given by the elementary 
theory along the y-axis. It may be seen from the deflection of the 
membrane (Fig. 188) that along this axis the corrections have the 
largest values, and therefore the maximum stress occurs at the middle 
points of the sides y = ±b. Calculating the derivative d<f>/dy and 
taking x = 0, we find that 


(r«")x~o = - 


m = * n = co 

^ _ P 86_ 2 V s _ 

Id-*' 7 7f3 Zy Zv (2 

m = 0 n *= 1 


(-D 


m+n— 1 


COS 


mry 


b 2 


m 4- 1) (2m 4- 1)* 555 
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From this we find the following formulas for the center of the cross sec 
tion (y = 0) and for the middle of the vertical sides of the rectangle: 


m = oo n a 00 


_ v P 86_ 2 VA_ (_!)"+» 1 _ 

l + „7 (2m + 1)[ (2 m + 1)* + » 2 1 

7M = 0 n = 1 L 


(r xs /, )x=o. v=o — 


(rx/0*—o, y=6 


m = co n = co 


V 


(- 1 ) 


m — 1 


\ + vI it* 2L/(2^ + 1)[(2" 2 + 1) 2 £- 2 + w2 1 

m = 0 n = 1 L 


The summation of these series is greatly simplified if we use the 
known formulas 





_ (- 1 )” _ 

(2m + l)[(2m + l) 2 + /c 2 ] 




* This formula can be obtained in the following manner : Using the trigonometric 
series (h) (p. 155) for the case of a tie rod loaded by the transverse force P and the 

direct tensile force S, we find that 

n ' = ■ °° . TLirC •_ n-KX 

sr\ sin —— sin —— 

2 PP > l _L_ 

v “ EItt 4 Ay n 2 (n 2 + k 2 ) 


in which 



SI 2 

EItt 2 


and c is the distance of the load P from the left support (Fig. 112). Substituting 
now c = 0 and Pc = M , we arrive at the following deflection curve, produced by 

the couple M applied at the left end 



n = a® 


2 mb y 

Eln 3 Ay 

n = 1 


nirX 

8111 "T 


n(n 2 -b A: 2 ) 
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Then 


n = co 


( T XZ )*=«. J/ = 0 


v 3 P b 2 


1 + v 2 A a 


3 + X n 


(- 1 ) 


n 


cosh 


n = 1 
n = 


mra 

~b~ J 


( 176 ) 


(r«")x-o. 


3 P b 2 




1 + V 2 A a 


2 

3 


7T 


x— 

n 2 cosh 


7i7ra 


n = 1 


6 J 


in which A = 4<z6 is the cross-sectional area. These series converge 
rapidly and it is not difficult to calculate corrections r xz " for any value 
of the ratio a/b. These corrections must be added to the value 


Point 

a 

6" 

2 

1 

1 

2 

1 

4 

x = 0, y = 0 

Exact 

Approximate 

0.083 

0.981 

0.040 

0.036 

0.856 

0.856 

0.805 

0.826 


Exact 

Approximate 

1.033 

1.040 

1.126 

1.143 

1.306 

1.426 

1.988 

1.934 


3P/2/1 given by the elementary formula. In the first lines of the table 
above, numerical factors are given by which the approximate value of 
the shearing stress 3P/2A must be multiplied in order to obtain the 
exact values of the stress. 1 The Poisson’s ratio v is taken equal to one- 
fourth in this calculation. It is seen that the elementary formula gives 
very accurate values for these stresses when a/b > 2. For a square 
cross section the error in the maximum stress obtained by the ele¬ 
mentary formula is about 10 per cent. 


and the deflection at the middle is 


m = «> 

2 MR V (-1)" 

El* 3 Zf (2m + 1)'[(2 wi + 1)2 + k a ] 

rn = 0 



The same deflection obtained by integration of the differential equation of the 
deflection curve is 


(i 

2EIn 2 k 2 V 




The above formida follows from comparison of (a) and (b). 

1 The figures of this table are somewhat different from those given by Saint- 
Venant. Checking of Saint-Venant’s results showed that there is a numerical 
error in his calculations. 
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By using the membrane analogy useful approximate formulas for 
calculating these shearing stresses can be derived. If a is large in com¬ 
parison with b (Fig. 188) we can assume that, at points sufficiently 
distant from the short sides of the rectangle, the surface of the mem¬ 
brane is practically cylindrical. Then Eq. (6) becomes 


and we find 


d 2 4> _ v Py 

dy 2 ~ 1 + v I 



V P 

1 + V 6/ 




Substituting in Eqs. (c), the stresses along the y -axis are 

+ TT~v (»* - I)] (/) 

It will be seen that for a narrow rectangle the correction to the ele¬ 
mentary formula, given by the second term in the brackets, is always 

small. # 

If b is large in comparison with a, the deflections of the membiane 

at points distant from the short sides of the rectangle can be taken as a 
linear function of y , and from Eq. (6) we find 



d 2 <f> 

dx 2 


1 + 
Py 


_Py 

» I 


1 v 2/ 


(** ~ « 2 ) 



Substituting in Eqs. (c), the shearing stress components are 


r xz = 


TT~ V ■ (a * - x2) ’ 


T V z = 


1 + V I 


t *y 


At the centroid of the cross section {x = y — 0), 


1 Pa 2 

Txz ~ \ + v 21’ 


Tyz = 0 


In comparison with the usual elementary solution the stress at this 

point is reduced in the ratio 1/(1 ~\~ v). 

To satisfy the boundary condition at the short sides of the rectangle 
we take, instead of expression ( g ), the following expression for the stress 

function: 


= 


1 v 2 1 


^ (** - a 2 )[l 


_ o— d>— 


l ] 


W 
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in which m must he determined from the condition of minimum energy 
(see Art. 97). In this manner we find 


m 



With this value for m , and by using Eq. ( h ), we can calculate with 
sufficient accuracy the maximum shearing stress which occurs at the 
middle of the short sides of the rectangle. 

If both sides of the rectangle are of the same order of magnitude we 
can obtain an approximate solution for the stress distribution in a 
polynomial form by taking the stress function in the form 


<t> = — a 2 )(y 2 — b 2 ) (my + ny 3 ) 


0fc) 


Calculating the coefficients m and n from the condition of minimum 
energy we find 1 

I 8a 2 

II + b 2 


m = — 


1 + vSIb 2 


(l 4- ^Vi- 

\7 ^ 56 2 /\11 


4- 


b 2 ) ^ 2 


9a 2 

21 35 b 2 


n = 


1 


1 + *8 lb 


\7 ^ 56 2 /\l 1 


+ 4" 7T7 4- 


b 2 J 


1 

21 


9a 2 

356 2 


The shearing stresses, calculated from ( k ), are 

Pa- 

(rxz)x-o.v-o = “2 y + ™a 2 6 2 

Pa 2 

(rx.-)x-o. = ~ 2 y- 2a 2 b 2 (m 4- n6 2 ) 


(0 


The approximate values of the shearing stresses given on the second 
lines of the table (see page 320) were calculated by using these formulas. 
It will be seen that the approximate formulas ( l ) give satisfactory 
accuracy in this range of values of a/b. 

If the width of the rectangle is large in comparison with the depth 
maximum stresses much larger than the value 3P/2A of the elementary 
theory are found. Moreover if b/a exceeds 15 the maximum stress is 
no longer the component t x: at x — 0, y = ±6, the mid-points of the 
vertical sides. It is the horizontal component t vc at points x = a, 
y = on the top and bottom edges near the corners. Values of 
these stresses are given in the table 2 on page 329. The values of rj are 

1 See Timoshenko, lor. cit. 

2 E. Reissner and G. B. Thomas, J. Math. Phys ., vol. 25, p. 241, 1946. 
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given in the form ( b — 77)/2a in the last column, b rj being the dis 
tance of the maximum point from the corner. 


b 

a 

(T’zr)z- 0 . X/— b 

(.T vz )x — a. y-v 

6—77 

3P/2A 

3P/2A 

2a 

0 

1.000 

0.000 

0.000 

2 

1.39(4) 

0.31(6) 

0.31(4) 

4 

1.988 

0.968 

0.522 

6 

2.582 

1.695 

0.649 

8 

3.176 

2.452 

0.739 

10 

3.770 

3.226 

0.810 

15 

5.255 

5.202 

0.939 

20 

6.740 

7.209 

1.030 

25 

8.225 

9.233 

1.102 

50 

15.650 

19.466 

1.322 


110. Additional Results. Let us consider a cross section the boundary of which 
consists of two vertical sides y = ±a (Fig. 189) and two hyperbolas 1 


(1 + v)x 2 — vy 2 = a 2 (a) 

It is easy to show that this makes the right side of Eq. 
(173) on page 319 zero at the boundary if we take 

= 27 (ftt. v 2 + rrr) 

Substituting into Eq. (172), we find 

d 2 <t> , d 2 <fr = n 
dx 2 ^ dy 2 



This equation and the boundary condition (173) are satisfied by taking <f> 0. 

Then the shearing-stress components, from Eq. (171), are 

r " = £(~ x * + T^Tv yI + rVi) 

Tyz = 0 

At each point of the cross section the shearing stress is vertical. The maximum 
of this stress is at the middle of the vertical sides of the cross section and is equal to 


T max. 


Pa 2 

21 


The problem can also be easily solved if the boundary of the cross section is given 
by the equation 

(‘O'-C 1 -*)’ o>x> -° w 

1 This problem was discussed by F. Grashof, “ Elastizitiit und Festigkeit, p. 246, 


1878. 
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For v = -j-, this cross-section curve 
By taking 


f(y) 


has the shape shown in Fig. 190. 

£[■-(* 


the left side of the 



boundary condition (173) vanishes, i.e., must be constant 
along the boundary. Equation (172) becomes 


0 7 <t> , c Y<t> 


V Py Pa 2 


dX 


d'J 


1 + v I — 2 blv 


(u) 


1-1 

y 


This equation and the boundary condition arc satisfied by 
taking 


4> — 


Pa 2 v 


['S-') ± ‘( ± l) i+ '] 


2(1 + u)l 


Substituting in Kqs. (171) we find 

P 


Txi — 


2(1 + y)I 


(« 2 - x 2 ), 


Tuz = 


(1 + y)I 


XIJ (c) 


We can arrive at the same result in a different way. In discussing stresses in a 
rectangular beam the width of which is large in comparison with the depth, we 
used as an approximate solution for the stress function [Eq. ( <J), Art. 109] the 
expression 



_ ?! t x 

l+v2/ 1 


2 



from which the expressions (r) for stress components may be derived. The equa¬ 
tion of the boundary can now be found from the condition that at the boundary 
the direction of shearing stress coincides with the tangent 
to the boundary. Hence 

dx _ dy 

Txi T yi 

Substituting from (r) and integrating, we arrive at the 
equation of the boundary, 

y = h(n* — x*) y OC 

Fig. 191. 

By using the energy method (Art. 109) we may arrive 
at an approximate solution in many other eases. Let us consider, for instance, the 
cross section shown in Fig. 191. The vertical sides of the boundary are given by 
the equation y = ± 6 , and the other two sides are arcs of the circle 

* 2 4 - y 2 - r 2 = 0 (<0 

The right side of Eq. (173) vanishes if we take 

f(y) = 27 - »’) 
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Then an approximate expression for the stress function is 


4> 


= (y* - 6 2 )(* 2 + y 2 — r*){Ay + By 3 + * • *) 


in which the coefficients A, B, . . . are to be calculated from the condition of 

minimum energy. . . , , . , 

Solutions for many shapes of cross section have been obtained by using polar 

and other curvilinear coordinates, and functions of the complex variable. These 

include sections bounded by two circles, concentric 1 or nonconcentnc 2 a Circle 

with radial slits, 3 a cardioid, 4 a limagon, 5 an elliptic limagon, 6 two confoeal ellipses, 

an ellipse and confoeal hyperbolas, 8 triangles and polygons 0 including a rectangle 

with slits, 10 and a sector of a circular ring. 11 

111. Nonsymmetrical Cross Sections. As a first example let us consider the 
case of an isosceles triangle (Fig. 192). The boundary of the cross section is given 

by the equation 

(y - a)[x 4- (2 a + y) tan a ][x - (2a + y) tan «] = 0 
The right side of Eq. (173) is zero if we take 


/(y) = ^ (2a + y) 2 tan 2 « 

Equation (172) for determining the stress function <t> then 
becomes 


d 2 </> , d 2 </> 


dx 2 


dy 


-——— ^ — y (2a + y) tan 2 « 
1 -r v 1 L 


(a) 



An approximate solution may be obtained by using the energy method, 
particular case when 

* _ 1 
1+v 3 


tan 2 a = 


In the 


{h) 


1 A solution is given in A. E. H. Love’s “Mathematical Theory of Elasticity,” 
4th ed. p. 335, and in I. S. Sokolnikoff’s “Mathematical Theory of Elasticity,” 

p. 253. 

2 B. R. Seth, Proc. Indian Acad. Sci ., vol. 4, sec. A, p. 531, 1936, and vol. 5, 
p. 23, 1937. 

3 W. M. Shepherd, Proc. Roy. Soc. (London ), series A, vol. 138, p. 607, 1932; 
L. A. Wigglesworth, Proc. London Math. Soc., series 2, vol. 47, p. 20, 1940, and 
Proc. Roy. Soc. {London), series A, vol. 170, p. 365, 1939. 

4 W. M. Shepherd, Proc. Roy. Soc. {London), series A, vol. 154, p. 500, 1936. 

6 D. L. Holl and D. H. Rock, Z. angew. Math. Mech., vol. 19, p. 141, 1939. 

6 A. C. Stevenson, Proc. London Math. Soc., series 2, vol. 45, p. 126, 1939. 

7 A. E. H. Love, “ Mathematical Theory of Elasticity,” 4th ed., p. 336. 

8 B. G. Galerkin, Bull. Inst. Engineers of IFays of Communication, St. Petersburg, 
vol. 96, 1927. See also S. Ghosh, Bull. Calcutta Math. Soc., vol. 27, p. 7, 1935. 

9 B. R. Seth, Phil. Mag., vol. 22, p. 582, 1936, and vol. 23, p. 745, 1937. 

10 D. F. Gunder, Physics, vol. 6, p. 38, 1935. 

11 M. Seegar and K. Pearson, Proc. Roy. Soc. {London), series A, vol. 96, p. 211, 
1920. 
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an exact solution of Eq. (a) is obtained by taking for the stress function the 
expression 

* = ^ [z J - l (2a + y) 2 ] (y - a) 

The stress components are then obtained from Eqs. (171): 


Txz = 


Ty* — 


d<t> Px 2 . P /0 . 

^ - 2T + 67 (2a + 


2 V3P 

27 a 4 


[— + a (2a + V )] 


djfi ^ 2 V3P 

dx 27a 4 


(c) 


x(a — 2/) 


Along the y-axis, x = 0, and the resultant shearing stress is vertical and is repre¬ 
sented by the linear function 

2 y/S P 


(t it) x—0 = — 


27a 


(2a + y) 


The maximum 
section, is 


value of this stress, at the middle of the vertical side of the cross 


2 VS P 

Tmax. (J a 2 



By calculating the moment with respect to the z-axis of the shearing forces given 
by the stresses (r), it can be shown that in this case the resultant shearing force 
passes through the centroid C of the cross section. 

Let us consider next the more general case of a cross section with a horizontal 
axis of symmetry (Fig. 103), the lower and upper portions of the boundary being 

given by the equations 

x — t(y) for x > 0 

x = —ifor x < 0 

Then the function 

U + ^G/)1U — <7(y)l = — hKy) 1* 

vanishes along the boundary and in our expressions for stress components (171) 
we can take 

/(y) = IvKy )] 2 



With this assumption the stress function has to satisfy the differential equation 

d 7 <f> , d*<*> _ v Py P A d\P 

M = r+T'T ” T Hy) dj 

and be constant at the boundary. The problem is reduced to that of finding the 
deflections of a uniformly stretched membrane when the intensity of the load is 
given by the right-hand side of the above equation. This latter problem can 
usually be solved with sufficient accuracy by using the energy method as was shown 
in the ease of the rectangular cross section ( page 328). 
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The case shown in Fig. 194 can be treated in a similar manner. Assume, for 
example, that the cross section is a parabolic segment and that the equation of 

the parabola is 

x 2 = A(y + a) 

Then we take 

fiy) = yi ' A(y + fl ) 



With this expression for /(y) the first factor on the right- 
hand side of Eq. (173) vanishes along the parabolic portion of 
the boundary. The factor dy/ds vanishes along the straight- 
line portion of the boundary. Thus we find again that the 
stress function is constant along the boundary and the problem 
can be treated by using the energy method. 


112. Shear Center. In discussing the cantilever problem we chose 
for 2 -axis the centroidal axis of the bar and for x- and y -axes the princi¬ 
pal centroidal axes of the cross section. We assumed that the force P 
is parallel to the x-axis and at such a distance from the centroid that 
twisting of the bar does not occur. This distance, which is of impor¬ 
tance in practical calculations, can readily be found once the stresses 
represented by Eqs. (171) are known. For this purpose we evaluate 
the moment about the centroid produced by the shear stresses rand 
T vt . This moment evidently is 


M z = JJ {jxzV ~ r vz x) dx dy (a) 

Observing that the stresses distributed over the end cross section of the 
beam are statically equivalent to the acting force P we conclude that 
the distance d of the force P from the centroid of the cross section is 



For positive M z the distance d must be taken in the direction of positive 
y. In the preceding discussion the assumption was made that the 
force is acting parallel to the x-axis. 

When the force P is parallel to the ?/-axis instead of the x-axis we can, 
by a similar calculation, establish the position of the line of action of P 
for which no rotation of centroidal elements of cross sections occurs. 
The intersection point of the two lines of action of the bending forces 
has an important significance. If a force, perpendicular to the axis of 
the beam, is applied at that point we can resolve it into two components 
parallel to the x - and y-stx.es and on the basis of the above discussion we 
conclude that it does not produce rotation of centroidal elements of 
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cross sections of the beam. This point is called the shear ccnte 
sometimes also the center of flexure, or flexural center. 

If the cross section of the beam has two axes of symmetry we can 
conclude at once that the shear center coincides with the centroid of 
the cross section. When there is only one axis of symmetry we con¬ 
clude, from symmetry, that the shear center will be on that axis. 
Taking the symmetry axis for y-axis, we calculate the position of the 
shear center from Eq. ( b ). 

Let us consider, as an example, a semicircular cross section 1 as shown 
in Fig. 195. To find the shearing stresses we can utilize the solution 

developed for circular beams (see 
page 319). In that case there are 
no stresses acting on the vertical 
diametral section xz. We can 
imagine the beam divided by the 
.rz-plane into two halves each of 
which represents a semicircular 
beam bent by the force P/2. The 
stresses are given by Eq. (174). 
Substituting into Eq. (a), integrat- 
p/ 2, we find for the distance of the bending 



!•' icj. 105. 


ing, and dividing M z b> 
force from the origin O the value 

2M* 


8 3-1-4 


e = 


1 f)7T 1 4- v 


This defines the position of the force for which the cross-sectional ele¬ 
ment at point 0, the center of the circle, does not rotate. At the same 
time an element at the centroid of the semicircular cross section will 
rotate by the amount [see Eq. ( b) page 318] 


a> 


vP(l - z) 
El 


0.424r 


where 0.424r is the distance from the origin 0 to the centroid of the 
semicircle. To eliminate this rotation a torque as shown in Fig. 195 
must be applied. The magnitude of this torque is found by using the 
table on page 279, which gives for a semicircular cross section the angle 
of twist per unit length 



0.29G(7r 4 


1 Sco S. Timoshenko, Bull. Inst. Engineers of Ways of Communications , St. 
Petersburg, 1913. It seems that the displacement of the bending force from the 
centroid of the cross section was investigated in this paper for the first time. 
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Then the condition that centroidal elements of cross sections do not 
rotate gives 

M,(l — z) = v p {i : — z) 0 424r 
0.296O 4 El 


and 



vP • 0.296r 4 • 0.424r 

2(1 + v)I 


This torque will be produced by shifting the bending force P /2 toward 
the z-axis by the amount 

2 M t Sv • 0.296 • 0.424r 
8 ~ P 2(1 + v)tt 

This quantity must be subtracted from the previously calculated dis¬ 
tance e to obtain the distance of the shear center from the center O of 
the circle. Assuming v = 0.3, we obtain 

e - 8 = 0.548r — 0.037r = 0.51 lr 


In sections as in Fig. 193 the shearing-stress components are 


Hence 




P 

21 


[x 2 — xf' 2 (y)], 



d<f> 

dx 


m, = / f(^y + ^*) dxd y - §ij / W-rmydxdy to 

Integrating by parts and observing that <f> vanishes at the boundary 
x = ±i P{y)y we obtain 


f f (M y + I£ x ) dxdy = -2 f f +d* d y 

J[x 2 - V(y)] dx = U*(y) - 2 +*{y) = -M*(y) 
ff[x 2 — f 2 (y)]y dx dy = —^)y^ z {y) dy 
I = f fx 2 dx dy = §JV 3 ( 2 /) dy 

Substituting in (c) and dividing by P we find 




<t> dx dy + 


JW'Ky) dy 

JV 3 (?/) dy 


Knowing \J/{y ) and using the membrane analogy for finding <f> we can 
always calculate 1 with sufficient accuracy the position of the shear cen¬ 
ter for these cross sections. 


1 Examples of such calculations can be found in the book by L. S. Leibenson, 
“Variational Methods for Solving Problems of the Theory of Elasticity,” Moscow, 
1943. 
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The question of the shear center is especially important in the case 
of thin-walled open sections. Its position can be easily determined for 
such sections with sufficient accuracy by assuming that the shearing 
stresses are uniformly distributed over the thickness of the wall and are 
parallel to the middle surface of the wall. 1 

The location of the shear center in the cross section is determined by the shape 
of the section only. On the other hand the location of the center of twist (see 
page 271) is dependent on the manner in which the bar is supported. By choosing 
this manner of support suitably the axis of twist can be made to coincide with the 
axis of shear centers. It can be shown that this occurs when the bar is so sup¬ 
ported that the integral f f w 2 dx dy over the cross section is a minimum, 2 w being 
the warping displacement of torsion (indeterminate by a linear function of x and y 
before this condition is applied). In practice the fixing will usually disturb the 
stress distribution near the fixed end—as for instance when it prevents displace¬ 
ments in the end section completely. In that case, if we regard the bending force 
as a concentrated load at the shear center, producing zero rotation, the reciprocal 
theorem (page 230) shows that a torque will produce zero deflection of the shear 
center. This indicates that the center of twist will coincide with the shear center.* 
The argument is of an approximate character since the existence of a center of 
twist depends on absence of deformation of cross sections in their planes, and this 
will not hold in the disturbed zone near the fixed end. 

113. The Solution of Bending Problems by the Soap-film Method. 

The exact solutions of bending problems arc known for only a few 
special cases in which the cross sections have certain simple forms. 
For practical purposes it is important to have means of solving the 
problem for any assigned shape of the cross section. This can be 
accomplished by numerical calculations based on equations of finite 
differences as explained in the Appendix, or experimentally by the soap- 
film method, 4 analogous to that used in solving torsional problems (see 
page 289). For deriving the theory of the soap-film method we use 
Eqs. (171), (172), and (173) (see Art. 106). Taking 

.. . v Py 2 

^ ~ 2(1 + v) ~T 

1 References may be found in S. Timoshenko, “Strength of Materials,” 2d cd., 
vol. 2, p. 55. 

2 It. Kappus, Z. angew. Math. Mech ., vol. 10, p. 347, 1039; A. Weinstein, Quart. 
Applied Math., vol. 5, p. 70, 1047. 

3 See It. V. Southwell, “Introduction to the Theory of Elasticity,” p. 29; W. J. 
Duncan, D. L. Ellis, and C. Scruton, Phil. Mag., vol. 16, p. 201, 1933. 

1 This method was indicated first by Vening Meinesz, De Ingenieur , p. 108, 
Holland, 1011. It was developed independently by A. A. Griffith and G. I. 
Taylor, Tech. Rept. Xatl. Advisory Comm. Aeronaut., vol. 3, p. 950,1917-1918. The 
results given here are taken from this paper. 
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Eq. (172) for the stress function is 

= 0 (a) 

dx 2 d?/ 2 

This is the same equation as for an unloaded and uniformly stretched 
membrane (see page 271). The boundary condition (173) becomes 

d<t> [Px* v _ P]p ~1 dy (b) 

ds L 2 1 2(1 + v) I ]ds 

Integrating along the boundary s we find the expression 


P f x 2 dy v Py 3 

* ~ I J 2 2(1 + v) 3/ 


-f- constant 



from which the value of <t> for every point of the boundary can be calcu¬ 
lated. J(x* 2 /2) dy vanishes when taken around the boundary, since it 
represents the moment of the cross section with respect to the y- axis, 
which passes through the centroid of the cross section. Hence <t>, 
calculated from (c), is represented along the boundary by a closed 

curve. . 

Imagine now that the soap film is stretched over this curve. then 

the surface of the film satisfies Eq. (a) and boundary condition (c). 
Hence the ordinates of the film represent the stress function <t> at all 
points of the cross section to the scale used for representation of the 

function <f> along the boundary [Eq. (c)]. 

The photograph 196a illustrates one of the methods used for con¬ 
struction of the boundary of the soap film. A hole is cut in a plate of 
celluloid, of such a shape that after the plate is bent the projection of 
the edge of the hole on the horizontal plane has the same shape as the 
boundary of the cross section of the beam. The plate is fixed on 
vertical studs and adjusted by means of nuts and washers until the 
ordinates along the edge of the hole represent to a certain scale the 
values of given by expression (c). The photograph 1966 illustrates 
another method for construction of the boundary by using thin sheets 
of annealed brass. 1 The small corrections of ordinates along the edge 
of the hole can be secured by slight bending of the boundary. 

The analogy between the soap-film and the bending-problem equa¬ 
tions holds rigorously only in the case of infinitely small deflections of 
the membrane. In experimenting it is desirable to have the total range 
of the ordinates of the film not more than one-tenth of the maximum 


1 See the paper by P. A. Cushman, Trans. A.S.M.E., 1932. 
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horizontal dimension. If necessary the range of the function along the 
boundary can be reduced by introducing a new function <j> i, instead of 
<p, by the substitution 

<t> — 0i + ftx + by ( d ) 



Fm. 19Ga. 


% 



Fig. 1966. 


where a and b are arbitrary constants. It may be seen that the func¬ 
tion 0i also satisfies the membrane equation (a). The values of the 
function </>i along the boundary, from Hqs. ( c ) and (</), are given by 




V Py 3 

2(1 + v) “3/ 




ox — by + constant 
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The reduction of the range of the function <t >i at the boundary can 
usually be effected by a proper adjustment of the constants a and b. 

When the function <£i is obtained from the soap film, the function <t> 
is calculated from Eq. (d). Having the stress function <j>, the shearing- 
stress components are obtained from Eqs. (171), which have now the 


form 


Txz 


Tvz 


d<f> Px 2 v Py 2 

~dy 21 ' 2(1 + v) I 

d<f> 
dx 



The stress components can now be easily calculated for every point, of 
the cross section provided we know the values of the derivatives 
d<f>/dy and d<t>/dx at this point. These derivatives are given by the 
slopes of the soap film in the y- and x-directions. For determining 
slopes we proceed as in the case of torsional problems and fiist map 
contour lines of the film surface. From the contour map the slopes 
may be found by drawing straight lines parallel to the coordinate axes 
and constructing curves representing the corresponding sections of the 
soap film. The slopes found in this way must now be inserted in 
expressions (e) for shear-stress components. The accuracy of this pio- 
cedure can be checked by calculating the resultant of all the shear 
stresses distributed over the cross section. This resultant should be 
equal to the bending force P applied at the end of the cantilever. 

Experiments show that a satisfactory accuracy in determining 
stresses can be attained by using the soap-film method. The results 
obtained for an I-section 1 are shown in Figs. 197. From these figures 
it may be seen that the usual assumptions of the elementary theory, 
that the web of an I-beam takes most of the shearing force and that the 
shearing stresses are constant across the thickness of the web, are fully 
confirmed. The maximum shearing stress at the neutral plane is in 
very good agreement with that calculated from the elementary theory. 
The component t vz is practically zero in the web and reaches a maxi¬ 
mum at the reentrant corner. This maximum should depend on the 
radius of the fillet rounding the reentrant corner. For the proportions 
taken, it is only about one-half of the maximum stress t xz at the neutral 
plane. The lines of equal shearing-stress components, giving the ratio 
of these components to the average shearing stress P/A, are shown in 
the figures. 

The stress concentration at the reentrant corner has been studied for 
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the case of a T-beam. The radius of the reentrant corner was increased 
in a series of steps, and contour lines were mapped for each case. It 
was shown in this manner that the maximum stress at the corner equals 
the maximum stress in the web when the radius of the fillet is about one- 
sixteenth of the thickness of the web. 


X ?c oc 



114. Displacements. When the stress components are found, the 
displacements u , v } w can be calculated in the same manner as in the 
case of pure bending (see page 250). Let us consider here the deflec¬ 
tion curve of the cantilever. The curvatures of this line in the xz- and 
?/z-planes are given with sufficient accuracy by the values of the deriva¬ 
tives d 2 u/dz 2 and d 2 v/dz 2 for x = y = 0. These quantities can be 
calculated from the equations 


dhi 

_ dy xz 

— 

1 

dr xs 

1 dt t z 

P(l - z) 

dz 2 

dz 

dx 

G 

dz 

E dx 

El 

d 2 v 

_ dy vs 

— **±1 

= 0 




dz 2 

dz 

dy 




. the center 

line of the 

cantilever is 

bent in the 


(a) 


which the load is acting, and the curvature at any point is proportional 
to the bending moment at this point, as is usually assumed in the ele¬ 
mentary theory of bending. By integration of the first of Eqs. (o), we 
find 


u = 


Plz 2 Pz 


— 7rffr ~b CZ -f- d 


2 El 6 El 


(b) 


where c and d are constants of integration which must be determined 
from the conditions at the fixed end of the cantilever. If the end of the 
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center line is built in, u and du/dz are zero when z = 0, and hence con¬ 
stants c and d in Eq. ( b ) are zero. 

The cross sections of the beam do not remain plane. They become 
warped, owing to the action of shearing stresses. The angle of inclina¬ 
tion of an element of the surface of the warped cross section at the 
centroid to the deflected center line is 

7T (r xz )x=0, x/=0 

2 ” G 

and can be calculated if the shearing stresses at the centroid are known. 

116. Further Investigations of Bending. In the foregoing articles 
we discussed the problem of bending of a cantilever fixed at one end 
and loaded by a transverse force on the other. The solutions obtained 
are the exact solutions of the bending problem, provided the external 
forces are distributed over the terminal cross sections in the same man¬ 
ner as the stresses <r z , r zs , r yz found in the solutions. If this condition is 
not fulfilled there will be local irregularities in the stress distribution 
near the ends of the beam, but on the basis of Saint-Venant’s principle 
we can assume that at a sufficient distance from the ends, say at a dis¬ 
tance larger than cross-sectional dimensions of the beam, our solutions 
are sufficiently accurate. By using the same principle we may extend 
the application of the above solutions to other cases of loading and 
supporting of beams. We may assume with sufficient accuracy that 
the stresses at any cross section of a beam, at sufficient distance from 
the loads, depend only on the magnitude of the bending moment and 
the shearing force at this cross section and can be calculated by super¬ 
position of the solutions obtained before for the cantilever. 

If the bending forces are inclined to the principal axes of the cross 
section of the beam, they can always be resolved into two components 
acting in the direction of the principal axes and bending in each of the 
two principal planes can be discussed separately. The total stresses 
and displacements will then be obtained by using the principle of 
superposition. 

Near the points of application of external forces there are irregulari¬ 
ties in stress distribution which we discussed before for the particular 
case of a narrow rectangular cross section (see Art. 36). Analogous 
discussion for other shapes of cross section shows that these irregulari¬ 
ties are of a local character. 1 

1 See L. Pochhammer’s, “Untersuchungen iiber das Gleichgewicht des elas- 
tischen Stabes,” Kiel, 1879. See also a paper by J. Dougall, Trans. Roy. Soc. 
(Edinburgh), vol. 49, p. 895, 1914. 
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The problem of bending is solved also for certain cases of distributed 
load. 1 It is shown that in such cases the central line of the beam 
usually extends or contracts as in the case of the narrow rectangular 
cross section (see Art. 21) already discussed. The curvature of the 
center line in these cases is no longer proportional to the bending 
moment, but the necessary corrections are small and can be neglected 
in practical problems. For instance, in the case of a circular beam 
bent by its own weight, 2 the curvature at the fixed end is given by the 

equation 

1 _ M f n _ 7 + \2v 4- 4p 2 0^1 
r El L 6(1+0 * 2 J 

in which a is the radius of the cross section, and l the length of the 
cantilever. The second term in the brackets represents the correction 
to the curvature arising from the distribution of the load. It is small, 
of the order of a 2 /l 2 . This conclusion holds also for beams of other 
shapes of cross section bent by their own weight. 3 

1 j. H. Michcll, Quart. J. Math., vol. 32, 1901; also K. Pearson, ibid., vol. 24, 
1889, and K. Pearson and L. N. G. Filon, ibid., vol. 31, 1900. 

2 This problem is discussed by A. E. II. Love, “Mathematical Theory of Elas¬ 
ticity,” 4th cd., p. 3G2, 1927. 

3 The case of a cantilever of an elliptical cross section has been discussed by 
J. M. Klitchieff, Hull. Polytcch. Inst., St. Petersburg, p. 441, 1915. 



CHAPTER 13 


AXIALLY SYMMETRICAL STRESS DISTRIBUTION 

IN A SOLID OF REVOLUTION 


116. General Equations. Many problems in stress analysis which 
are of practical importance are concerned with a solid of revolution 
deformed symmetrically with respect to the axis of revolution. The 
simplest examples are the circular cylinder strained by uniform internal 
or external pressure, and the rotating circular disk (see Arts. 26 and 30). 
For problems of this kind it is often convenient to use cylindrical coor¬ 
dinates [see Eqs. (170), page 306]. The deformation being symmetrical 
with respect to the z-axis, it follows that the stress components are 
independent of the angle 0, and all derivatives with respect to d vanish. 
The components of shearing stress t t q and t 02 also vanish on account of 
the symmetry. Thus Eqs. (170) reduce to 


d<r r 

~dr 




(177) 


The strain components, 
Eqs. (169), 



for axially symmetrical deformation, are, from 




(178) 


It is again of advantage to introduce a stress function <f>. It may be 
verified by substitution that Eqs. (177) are satisfied if we take 



( 179 ) 
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provided that the stress function 4> satisfies the equation 



+ IA+ 

r dr dz 


d-\( d 2 <f> 1 

dz-)\dr- “ r r 


d(f> 

~dr 


d 2 <A _ 

dz 2 ) 


4- ^ ) = v 2 w 


= 0 (180) 


The symbol v 2 denotes the operation 


(a) 


1 d_ 1 d^_ 

dr 2 r dr r 2 d0 2 dz 2 

which corresponds to Laplace’s operator 

d 2 d 2 d 2 
dx 2 + dy 2 + dz 2 

in rectangular coordinates [see Eq. (d), page 57]. It should be noted 
that the stress function <p does not depend on 0 , so that the third term 
in (a) gives zero when applied to <£. 

We now transform the compatibility equations (130) (see page 232) 
to cylindrical coordinates. Denoting by d the angle between r and the 
x-axis we have [see Eq. (13)] 


cr z = <r r cos 2 0 ae sin 2 6 
a v = (j r sin 2 0 T <ro cos 2 0 


(b) 


unaffected by the presence of <r c , t tz . 

Then 


VV X = 


?! + 1* +2i!. + i! 

dr 2 ^ r dr ^ r 2 dd 2 ^ dz- 


cos 2 6 + (Jo sin 2 0) 


91 + 11 + 91 

dr 2 r dr dz 2 



cos 2 6 (Jo sin 2 6) 


- 3 cos 20(o> — <re) (c) 


Using the symbol 0 for the sum of the three normal components of 
stress and applying Eq. (b) on page 57, we obtain for a symmetrical 
stress distribution 


d 2 G d 2 0 „ A , d0 sin 2 0 

t- 5- = cos “ 0 + ^- 

dx- dr- dr r 


(d) 


Substituting (c) and (d) in the first of Eqs. (130), we obtain 

[Q? + 7 i + h)*' ~ I (<r ' “ at) + 


1 d 2 0 


+ 



1 + v di 



cos 2 0 


2 . . . i l del . .. _ n 

— (o> — (Jo) 4- :—;-T- sin- 0=0 

r- 1 + v r dr J 
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This equation holds for any value of d, hence 



{(Jr — <J0 ) 


d 2 e 


dr 2 r dr dz 2 


(JO 4- o (°V (Jo) 4" 

ftr% m 


1 + v dr 2 

i l ae 

1 + vr dr 


= 0 


= 0 


0e) 


The same result is obtained by considering the second of Eqs. (130), so 
that Eqs. (e) take the place of the first two equations of the system 
(130) for the case of a symmetrical deformation. The third equation 
of (130) retains the same form in cylindrical coordinates. 

Consider now the remaining three equations of the system (130), 
containing shearing-stress components. In the case of symmetrical 
deformation only the shearing stress r rz is different from zero, and the 
stress components r xz and t vz , acting on a plane perpendicular to the 
z-axis, are obtained by resolving r rz into two components parallel to the 

x- and 2 /-axes, 

r xz = T rz cos 0, r vz = T rz sin 6 


We have also 



a 2 e 

dx dz 


a 2 e 

dr dz 


cos 0 


V 2 (r rz cos 6) 




cos 6 


Substituting in the fifth of Eqs. (130), we obtain 



1 1 d 2 e 

r 2 T ~ d- x + v dr dz 



The same result is obtained by considering the fourth of Eqs. (130). 
The last equation of the system (130) can also be transformed to 
cylindrical coordinates by substituting 

rxy = - 5 f(ov — (TO ) Sin 2 Q 

In this way we find 

a + *>v [i (,. -..) ».] + Up (f, - J £) ■ 0 ' 0 

This equation follows at once from Eqs. (e) on subtracting one from 
the other. Hence the compatibility equations (130), in the case of a 
deformation symmetrical with respect to an axis, are, in cylindrical 
coordinates, 
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2 , , , i a 2 e 

vv r - - 2 (cr r - ere) + 

2 i l ae 

vv » + -2 (*r - *•) + r ar 


VV, 4- 


i a 2 e 


l 


V 2 r r2 - 5 r r2 + 


1 + v dz 2 

i a 2 e 


1 -f- v dr dz 


= 0 


= 0 


= 0 


= 0 


C 9 ) 


It can be shown that all those equations are satisfied by the expressions 
for the stresses given in Eqs. (1/9) when the stress function satisfies 

Eq. (180). We see that the discussion of problems 
involving stress distributions symmetrical about 
an axis reduces to finding in each particular case 
the solution of Eq. (180), satisfying the boundary 
conditions of the problem. 1 

In some cases it is useful to have Eq. (180) in 
polar coordinates R and ^ (Fig. 198) instead of 
cylindrical coordinates r and z. This trans¬ 
formation can easily be accomplished by using the formulas of Art. 25. 
We find 



Fio. 198. 


a 2 a 2 _ a 2 laid 2 

ar 2 + dz- dR 2 + R dR R 2 d+* 

1 a 1 / d . , , COS \j/ d\ 

~T~dT~ R sin ^ \dR sin * + R dt) 


l a ctn \j/ a 
R dR + R 2 


Substituting in Eq. (180), 



(181) 


We shall apply several solutions of this equation in succeeding articles 
to the investigation of particular problems involving axial symmetry. 

1 This method of expressing nil the stress components in terms of a single stress 
function, which satisfies Kq. (180), is given in detail by A. E. H.Love, “ Mathemati¬ 
cal Theory of Elasticity,” 4th cd., p. 274, 1927. Another method of expressing 
the problem in terms of a stress function has been given by J. H. Michcll, Proc. 
London Math. Soc., vol. 31, p. 144, 1900. The relation between the stress function 
of two-dimensional problems and the stress function discussed in this chapter has 
been considered by C. Weber, Z. angew. Math. Mech. t vol. 5, 1925. 
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Another way of solving these problems is to consider explicitly the 
displacements. By using Eqs. (178) the stress components can be 
represented as functions of the displacements u and w. Substituting 
these functions in Eqs. (177) we arrive at two partial differential 
equations of the second order containing the two functions u and w. 
The problem is then reduced to the solution of these two equations. 

117. Solution by Polynomials. Let us consider solutions of the 
Eq. (181), which are at the same time solutions of the equation 


d 2 <t> 2 d$ 

dR 2 ^ R dR 


, 1 + , defy , 1 d 2 <t> 

+ W Ctn * W + W 2 W 2 



(182) 


A particular solution of this latter equation can be taken in the form 

<t>n = R"*n («) 

in which is a function of the angle \p only. Substituting (a) into 
Eq. (182) we find for >F n the following ordinary differential equation: 


sin i p dxp 


d f . , d* 

sin \f/ 


dxl/ 


4~ n(n + l)T n = 0 


(b) 


This equation can be simplified by introducing a new variable, x cos xf/. 
Then 


d* n 

d\l/ 


d'S'r 

dx 


sin \f/j 


d 2 * n _ <3 2 T n 
dxl/ 2 dx 2 


sin 2 xp — x 


d*n 

dx 


Substituting in Eq. ( b ), we obtain 

(1 _ **) ^ _ 2 x + »(» + 1)*» = 0 (183) 

We shall solve this equation by series. 1 Assuming that 

T n = aix m > + a 2 x m > + a 3 x m * + * * * ( c ) 

and substituting in Eq. (183), we find 

n(n + l)(aix m i 4- a 2 x m * 4- a 3 x m * 4- * * *) = m x {rn x 4- 1 )a x x m ' 

— miirrii — l)aix m ‘ —2 4“ m 2 (m 2 4~ l)a 2 x m = m 2 (rn 2 1 )a 2 x mi 

4- • * * ( d ) 

In order that this equation may be satisfied for any value of x, there 
must be the following relations between the exponents m x , m 2f w 3 , . . . . 

m 2 = m i — 2, mz = 777 2 2, 

1 This is known as Legendre’s equation. A complete discussion can be found in 
A. R. Forsyth, “A Treatise on Differential Equations,” p. 155, 1903. 
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It follows that the series (c) is arranged in descending powers of x. 
The magnitude of m i will now be determined by equating coefficients 
of x mi in ( d ). Then 

n(n + 1) — 77?i(mi + 1) = (n — mi) (mi + n + 1) =0 

This gives for m x the two solutions 

mi = n, mi = — (n + 1) (e) 

For the first of these solutions, 

mi = n, m 2 = n — 2, m 3 = n — 4, * * * 

The coefficients a 2 , a 3 , . . . in Eq. (d) are found by equating to zero 
the coefficients of each power of x. Taking, for instance, the terms 
containing x m '~ 2r + 2 , we find for the calculation of the coefficient a r the 
equation 

n(n -f- l)a r = (mi — 2r -f- 2)(mi — 2r + 3)a r 

— (mi — 2r + 4) (mi — 2r + 3)a r _i 


from which, by substituting mi = n, 

(n — 2r 4- 4)(n — 2r + 3) 
° r ~ 2(r — l)(2n — 2r + 3) 


The series (c) can now be put in the form 







n(w — l)(n — 2) (n — 3) 
2 • 4(2 n - 1) (2/i - 3) 



which represents a solution of Eq. (183). Substituting this solution 
in (a) and remembering that 


x = cos 0, Rx = z, R = y/r 2 + z 2 

we find, for 71 equal to 0, 1, 2, 3, . . . , the following particular solu¬ 
tions of Eq. (182) in the form of polynomials: 


0 i — A iZ 

02 = A 2 [z 2 - i(r 2 + z 2 )] 

03 = A 3 [z 3 — $z(r 2 + z 2 )] 

04 = A *[z* - |z 2 (r 2 + z 2 ) + A(r 2 + z 2 ) 2 ] 

0 5 = A b [z* - -\°z\r 2 + z 2 ) + + z 2 ) 2 ] 


( 184 ) 
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A 0f Ai, . . . are arbitrary constants. These polynomials are also 
solutions of the Eq. (181). From these solutions we can get new solu¬ 
tions of Eq. (181) which will no longer be solutions of Eq. (182). If 
R n< Sr n is a solution of Eq. (182), it can be shown that R n+2 'f' n is a solut ion 
of Eq. (181). Performing the operation indicated in the parentheses 

of Eq. (181), 


dR 2 


^ R dR 


+ IT* ctn * 3* + 



Rn+2^ 


n 


= 2(2 n + 3 )R T "* n (g) 


Repeating the same operation again, as indicated in Eq. (181), we 
obtain zero, since ( g ) is a solution of Eq. (182). Hence R n+2< ^n is a 
solution of Eq. (181). It is seen that multiplying solutions (184) by 
R* __ r 2 z 2 ? we can obtain the following new solutions: 

* 2 = B 2 (r 2 + z 2 ) 

<t> 3 = Biz(r 2 + z 2 ) 

<t > 4 = B 4 (2z 2 - r 2 ) (r 2 + z 2 ) (185) 

<f> 5 = R 5 (2z 3 - 3 r 2 2 )(r 2 + z 2 ) 


118. Bending of a Circular Plate. Several problems of practical 
interest can be solved with the help of the foregoing solutions. Among 


these are various cases of the bending of 
symmetrically loaded circular plates 
(Fig. 199). Taking, for instance, the 
polynomials of the third degree from 
(184) and (185), we obtain the stress 


min i -U 


o 


-A 

«—J 



Fia. 199. 


function 

<f> = a 3 (2z 3 — 3 r 2 z) + b z (r 2 z + z 3 ) (a) 


Substituting in Eqs. (179), we find 

<r r = 6a 3 + (10v - 2)& 3 , = 6a 3 + (10v - 2)5 3 ( lg6) 

o" z = — 12a 3 + (14 — 10 v)b 3 , r„ = 0 

The stress components are thus constant throughout the plate. By a 
suitable adjustment of constants a 3 and b 3 we can get the stresses in a 
plate when any constant values of cr z and o> at the surface of the plate 

are given. , 

Let us take now the polynomials of the fourth degree from (184) ana 

(185), which gives us 

<*> = a 4 (8z 4 — 24 r 2 z 2 + 3r 4 ) + b 4 (2z 4 + rV 2 — r 4 ) (b) 
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Substituting in Eqs. (179), we find 



o r = 96a 4 z -f- 46 4 (14v — l)z 
o z = — 192a 4 z -f- 4b 4 (16 — 14 v)z 
t rz = 9Ga 4 r — 2b 4 (lG — 14 v)r 

(187) 

Taking 

9Ga 4 - 26 4 (1G - \Av) = 0 


we have 




o z = T rt =0, o r = 28(1 + v)b^z (c) 


If 2 is the distance from the middle plane of the plate, the solution (c) 
represents pure bending of the plate by moments uniformly distributed 
along the boundary. 

To get the solution for a circular plate uniformly loaded, we take the 
stress function in the form of a polynomial of the sixth power. Pro¬ 
ceeding as explained in the previous article, we find 

4 > = Wlfiz 6 ~ 120z 4 r 2 + 90z 2 r 4 - 5r 6 ) 

+ M8z 6 - lGz 4 r 2 - 21z 2 r 4 + 3r*) 

Substituting in (179), 

o r = a 6 (320z 3 - 720r 2 z) + M04(2 + lb)* 8 + (504 - 48 • 22y)r 2 z] 

<r M = a 6 ( — 640z 3 + 9G0r 2 z) + b 6 { [-9G0 + 32 • 22(2 - v)]z z 

+ [384 - 48 • 22(2 - v)]r*z\ 

r rz = a 6 (9G0rz 2 - 240r 3 ) 

+ 6«[(-G72 + 48 • 22 u)z 2 r + (432 - 12 • 22v)r'] 

To these stresses we add the stresses 


o r = 9Ga.,z, o s = —192 a 4 z, r„ = 96a 4 r 


obtained from (187) by taking b 4 = 0, and a uniform tension in the 
z-direction o ; = b , which can be obtained from (186). Thus we arrive 
at expressions for the stress components containing four constants 
a G} be,, a 1 , b. These constants can be adjusted so as to satisfy the 
boundary conditions on the upper and lower surfaces of the plate (Fig. 
199). The conditions are 
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Here q denotes the intensity of the uniform load and 2c is the thickness 
of the plate. Substituting the expressions for the stress components 
in these equations, we determine the four constants a 6 , b G , b. Using 
these values, the expressions for the stress components satisfying condi¬ 
tions ( d ) are 

2 + *z 3 _ 3(3 4- v) r 2 z 3 

Q /.3 


>-«[ 

’ = q (~ 


32 


8 



4c 3 


+ 


3 £ _ l\ 

4 c 2/ 




Trz = 


3 qr 
8 c 3 


(c 2 - Z 2 ) 


It will be seen that the stresses a z and r r2 are distributed in exactly the 
same manner as in the case of a uniformly loaded beam of narrow rectan¬ 
gular cross section (Art. 21). The radial stresses <r r are represented by 
an odd function of z, and at the boundary of the plate they give bending 
moments uniformly distributed along the boundary. To get the solu¬ 
tion for a simply supported plate (Fig. 199), we superpose a pure bend¬ 
ing stress (c) and adjust the constant 5 4 so as to obtain for the boundary 




<jrZ dz = 0 


Then the final expression for <r r becomes 

[2 + vz* 3(3 + v) r 2 z 3 2 + vz , 3(3 + v) a 2 z] 
<Tr q 8 c 3 32 c 3 8 5 c " 1 " 32 c 3 J 


(188) 


and at the center of the plate we have 

, N I~ 2 -b v z 3 3 2 + v z , 3(3 + v) a 2 z~\ m 

(°' r ) r -o q L 8 c 3 8 5 c + 32 c 3 J U) 

The elementary theory of bending of plates, based on the assumptions 
that linear elements of the plate perpendicular to the middle plane 
(z = 0) remain straight and normal to the deflection surface of the 
plate 1 during bending, gives for the radial stresses at the center 


<T r 


3(3 + v) a 2 z 
32 c 3 




1 This assumption is analogous to the plane cross sections hypothesis in the 
theory of bending of beams. The exact theory of bending of plates was developed 
by J. H. Michell, Proc. London Math. Soc. t vol. 31, 1900, and A. E. H. Love, 
“Mathematical Theory of Elasticity,” 4th ed., p. 465, 1927. 
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Comparing this with (/), we see that the additional terms of the exact 
solution are small if the thickness of the plate, 2c, is small in comparison 
with the radius a. 

It should be noted that by superposing pure bending we eliminated 
bending moments along the boundary of the plate, but the radial 
stresses are not zero at the boundary but are 





(2 + v z 3 3 2 + * z\ 
\ 8 c 3 8 5 c/ 



The resultant of these stresses per unit length of the boundary line and 
their moment, however, are zero. Hence, on the basis of Saint- 
Venant’s principle, we can say that the removal of these stresses does 
not affect the stress distribution in the plate at some distance from the 
edge. 

By taking polynomials of higher order than the sixth for the stress 
function, we can investigate cases of bending of a circular plate by 
nonuniformly distributed loads. By taking, instead of solution (/) 
on page 348, the other solution of Eq. (182), we can also obtain solu¬ 
tions for a circular plate with a hole at the center. 1 All these solutions 
are satisfactory only if the deflection of the plate remains small in com¬ 
parison with the thickness. For larger deflections the stretching of 
the middle plane of the plate must be considered. 2 


119. The Rotating Disk as a Three-dimensional Problem. In our previous 
discussion (Art. 30) it was assumed the stresses do not vary through the thickness 
of the disk. Let us now consider the same problem assuming only that the stress 
distribution is symmetrical with respect to the axis of rotation. The differential 
equations of equilibrium are obtained by including in Eqs. (177) the centrifugal 
force. Then 


dtr r 
~dr 




+ pw*r 



Or r, 
dr 



(V, 

hz 



(189) 


where p is the mass per unit volume, and u> the angular velocity of the disk. 

The compatibility equations also must be changed. Instead of the system 
(130) we shall have three equations of the type (/) (sec page 231) and three equa¬ 
tions of the type (< 7 ). Substituting in these equations the components of body 
force, 

X = puPx, }’ = pu>*y, Z = 0 (fl) 

1 A number of solutions for a circular plate symmetrically loaded have been 
discussed by A. Korobov, Bull. Polylech. Inst., Kino, 1913. Similar solutions were 
obtained independently by A. Timpe, Z. angew. Math. Mech., vol. 4, 1924. 

2 See Kelvin and Tait, “Natural Philosophy,” vol. 2, p. 171, 1903. 
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we find that the last three equations, containing shearing-stress components, 
remain the same as in the system (130), and the first three equations become 
[see Eqs. (e), Art. 116] 


W r -= (cr r — ere) 4- 

r 2 

Wo + \ (o> — <*o) 4* 


a 2 e 


r 2 


v 2 o z 4- 


a 2 e 


1 + V dr 2 
1 1 30 

1 + V r dr 

2 vpco 2 


2po> 2 
1 — ; 
2p 


CO 


1 - 


1 + v dz 2 


1 - 



We begin with a particular solution of Eqs. (189), satisfying the compatibility 
equations. On this solution we superpose solutions in the form of polynomials 
(184) and (185) and adjust the constants of these polynomials so as to satisfy 
the boundary conditions of the problem. For the particular solution we take the 
expressions 

a T = Br 2 -f- Z)z 2 , o-z = Ar 2 , *e = Cr 2 + Dz 2 , r„ = 0 (c) 

It can be seen that these expressions satisfy the second of the equations of equilib¬ 
rium. They also satisfy the compatibility equations which contain shearing- 
stress components [see Eqs. (/) and ( g ), Art. 116]. It remains to determine the 
constants A, B, C , D, so as to satisfy the remaining four equations, namely the 
first of Eqs. (189) and Eqs. (6). Substituting (c) in these equations, we find 



pco 2 (l -f- 3*>) 
6v 


y 



The particular solution is then 


po> 2 

3 ’ 




po, 2 (l + 2r)(l 4- y) 

6^(1 — v ) 


o> 


<r. 


<re 


T r * 


poi 2 , pw 2 (l 4- 2i/)(l 4- *0 

~~3 r -6K1 - v) 

po> 2 (l -h 3v) 2 
6v 

_ pcu 2 (l 4 2 p)(1 + *0 

6v(l — V ) 



(190) 


This solution can be used in discussing the stresses in any body rotating about an 
axis of generation. 

In the case of a circular disk of constant thickness we superpose on the solution 
(190) the stress distribution derived from a stress function having the form of a 
polynomial of the fifth degree [see Eqs. (184), (185)1, 

4> = a 5 (8z 6 — 40r 2 z 3 + 15r 4 z) 4- 6 6 (2z s — r 2 z 3 — 3r*z) (d) 


Then, from Eqs. (179), we find 

<r r = -a 6 (180r 2 - 240z 2 ) -f- 6 5 [(36 — 54*)r 2 4- (1 4- 18*06**] 

a, = —<zb( —240r 2 + 480z 2 ) 4- &*[(96 — 108*0** 4- ( — 102 + 54*9r 2 ] 

a e = a 5 (— 60r 2 + 240z 2 ) + b 5 [( 6 + 108*Oz 2 + (12 — 54 v)r 2 ] 

Trz = 480a&rz — b 6(96 — 108 v)rz 
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Adding this to the stresses (190) and determining the constants a* and b b so as to 
make the resultant stresses t tz and c, vanish, we find 


<r r 


<re 



r y(i + v) 

l_2(l - *') 

r (i + 30 

8 


+ 

r 2 + 


3 + v 9 ~] 

— r J 

Ki 4 0 ^ 

2(1 - v) 




To eliminate the resultant radial compression along the boundary, i.e. t to make 



we superpose on (/) a uniform radial tension of magnitude 


Then the final stresses arc 


c r = po> 2 


co = poj 2 


pco 2 

8 

(3 4 

v)a 2 4 , 

arc 



| 3 _±- 
L 8 

- (« 2 

- r 2 ) 4 

r 3 + 

V , 

1 4 3 

L 8 

— a 2 - 

8 

<Tg = 

= o, 

Ttz ~ 


> + (cs -**>] 

v(l + v) 


r 2 + 


6(1 - 0 


(c 2 - 3z 2 ) 


] 


(191) 


Comparing this with the previous solution (55), we have here additional terms 
with the factor* (c 2 — 3z 2 ). The corresponding stresses are small in the case of a 
thin disk and their resultant over the thickness of the disk is zero. If the rim of 
the disk is free from external forces, solution (191) represents the state of stress 
in parts of the disk some distance from the edge. 

The stress distribution in a rotating disk having the shape of a flat ellipsoid of 
revolution has been discussed by C. Chrec. 1 


120. Force at a Point of an Indefinitely Extended Solid. In dis¬ 
cussing this problem we use again Eq. (182) on page 347. By taking 
m x = —(m 1 ) [see Eq. (c), page 348], we obtain the second integral 

of Eq. (183) in the form of the following series: 


= a !"*-<»+» 4- (” + DC* + 2 ) r -(,+3) 

a \ X ^ 2(2 n 4 3) 


(n + l)(n + 2 )(h 4 3 )(n 44) (n+5) 

+ 2*4* (2n 4 3) (2/1 4 5) ‘ 




Taking n equal to —1, —2, —3, ...» we obtain from this the follow¬ 
ing particular solutions of Eq. (182): 


1 These terms are of the same nature as the terms in z 3 found in Art. 84. Equa¬ 
tions (191) represent a state of plane stress since cr, and r r , vanish. Body force 
(here centrifugal force), not included in Art. 84, does not alter the general conclu¬ 
sions so long as it is independent of z . 

2 C. Chroe, Proc. Roy . Soc. (London), vol. 58, p. 39, 1895. 
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<#>, = A i(r 2 + 2 2 )-» 

<#> 2 = A 2 z(r 2 + 2 2 )-* ( 192 ) 

<t > 3 = A 3 [z 2 (r 2 + z 2 )-i - i(r 2 + z 2 )-*] 


which are also solutions of Eq. (181). By multiplying expressions 
(192) by r 2 + z 2 (see page 349), we obtain another series of solutions of 

Eq. (181), namely, 

<t> i = Bi(r 2 + z 2 )» 

<t> 2 = Boz(r 2 + z 2 ) - ! (193) 


Each of the solutions (192) and (193), and any linear combination of 
them, can be taken as a stress function, and, by a suitable adjustment 
of the constants A\, A 2 , . . • , B 1 , B 2 , . . . , solutions of various 

problems may be found. 

For the case of a concentrated force we take the first of the solutions 
(193) and assume that the stress function is 

<f> = B(r 2 + z 2 )* 

where B is a constant to be adjusted later. Substituting in Eqs. (179), 
we find the corresponding stress components 

a r = Bl( 1 — 2v)z(r 2 + z 2 ) -3 — 3r 2 z(r 2 + z 2 )~*] 

<r« = B( 1 - 2v)z(r 2 + z 2 )~s ( x94 ) 

a z = — B[(l — 2y)z(r 2 + z 2 )~« + 3z 3 (r 2 + z 2 ) *] 

Tti = — B[(l — 2 x)r(r 2 + z 2 )-» + 3rz 2 (r 2 + z 2 )-»] 

All these stresses approach infinity when we approach the origin of 
coordinates, where the concentrated force 
is applied. To avoid the necessity of 
considering infinite stresses we suppose 
the origin to be the center of a small 
spherical cavity (Fig. 200), and consider 
forces over the surface of the cavity as 
calculated from Eqs. (194). It can be 
shown that the resultant of these forces 
represents a force applied at the origin in 
the direction of the z-axis. From the 
condition of equilibrium of a ring-shaped 
element, adjacent to the cavity (Fig. 200), the component of surface 

forces in the z-direction is 

z — — (r rz sin \J/ + <*z COS ^) 






356 


THEORY OF ELASTICITY 


Using Eqs. (194) and the formulas 

sin yp = r(r 2 + z 2 ) - *, cos ip = z(r 2 + z 2 ) - * 

we find that 

Z = £[(1 - 2 v)(r 2 + z 2 )- 1 + 3z 2 (r 2 + z 2 )" 2 ] 

The resultant of these forces over the surface of the cavity is 

x 

2 JZ \/r 2 + z 2 * dip • 2irr = 8B7t(1 — v) 

The resultant of the surface forces in a radial direction is zero, from 
symmetry. If P is the magnitude of the applied force, we have 

P = 8Btt(1 - v) 

Substituting 

B = -- (195) 

87r(l — v) 

into Eqs. (194), we obtain the stresses produced by a force P applied at 
the origin in the z-direction. 1 This solution is the three-dimensional 
analogue of the solution of the two-dimensional problem discussed in 
Art. 38. 

Substituting z = 0 in Eqs. (194), we find that there are no normal 
stresses acting on the coordinate plane z = 0. The shearing stresses 

over the same plane are 

P( 1 - 2v) _ P(1 - 2v) 

Trt ~ r 2 8tt(1 - v)r % 

(a) 

These stresses are inversely propor¬ 
tional to the square of the distance r 
from the point of application of 
the load. 

121. Spherical Container under 
Internal or External Uniform Pres¬ 
sure. By superposition we can get 
from the solution of the previous 
article some new solutions of practical interest. We begin with the 
case of two equal and opposite forces, a small distance d apart, applied 
to an indefinitely extended elastic body (Fig. 201). The stresses pro- 

1 The solution of this problem was given by Lord Kelvin, Cambridge and Dublin 
Math. J. y 1818. See nlso his “Mathematical and Physical Papers,” vol. 1, p. 37. 
From his solution it follows that the displacements corresponding to the stresses 
(194) are single-valued, which proves that (194) is the correct solution of the 
problem (see Art. 82). 
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duced at any point by the force P applied at the origin O are determined 
by Eqs. (194) and (195) of the previous article. By using the same 
equations, the stresses produced by the force P at O x can also be 
calculated. Remembering that the second force is acting in the oppo¬ 
site direction and considering the distance d as an infinitely small 
quantity, any term /(r,z) in expressions (194) should be replaced by 
— [/ + (df/dz)d]. Superposing the stresses produced by the two forces 
and using the symbol A for the product Bd, we find 


<7 r 

<tq 

<Tz 

Trz 


= -A 4 - t(l - 2 v)z(r* + z 2 )-3 - 3r 2 z(r 2 + z 2 )- 

oz 

— —A A [(1 - 2x)z(r 2 + z 2 )" 3 ] 

= A A [(1 - 2x)z(r 2 + z 2 )-a + 3z 3 (r 2 + z 2 )"*] 

OZ 

= A / [(1 - 2»)r(r 2 + z 2 )-* + 3rz 2 (r 2 + z 2 )-*] 

C/Z 



(196) 


Let us consider (Fig. 201) the stress components <tr and acting at a 
point M on an elemental area perpendicular to the radius Oil/, the 
length of which is denoted by R. From the condition of equilibrium 
of a small triangular element such as indicated in the figure we find 1 


< t r = <r r sin 2 \J/ + <r z cos 2 \f/ + 2 r rz sin \J/ cos \f/ 
tr+ = (f T r — <Tz) sin ^ cos \f/ — T r .(sin 2 yp — cos 2 \p) 


Using (196), and taking 

sin \p = r(r 2 + z 2 )~l = 
we obtain 

2(1 + v)A 


(Tr = — 


Tr+ — 


R 


cos T P = z(r~ + Z 2 ) s = -g 


sin 2 \p + —— cos 2 xp 


1 + v 


2(1 + v)A . . , 

—^— sin xp cos xp 
K 




The distribution of these stresses is symmetrical with respect to the 
z-axis and with respect to the coordinate plane perpendicular to z. 

Imagine now that we have at the origin, in addition to the system of 
two forces P acting along the z-axis, an identical system along the 
r-axis and another one along the axis perpendicular to the rz-plane. 

1 The stress components erg, acting on the sides of the element in the meridional 
sections of the body, give a small resultant of higher order and can be neglected in 
deriving the equations of equilibrium. 



THEORY OF ELASTICITY 


358 

By virtue of the symmetry stated above, we obtain in this way a stress 
distribution symmetrical with respect to the origin. If we consider a 
sphere with center at the origin, there will be only a normal uniformly 
distributed stress acting on the surface of this sphere. The magnitude 
of this stress can be calculated by using the first of Eqs. (5). Con¬ 
sidering the stress at points on the circle in the rz-plane, the first of 
Eqs. ( b ) gives the part of this stress due to the doxible force along the 
z-axis. By interchanging sin \f/ and cos \J/, we obtain the normal stress 
round the same circle produced by the double force along the r-axis. 
The normal stress due to the double force perpendicular to the rz-plane 
is obtained by substituting ^ = tt/ 2 in the same equation. Com¬ 
bining the actions of the three perpendicular double forces we find the 
following normal stress acting on the surface of the sphere: 



The combination of the three perpendicular double forces is called a 
center of compression. We see from (c) that the corresponding com¬ 
pression stress in the radial direction 
depends only on the distance from the 
center of compression and is inversely 
proportional to the cube of this distance. 

This solution can be used for calculat¬ 
ing stresses in a spherical container sub¬ 
mitted to the action of internal or external 
uniform pressure. Let a and b denote 
the inner and outer radii of the sphere 
(Fig. 202), and and p 0 the internal and 
the external uniform pressures. Super¬ 
posing on (c) a uniform tension or com¬ 
pression in all directions, we can take a 

general expression for the radial normal stress in the foim 



Fig. 202. 


<rB = 7T 5 + D 


(d) 


C and D arc constants, the magnitudes of which are determined from 
the conditions on the inner and outer surfaces of the container, which 


- t + D = 

a 3 


Pm 


are 


¥ + D ~ ~ p ° 
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Then 

r __ (Pi ~ Po)a*b 3 
^ - a 3 — b 3 

D = r* 3 - (197) 

a 3 — o 3 

p 0 b z (R* - a 3 ) L p,-fl 8 (b 3 - R 3 ) 
a * ” R\a* - 6 3 F ^ 3 (a 3 - 5 3 ) 


The pressures p 0 and p, also produce in the sphere normal stresses <7* in 
a tangential direction, the magnitude of which we find from the condi¬ 
tion of equilibrium of an element cut out from the sphere by the two 
concentric spherical surfaces of radii R and R + dR and by a circular 
cone with a small angle d\p (Fig. 202). The equation of equilibrium is 


<r« ^ dRld+Y 


d(Tlt 7T R 2 

TR 


dR{d*Y + <r„^dR(d^Y 


from which 


da r R . 

a ‘ ~ HR 2 + <Tr 


(e) 


Using expression (197) for <r R this becomes 

p 0 b\2R z + a 3 ) _ p,a 3 (2^ 3 + fr 3 ) 
at ~ 2 R 3 (a 3 — 5 3 ) 2 R 3 (a 3 — 6 3 ) 


(198) 


If p 0 = 0, then 


_ p,a 3 (2 R 

C\ 7"> 3 


6 3 ) 


2 R 


3 — a 3 


It will be seen that the greatest tangen¬ 
tial tension in this case is at the inner 
surface, at which 

, v = Pi_ 2a 3 + 6 3 
tO'dmax. 2 5 3 — a 3 

All these results are due to Lam^. 1 

122. Local Stresses around a Spherical 
Cavity. As a second example consider 
the stress distribution around a small spherical cavity in a bar submitted to uni¬ 
form tension of magnitude <S (Fig. 203). 2 In the case of a solid bar in tension, the 
normal and shearing components of stress acting on a spherical surface are 



1 Lam6, “Legons sur la thdorie . . . de l’61asticit6,” Paris, 1852. 

2 Solution of this problem is due to R. V. Southwell, Phil . Mag., 1926; see also 
J. N. Goodier, Trans. A.S.M.E., vol. 55, p. 39, 1933. The triaxial ellipsoidal 
cavity is considered by E. Sternberg and M. Sadowsky, J . Applied Mechanics 
{Trans. A.S.M.E.), vol. 16, p. 149, 1949. 



3G0 


THEORY OF ELASTICITY 


an = S cos 2 t p, rnf = — S sin cos yp 


(a) 


To got the solution for the ease of a small spherical cavity of radius a, we must 
superpose on the simple tension a stress system which has stress components on 
the spherical surface equal and opposite to those given by the Eqs. (a), and which 
vanishes at infinity. 

Taking from the previous article the stresses ( b) t due to a double force in the 
2 -direction, and the stresses (c), due to a center of compression, the corresponding 
stresses acting on the spherical surface of radius a can be presented in the following 
form: 


an — — 


2(1 + u)A 


a 




COS 2 \p 

B 


> 


<r«" = r«*'' = 0 


a 


2(1 + p)A . , # ... 

- -sin \f/ cos yp (6) 


(c) 


where A and B are constants to be adjusted later. It is seen that, combining 
stresses (b) and (c), the stresses (a) produced by tension cannot be made to vanish 
and that an additional stress system is necessary. 

Taking, from solutions (1 ( .)2), a stress function 

<t> = <? 2 (r 2 + 2 2 )'i 

the corresponding stress components, from Eqs. (179), arc 

SC 


a r = 


It 6 

SC 


(1—5 cos 2 yp — 5 sin 2 yp 4* 35 sin 2 yp cos 2 yp) 


(d) 


er, = ^ (3 - 30 cos 2 * + 35 cos 4 yp) 

c -0 = ^ (i - 5 cos 2 yp) 

15C 

t t , = ( — 3 sin yp cos + 7 sin yp cos 3 yp) 

Using now Eqs. (a) of the previous article, the stress components acting on a 
spherical surface of radius a are 


(TIC 


/// 


12C / 1 , O , 

— 6 - (-1+3 cos 2 ^), 


rnp 


m 


24 C . , , 

Y~ sin yp COS yp 


a 


(e) 


Combining stress systems (5), (c), (e) we find 


2(1 4- p)A _ , A . . . B 12C . 36C 

an = - 


a 


— 2(5 — y) — cos 2 ^4-;- 1 -1-r cos * ^ 

a 3 a 3 a 5 a 6 


2(1 4- v)A . , , . 24 C . # 

m<i =-----sm yp cos yp 4- — t sin yp cos yp 

a 3 n 


(/) 


Superposing these stresses on the stresses (a), the spherical surface of the cavity 
becomes free from forces if we satisfy the conditions 


2(1 4- *>)A , B 12 C 


a 


— 4- ^ - 


0 


a 


a 


_A 36 C 

-2(5 _ 

_ 2(1 4- p) A 24C 

a 3 a 6 


-S 


S 


( g) 



AXIALLY SYMMETRICAL STRESS DISTRIBUTION 


361 


from which 

A 5 S B _ S{ 1 - 5*0. C _ S 

a 3 ” 2(7 — 5*0* a 3 7 — 5p a 5 2(7 — 5*0 



The complete stress at any point is now obtained by superposing on the simple 
tension S the stresses given by Eqs. ( d ), the stresses (196) due to the double 
force, and the stresses due to the center of pressure given by Eqs. (c) and (e) of the 
previous article. 

Consider, for instance, the stresses acting on the plane z = 0. From the condi¬ 
tion of symmetry there are no shearing stresses on this plane. From Eqs. (d), 
substituting \f/ = tt/ 2 and R = r, 

9 C 95a 6 




2(7 — 5v)r 8 


From Eqs. (196), for z = 0, 


<Tz 


// 


.4(1 — 2*0 5(1 - 2*05 a 3 

~ r 3 2(7 - 5»0 r 3 


From Eq. (e) of the previous article. 


<r,'" = (cr,)._o = - 


5(1 - 5*0 a 3 
2(7 - 5*0 r 3 


The total stress on the plane z — 0 is 

<r, = <r,' + <r," + <r.'" + S = S [ 
At r = a, we find 


1 _i_ * ~ 5* ql ._ 

^ 2(7 - 5*0 r 3 ^ 2(7 


9 a 6- ] 

- 50 r 6 J 


(<r,) 


max. 


Taking v = 0.3, 


(<?■*) 


27 — 15* 
2(7 - 5*0 

— e 

max. — 2 2° 


5 


(A:) 


(0 


(m) 


(n) 


(o) 


The maximum stress is thus about twice as great as the uniform tension 5 applied 
to the bar. This increase in stress is of a highly localized character. With 
increase of r, the stress (n) rapidly approaches the value 5. Taking, for instance, 
r = 2a, v = 0.3, we find a z = 1.0545. 

In the same manner we find, for points in the plane z = 0, 


(o-fllz-O 



B 

2r 3 


Substituting from Eqs. ( h ) and taking r = a, we find that the tensile stress along 
the equator (yp = tt/2) of the cavity is 


(<r 0 ) r _.O. r-a 


15p — 3 
2(7 - 5*0 


At the pole of the cavity (^ = 0 or yp = ir) we have 

2(1 - 2 v)A 12 C B _ 3 + 15u c 

ov “ “ a 3 a 6 2a 3 2(7 - 5*0 

Thus the longitudinal tension 5 produces compression at this point. 

Combining a tension 5 in one direction with compression 5 in the perpendicular 
direction we can obtain the solution for the stress distribution around a spherical 
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cavity in the case of pure shear. 1 It can be shown in this way 
shearing stress is 

_ 15(1 — v) ^ 

- 7 _ 5 „ " 


that the maximum 



The results of this article may be of some practical interest in discussing the 
effect of small cavities 2 on the endurance limit of specimens submitted to the 

action of cyclical stresses. 


123. Force on Boundary of a Semi-infinite Body. Imagine that 
the plane z = 0 is the boundary of a semi-infinite solid and that a force 

P is acting on this plane along the z-axis (Fig. 204). 3 It was shown in 

Art. 120 that the stress distribu¬ 
tion given by Eqs. (194) and 
‘ (195) can be produced in a semi¬ 

infinite body by a concentrated 
force at the origin and by shear¬ 
ing forces on the boundary plane 
2 = 0, given by the equation 

B( 1 - 2v) 



Trz = — 


(a) 


To eliminate these forces and 
arrive at the solution of the 
problem shown in Fig. 204, we 

use the stress distribution corresponding to the center of compression 
(see page 358). In polar coordinates this stress distribution is 

rlrr n 7? 1 A 

Or = a 1 = 


R 


dan R , __ _ 1 __ 

dR 2 +<r * 2 ft 3 


in which A is a constant. In cylindrical coordinates (Fig. 204) we 
have the following expressions for the stress components: 

tr r = o-K sin 2 t + <T, cos 2 ^ = A(r 2 - iz 2 )(r 2 + z 2 )~» 

cos 2 * + cr, Sin 2 * = yl(z 2 - £r 2 )(r 2 + z 2 )~» (199) 

Trz = — *«) sin 2 ^ = %Arz(r 2 -b z 2 ) * 

-\w~ + 

1 This problem was discussed by J. Larmor, Phil, ^^ag. i series 5, vol. 33, 1892. 
See also A. K. II. Love, “ Mathematical Theory of Elasticity,” 4th ed., p. 252,1927. 

2 Such cavities are, for instance, present in a weld, and fatigue experiments 

show that cracks usually begin at these cavities. . 

3 The solution of this problem was given by J. Boussinesq, see “ Application des 
potentiols . . . Paris, 1885. The solution for a force at an internal point of the 
semi-infinite body was found by R. D. Mindlin, Physics , vol. 7, p. 195, 1936. 
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Assume now that centers of pressure are uniformly distributed along 
the 2 -axis from 0=0 to 0 = — 00 . Then, using the principle of super¬ 
position, the stress components produced in an indefinitely extended 
solid are, from Eqs. (199), 


cr r 


= A 



co 


(r 2 — ^0 2 )(r 2 + 0 2 ) 8 dz 


_ a r 1_ z_ 

2 [_r 2 r* 


(r 2 + 0 2 )-* - z{r~ + 0 2 ) 


-3 




= A 



(*■ - 5 -) 


(r 2 + dz = $ 0(r 2 + z 2 )" 3 


( 200 ) 


rz 


- 1 -/, 


00 


A 


?*0(r 2 + 0 2 )~ ? dz = -^ r(r 2 + z 2 ) i 


<^0 


~W 


CO 


(r 2 + 0 2 )"3 d0 = 


A 

2 


[i_£ 

|_r 2 


(r 2 + 0 2 )~i 


Considering the plane 0=0 we find that the normal stress on this 
plane is zero, and the shearing stress is 


, X _ 1 A 

\ T rz) z—0 2 r 2 


(fc) 


It appears now that by combining solutions (194) and (200), we can, 
by a suitable adjustment of the constants A and B, obtain such a stress 
distribution that the plane 0 = 0 will be free from stresses and a con¬ 
centrated force P will act at the origin. From (a) and (6) we see that 
the shearing forces on the boundary plane are eliminated if 

-B(l - 2v) + 4 = 0 

from which 

A = 2B(1 - 2v) 

Substituting in expressions (200) and adding together the stresses (194) 
and (200), we find 

ov = B j(l - 2 *) - p (r 2 + 2 2 )-*j - 3r 2 z(r 2 + z 2 )“*} 

<r z = —3 Bz 3 (r 2 + 0 2 ) -5 

= B{ 1 - 2-) [ - i + p (r 2 + 2 2 )-* + z(r 2 + z 2 )~» J 
r rz = —3 Brz 2 (r 2 -f* 0 2 ) -8 


(<0 
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This stress distribution satisfies the boundary conditions, since 
= r _ q f or z=0. It remains now to determine the constant B 

so that the forces distributed over a hemispherical surface with center 
at the origin are statically equivalent to the force P acting along the 
z-axis. Considering the equilibrium of an element such as shown in 
Fig. 200, the component in the z-direction of forces on the hemispherical 


surface is 

Z = — (r rz sin yp + <r z cos yp) 


3Bz 2 (r 2 + 



For determining B we obtain the equation 


P = 2tt 
from which 



cos 2 xp sin yp d\p = 2irB 



P 

2tt 


Finally, substituting in (c) we obtain the following expressions for 
the stress components due to a normal force P acting on the plane 
boundary of a semi-infinite solid: 


(Tr 


= £ | (l - 2v) \h~ 7- (r2 + 22) ~‘] “ 3rMr2 + 2a)_ ') 


<Tz — 


- z\r- + z 2 )-* 
h r 


= 2? (1 


-2.0 j - y* + p (r 2 + z 2 )-‘ + + z 5 )~»] 


( 201 ) 


Trz = 


- |£ rz-(r 5 + z-)-* 


This solution is the three-dimensional analogue of the solution for the 
semi-infinite plate (see Art. 33). 

If we take an elemental area mn perpendicular to z-axis (Fig. 204), 
the ratio of the normal and shearing components of the stress on this 

element, from Eqs. (201), is 

ZL =* (d) 

Tr: T 

Hence the direction of the resultant stress passes through the origin 0*. 
The magnitude of this resultant stress is 


S = v / ^M r 


r: 


3 P z- _ 3 P cos 5 

27 (r- + z 5 ) 5 “ 27 (r 5 + z 5 ) 


( 202 ) 
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The stress is thus inversely proportional to the square of the distance 
from the point of application of the load P. Imagine a spherical sur¬ 
face of diameter d, tangent to the plane z — 0 at the origin O. For 
each point of this surface, 

r 2 + z 2 = d 2 cos 2 \f/ (c) 

Substituting in (202) we conclude that for points of the sphere the 
total stress on horizontal planes is constant and equal to SP/2ird 2 . 

Consider now the displacements produced in the semi-infinite solid 
by the load P. From Eqs. (178) for strain components, 


U = e e r = -n We — v(a r + <r z )] 


Substituting the values for the stress components from Eqs. (201), 


u = 


(1 - 2v) (1 + v)P 


2tt Er 


z(r 2 + z 2 )-* - 1 + 


2v 


r 2 z(r 2 + z 2 ) 



(203) 


For determining vertical displacements w , we have, from Eqs. (1/8), 


dw 

dz 

dw 

dr 


= €, = 




— v(a r + <to)] 


= Trz — 


du 

~dz 


2(1 + v)r 


TZ 


E 


du 

dz 


Substituting for the stress components, and for the displacement u the 
values found above, we obtain 


{3(1 + i/)r 2 z(r 2 + — [3 + >>(1 — 2v)]z(r 2 + z 2 )-*) 


dw _ 
dz 2 tvE 

~ = - P( -\ + y) [2(1 - v)r(r 2 + z 2 )-* + 3rz 2 (r 2 + z 2 )"*] 
dr 27 vhi 


from which, by integration, 


w = 


2t tE 


[(1 + v)z 2 (r 2 + 2 2 )“3 + 2(1 — v 2 )(r 2 + «*)“*] (204) 


For the boundary plane (z = 0) the displacements are 


(w)z-o = — 


(1 - 2v) (1 + v)P 

2-kEt 


(w) z = 0 = 


P(1 - v 2 ) 
ttEt 


(205) 
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showing that the product wr is constant at the boundary. Hence the 
radii drawn from the origin on the boundary surface, after deformation, 
are hyperbolas with the asymptotes Or and Oz. At the origin the dis¬ 
placements and stresses become infinite. To eliminate the difficulties 
in applying our equations we can imagine the material near the origin 
cut out by a hemispherical surface of small radius and the concentrated 
force P replaced by the statically equivalent forces distributed over this 
surface. 

124. Load Distributed over a Part of the Boundary of a Semi¬ 
infinite Solid. Having the solution for a concentrated force acting on 
the boundary of a semi-infinite solid we can find the displacements and 
the stresses produced by a distributed load by superposition. Take, as 
a simple example, the case of a uniform load distributed over the area 
of a circle of radius a (Fig. 205), and consider the deflection, in the 

direction of the load, of a point M 
on the surface of the body at a dis¬ 
tance rfrom the center of the circle. 
Taking a small element of the 
loaded area shown shaded in the 
figure, bounded by two radii 
including the angle d\p and two 
arcs of circle with the radii s and 
s -h ds, all drawn from M, the load on this element is qs d\(/ ds and the 
corresponding deflection at J\I f from Eq. (205), is 



Fio. 205. 


(1 — v-)q s d\p ds 
irE s 



The total deflection is now obtained by double integration, 





d\p ds 


Integrating with respect to s and taking into account the fact that the 
length of the chord mn is equal to 2 \/a 2 — r 2 sin 2 \f/ we find 





\/a 2 — r 2 sin 2 \p d\p 



in which \pi is the maximum value of \f/, i.c., the angle between r and 
the tangent to the circle. The calculation of the integral (a) is simpli¬ 
fied by introducing, instead of the variable \p, the variable angle 0. 
From the figure we have 

a sin 0 = r sin \f/ 
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from which 



a cos 6 dQ 
r cos \f/ 


a cos 6 dS 



Substituting in Eq. (a) and remembering that 6 varies from 0 to tt/2, 
when yp changes from 0 to \pi, we find 


_ 4(1 - v 2 )q 

W 71 -E 



7T 

2 


a 2 cos 2 6 dd 


_ . = 4(1 — v 2 )qr 

r \/l — (a 2 /r 2 ) sin 2 6 ttE 


[So4 l -T > sWed0 - (i / 0 2 


dd 


xA^v^in 2 !- 


= (206) 


The integrals in this equation are known as elliptic integrals , and their 
values for any value of a/r can be taken from tables. 1 



To get the deflection at the boundary of the loaded circle we take 
r = a in Eq. (206) and find 



(207) 


. K P° mt M is within the loaded area (Fig. 206a), we again con¬ 
sider the deflection produced by a shaded element on which the load 
qs ds df acts. Then the total deflection is 



1 See for instance, E. Jahnke and F. Emde, 
or Peirce, “Short Table of Integrals,” 1910. 


“Funktionentafeln,” Berlin, 


1909; 
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The length of the chord mn is 2 a cos 0, and \f/ varies from zero to 

7t/2, SO 


w = 


4(1 - v'-)q 
ttE 



cos 0 d\J/ 


or, since a sin 0 = r sin \f/, we have 


* - /: 4 i - s <2os > 

Thus the deflection can easily he calculated for any value of the ratio 
r/a by using tables of elliptic integrals. The maximum deflection 
occurs, of course, at the center of the circle. Substituting r = 0 in 
Eq. (208), we find 

(w)ma*. = -£-“ (209) 


Comparing this with the deflection at the boundary of the circle we 
find that the latter is 2/7r times the maximum deflection. 1 It is 
interesting to note that for a given intensity of the load q the maximum 
deflection is not constant but increases in the same ratio as the radius 
of the loaded circle. 

By using superposition the stresses can also be calculated. Con¬ 
sider, for example, the stresses at a point on the z-axis (Fig. 2066). 
The stress <r : produced at such a point by a load distributed over a ring 
area of radius r and width dr is obtained by substituting in the second 
of Eqs. (201) 27rr drq instead of P. Then the stress a, produced by the 
uniform load distributed over the entire circular area of radius a is 


o z — 



3 qr drz*(r- 4 z 2 )~* = qz 3 


(r 2 + * 2 )-* 


o 



1 4 


(a 2 4 



(b) 


I his stress is equal to —q at- the surface of the body and gradually 
decreases with increase of distance z. In calculating the stresses <r r and 

1 Tho solution of this problem was given by Boussincsq, loc. cit. See also 
II. Lamb, Proc. London Math. Soc., vol. 34, p. 276, 1902; K. Terazawa, J. Coll. 
Set., I niv. I oki/o, vol. 37, 1916; F. Schleicher, Bauingenieur , vol. 7, 1926, and 
Bauingctucur , vol. 14, p. 242, 1933. A complete investigation of this problem, also 
of the case in which the load is distributed over a rectangle, is given in the paper by 
A. E. II. Ivovc, Trans. Roy. Soc. (London), series A, vol. 228, 1929. Special 
properties of the deformation and stress in the general ease are pointed out by 
S. Way. ./. Applied Mechanics ('/Vans. A.S.M.E.), vol. 7, p. A-147, 1940. 
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< 7-0 at the same point, consider the two elements 1 and 2 of the loaded 
area (Fig. 2066) with the loads qr d<f> dr. The stresses produced by 
these two elemental loads at a point on the 2 -axis, from the first and 
third of Eqs. (201), are 


da r ' = TL d <j> dr j (1 _ 2v) (r , + _ 3r2z(? . 2 + z2) _ 8 j 

1 - 2 ") [ - + ~i (r* + z 2 )~i + z(r 2 + z 2 )-3 J 


, , qr d(f> dr 

CKrn = - 


(c) 


The normal stresses produced on the same planes by the elemental 
loads at points 3 and 4 are 


da r " = dr (1 - 2 x) t + £ (r 2 + Z 2)-1 + 2:( r 2 4- Z 2)-S J 
dae" = ~ dr |(1 - 2v) ^ ~ (r 2 + z 2 )-jJ _ 3 r 2 z(r 2 + z 2 )-*J 

By summation of (c) and (d) we find that the four elemental loads, 
indicated in the figure, produce the stresses 


da r = dae = 20*+*! 


7T 


[(1 — 2 v)z(r 2 + z 2 ) -3 — 3 r 2 2 (r 2 -f- z 2 )~8] 


qr dd> dr , (e) 

~- [ — 2(1 + v)z(r 2 + 2 2 )-? + 32 3 (r 2 -}- z 2 )~8] 

To get the stresses produced by the entire load uniformly distributed 

over the area of a circle of radius a we must integrate expression (e) 

with respect to <f between the limits 0 and tt/ 2, and with respect to r 
from 0 to a. Then ’ 


-s[ 


J 0 [ — 2(1 + v)z(r 2 + z 2 )~s + 3 Z 3( 
(1 + 2v) + 2(1 + v)z - ( z 

' * ‘ 2 \Va^Tz 



(/) 


‘s/a 2 + 2 

' * • " / J 

For the point O, the center of the loaded circle, we find, from Eqs. 
ana (/), 

cr z = q, cr r = ag = 




g(l + 2v) 
2 


Jtr^s !t tb _ •' 7% haVe ,‘ 7r = ^ = _0 - 8 ?- The maximum shearing 
stress at the point O, on planes at 45 deg. to the 2 -axis, is equal to 0 1 a 

Assuming that yielding of the material depends on the maximum 


370 


THEORY OF ELASTICITY 


shearing stress, it can be shown that the point O, considered above, is 
not the most unfavorable point on the z-axis. The maximum shearing 
stress at any point on the z-axis (Fig. 2066), from Eqs. (6) and (/), is 


\ (*# -*.)“! -— 2 ~ + (! + ") 


y/ a 2 4- z 2 2 V 



( 9 ) 


This expression becomes a maximum when 


1 


VF+T* = 3 V2(1 + F) 


from which 




+_T) 

2i/ 


(« 


Substituting in expression (g), 


mnx 


= | [^-4 +§d + >') V2(l + *)] 


W 


Assuming r = 0.3, we find, from Eqs. (/i) and (A:), 

z = O.G38a, Tmftx. = 0.33(7 

This shows that the maximum shearing stress for points on the z-axis 
is at a certain depth, approximately equal to two-thirds of the radius 
of the loaded circle, and the magnitude of this maximum is about one- 
third of the applied uniform pressure q. 

For the case of a uniform pressure distributed over the surface of a 
square with sides 2a, the maximum deflection at the center is 


w 


run 


„ - ® log. (V2 + 1) ^ ~ = 2.24 

7r Vj Vj 


( 210 ) 


The deflection at the corners of the square is only half the deflection at 
the center, and the average deflection is 



( 211 ) 


Analogous calculations have also been made for uniform pressure dis¬ 
tribution over rectangles with various ratios, a — a/b , of the sides. 
All the results can be put in the form 1 

~ " 2) ( 212 ) 


w 


aver. 


P(1 - 

= m 


E A 


1 See Schleicher, loc. cit. 



AXIALLY SYMMETRICAL STRESS DISTRIBUTION 371 

in which m is a numerical factor depending on cx } A is the magnitude of 
this area, and P is the total load. 


Table of Factors m in Eq. (212) 



Circle 

Square 

Rectangles with various c* = ^ 

b 

1 .5 

2 

3 

5 

10 

100 

m = 

0.96 

0.95 

0.94 

0.92 

0.88 

0.82 

0.71 

0.37 


Several values of the factor m are given in the table. It will be seen 
that for a given load P and area A deflections increase when the ratio 
of the perimeter of the loaded area to the area decreases. Equation 
(212) is sometimes used in discussing deflections of foundations 1 of 
engineering structures. In order to have equal deflections of various 
portions of the structure the average pressure on the foundation must 
be in a certain relation to the shape and the magnitude of the loaded 
area. 

It was assumed in the previous discussion that the load was given, 
and we found the displacements produced. Consider now the case 
when the displacements are given and it is necessary to find the corre¬ 
sponding distribution of pressures on the boundary plane. Take, as 
an example, the case of an absolutely rigid die in the form of a circular 
cylinder pressed against the plane boundary of a semi-infinite elastic 
solid. In such a case the displacement w is constant over the circular 
base of the die. The distribution of pressures is not constant and its 
intensity is given by the equation 2 

q ~ 2na ^ 213 ^ 

in which P is the total load on the die, a the radius of the die, and r the 
distance from the center of the circle on which the pressure acts. This 
distribution of pressures is obviously not uniform and its smallest value 
is at the center (r = 0), where 

_ P 

Qmin ‘ ” 27T0 2 

t.e., it is equal to half the average pressure on the circular area of con¬ 
tact. At the boundary of the same area (r = a) the pressure becomes 

1 See Schleicher, loc. cit. 

2 This solution was given by Boussinesq, loc. cit. 
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infinite. In actual cases we shall have yielding of material along the 
boundary. This yielding however is of local character and does not 
substantially affect the distribution of pressures (213) at points some 
distance from the boundary of the circle. 

The displacement of the die is given by the equation 


w = 


P(1 - v 2 ) 
2 aE 


(214) 


We see that, for a given value of the average unit pressure on the 
boundary plane, the deflection is not constant hut increases in the same 
ratio as the radius of the die. 

For comparison we give also the average deflection for the case of a 
uniform distribution of pressures [Eq. (208)]: 


Waver. = 


_ /; ”< 


uflirr dr 


10 P( 1 


TUI 


•1 


37T 2 


= 054 ^ - v2) 

aE aE 


(215) 


This average deflection is not very much different from the displace¬ 
ment (214) for an absolutely rigid die. 

126. Pressure between Two Spherical 
Bodies in Contact. The results of the 
previous article can be used in discussing 
the pressure distribution between two 
bodies in contact. 1 We assume that at 
the point of contact these bodies have 
spherical surfaces with the radii R x and 
R 2 (Fig. 207). If there is no pressure 
between the bodies we have contact at 
one point O. The distances from the 
plane tangent at O of points such as M 
and iY, on a meridian section of the 
spheres at a very small distance 2 r from the axes Zi and z 2 , can be 
represented with sufficient accuracy by the formulas 



Fig. 207. 


Zl = 


2/e, 


Z 2 = 


2 R 2 


(a) 


and the mutual distance between these points is 


zi T z*» 


2 r ' ( 2 «i + 2 R ,) - 


r 2 (R i -f- /e 2 ) 


0 b ) 


2R a R, 

'This problem was solved by II. Hertz, J. Math. ( Crclle’s J.), vol. 92, 1881. 
See also II. Hertz, “Gesammelte Werkc,” vol. 1, p. 155, Leipzig, 1895. 

2 r is small in comparison with R x and R 2 . 
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In the particular case of contact between a sphere and a plane (Fig. 
208a), Ri = co ; and Eq. (6) for the distance MN gives 



In the case of contact between a ball and a spherical seat (Fig. 2086), 
R i is negative in Eq. (6), and 



If the bodies are pressed together along the normal at O by a force P, 
there will be a local deformation near the point of contact producing 
contact over a small surface with a circular boundary, called the surface 
of contact. Assuming that the radii of curvature R 1 and R 2 are very 
large in comparison with the radius of the boundary of the surface of 



contact we can apply, in discussing local deformation, the results 
obtained before for semi-infinite bodies. Let Wl denote the displace¬ 
ment due to the local deformation in the direction Zl of a point such as 
M on the surface of the lower ball (Fig. 207), and denote the same 
displacement m the direction z 2 for a point such as N of the upper ball. 
Assuming that the tangent plane at O remains immovable during local 
compression, then, due to this compression, any two points of the 
odies on the axes z, and z 2 at large distances 1 from O will approach 
each other by a certain amount or, and the distance between two points 
such as M and N (Fig. 207) will diminish by « - ( Wl + W2 )_ If 

hnaUy, due to local compression, the points M and N come inside the 
surface of contact, we have 


■“-(“1 + wf) = Zi + z 2 = (Sr 2 

F„ W ^? h A iS a C ;°, nStant dependin S on the >a dd «i and R 2 and given by 
4 - ^ (c), or (c ). Thus from geometrical considerations we find for 


be'm^lected 15111008 ^ def ° rmations due to the compression at these points can 
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any point of the surface of contact, 

Wi w 2 = a — (3r 2 



Let us now consider local deformations. From the condition of 
symmetry it can be concluded that the intensity q of pressure between 
the bodies in contact and the corresponding deformation are symmetri¬ 
cal with respect to the center 0 of the surface of contact. Taking Fig. 
20Ga to represent the surface of contact, and M as a point on the sur¬ 
face of contact of the lower ball, the displacement w i of this point, from 
the previous article, is 

w \ = ^ y ^ ~- 1 ^ f f q( ^ s (/) 


in which v x and E x are the elastic constants for the lower ball, and the 
integration is extended over the entire area of contact. An analogous 
formula is obtained also for the upper ball. Then 


in which 


w i -f w 2 = (A'i + /;•>)Ifq ds d\f/ 



(i 9 ) 

( 216 ) 


From Eqs. ( c ) and ( q ), 

(A'i + k 2 )//? ds d\J/ = a — )8r 2 ( h) 

Thus we must find an expression for q to satisfy Eq. ( h ). It will now 
be shown that this requirement is satisfied by assuming that the dis¬ 
tribution of pressures q over the contact surface is represented by the 
ordinates of a hemisphere of radius a constructed on the surface of con¬ 
tact. If tfo is the pressure at the center 0 of the surface of contact, then 

qo = ka 

in which k = qo/a is a constant factor representing the scale of our 
representation of the pressure distribution. Along a chord mn the 
pressure q varies, as indicated in Fig. 206 by the dotted semicircle. 
Performing the integration along this chord we find 

/ q ' h = a A 

in which A is the area of the semicircle indicated by the dotted line 


and is equal to ^ ( a- — r 2 sin 2 \J/). Substituting in Eq. (/i), we find that 

£ 


7T 


{k i + k 2 ) qo f ‘ 

(i J o 


(a- — r 2 sin 2 \p) d\p = a — r 2 
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or 

(ki + k 2 ) ^ (2a 2 - r 2 ) = « - (3r°~ 

This equation will be fulfilled for any value of r, and hence the assumed 
pressure distribution is the correct one if the following relations exist 
for the displacement a and the radius a of the surface of contact: 


a — (ki k 2 )q 0 


7 r 2 a 


a — (&i -b k 2 ) 


Tf~q o 

4/3 


(217) 


The value of the maximum pressure q 0 is obtained by equating the sum 
of the pressures over the contact area to the compressive force P. 
Then, for the hemispherical pressure distribution this gives 


from which 


qo 

a 



_ 3 P 
q ° 2 tt a 2 


(218) 


i.e. f the maximum pressure is 1^ times the average pressure on the sur¬ 
face of contact. Substituting in Eqs. (217) and taking, from Eq. (6), 


/? = 


R i ~b R 2 
2R 1 R 2 


we find for two balls in contact (Fig. 207) 


a 


3 


37r P(k 1 -f- k 2 )RiR 2 


Ri -b R 2 


97T 2 P 2 (/d -b k 2 )*(R 1 + R 2 ) 


(219) 


16 R\R 2 

Assuming that both balls have the same elastic properties and taking 
v — 0.3, this becomes 


a = 1.109 


3 


“b R 2 


Oi 


1. 


P 2 R 1 -b R 2 


( 220 ) 


E 2 R,R 2 

The corresponding maximum pressure is 


3 P 


9 0 = 0 


2 7ra 


= 0.388 ^ 'jpE 2 


( 221 ) 
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In the case of a ball pressed into a plane surface, and assuming the same 
elastic properties of material for both bodies, we find, by substituting 
Ri — co in Eqs. (220) and (221), 


a = 1.109 




a 


= 1.23 



qo — 0.388 



PE 2 


R 2 2 


( 222 ) 


By taking R x negative we can write down also equations for a ball in a 
spherical seat (Fig. 2086). 

Having the magnitude of the surface of contact and the pressures 
acting on it, the stresses can be calculated by using the method devel¬ 
oped in the previous article. 1 The results of these calculations for 
points along the axes Oz x and Oz 2 are shown in Fig. 209. The maxi¬ 
mum pressure q 0 at the center of the 
r surface of contact is taken as a unit 
of stress. In measuring the dis¬ 
tances along the z-axis, the radius 
a of the surface of contact is taken 
as the unit. The greatest stress is 
the compressive stress <r. at the 
center of the surface of contact, but 
the two other principal stresses o> 
and (To, at. the same point, are equal to 
1 -f 2u 



2 


<r z . Hence the maximum 


shearing stress, on which the yielding 
of such material as steel depends, is 
comparatively small at this point. 
The point with maximum shearing stress is on the z-axis at a depth 
equal to about a half of the radius of the surface of contact. This 
point must be considered as the weakest point in such material as steel. 
The maximum shearing stress at this point (for v — 0.3) is about 0.31go. 

In the case of brittle materials, such as glass, failure is produced by 
maximum tensile stress. This stress occurs at the circular boundary 
of the surface of contact. It acts in a radial direction and has the 
magnitude 

(1 ~ 2v) 

o (7° 


(T r = 


1 Such calculations wore made by A. N. Dinnik, Bull. Polytcch. Inst. y Kiero , 
1909. Sec also M. T. Huber, Ann. Physik, vol. 14, 1904, p. 153; S. Fuchs, Physik. 
Z., vol. 14, p. 1282, 1913; M. C. Huber and S. Fuchs, Physik. Z., vol. 15, p. 298, 
1914; W. B. Morton and L. J. Close, Phil. May., vol. 43, p. 320, 1922. 
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The other principal stress, acting in the circumferential direction, is 
numerically equal to the above radial stress but of opposite sign. 
Hence along the boundary of the surface of contact, where normal 
pressure on the surface becomes equal to zero, we have pure shear of 
the amount ( 70(1 — 2^)/3. Taking v = 0.3, this shear becomes equal 
to 0.133go. This stress is much smaller than the maximum shearing 
stress calculated above, but it is larger than the shearing stress at the 
center of the surface of contact, where the normal pressure is the 
largest. 

Many experiments have been made which verify the theoretical 
results of Hertz for materials which follow Hooke’s law and stress 
within the elastic limit. 1 

126. Pressure between Two Bodies in Contact. More General 
Case. 2 The general case of compression of elastic bodies in contact 
may be treated in the same manner as the case of spherical bodies dis¬ 
cussed in the previous article. Consider the tangent plane at the 
point of contact O as the xy-plane (Fig. 207). The surfaces of the 
bodies near the point of contact, by neglecting small quantities of 
higher order, can be represented by the equations 3 

Zi = A 1 X 2 + A 2 xy A z y~ 

z 2 = B\X 2 + B 2 xy + B^y 2 ' a ' 

The distance between two points such as M and N is then 

Zi z 2 = (A 1 + B{)x 2 + (A 2 + B 2 )xy + (A 3 + B 3 )y 2 (b ) 

We can always take for x and y such directions as to make the term 
containing the product xy disappear. Then 

zi + z 2 = Ax 2 + By 2 (c) 

in which A and B are constants depending on the magnitudes of the 
principal curvatures of the surfaces in contact and on the angle 
between the planes of principal curvatures of the two surfaces. If 
Ri and Ri denote the principal radii of curvature at the point of con- 

1 References to the corresponding literature can be found in the paper by 
G. Berndt, Z. tech. Physik , vol. 3, p. 14, 1922. See also “Handbuch der physika- 
lischen und technischen Mechanik,” vol. 3, p. 120. 

2 This theory is due to Hertz, loc. cit. Tangential force and twisting couple at 
the contact are considered by R. D. Mindlin, J. A-pplied Mechanics (Trans. 
A.S.M.E. ), vol. 16, p. 259, 1949. 

3 It is assumed that point O is not a point of singularity on the surfaces of the 
bodies, but the surface adjacent to the point of contact is rounded and may be 
considered as a surface of the second degree. 
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tact of one of the bodies, and R 2 and R 2 those of the other, 1 and ^ the 
angle between the normal planes containing the curvatures 1/R X and 
I/R 2 , then the constants A and B are determined from the equations 

A + B 
B - A 


It can be shown that A and B in Eq. (c) both have the same sign, and 
it can therefore be concluded that all points with the same mutual dis¬ 
tance z 1 + 2 2 lie on one ellipse. Hence, if we press the bodies together 
in the direction of the normal to the tangent plane at 0, the surface of 
contact will have an elliptical boundary. 

Let or, w 1 , w 2 have the same meaning as in the previous article. 
Then, for points on the surface of contact, we have 




Wi + w 2 + Zi -f z 2 = a 


Wi -j- «’o = a — Ax 2 — By 2 



This is obtained from geometrical considerations. Consider now the 
local deformation at the surface of contact. Assuming that this sur¬ 
face is very small and applying Eq. (205), obtained for semi-infinite 
bodies, the sum of the displacements w x and w 2 for points of the surface 
of contact is 


iv 1 -j- w 2 




where q dA is t he pressure acting on an infinitely small element of the 

surface of contact, and r is the distance of this element from the point 

under consideration. r lhe integration must be extended over the 

entire surface of contact. Using notations (21G), we obtain, from (e) 
and (/), 


(k l + k 2 ) J J q JA 




Tho curvature of a body is considered ns positive if the corresponding center 
of curvature is within the body. In Fig. 207 the curvatures of the bodies are 
positive. In big. 208k the spherical seat has a negative curvature. 
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The problem now is to find a distribution of pressures q to satisfy Eq. 
( g ). H. Hertz showed that this requirement is satisfied by assuming 
that the intensity of pressures q over the surface of contact is repre¬ 
sented by the ordinates of a semi-ellipsoid constructed on the surface of 
contact. The maximum pressure is then clearly at the center of the 
surface of contact. Denoting it by q 0 and denoting by a and b the 
semiaxes of the elliptic boundary of the surface of contact the magni¬ 
tude of the maximum pressure is obtained from the equation 


from which 


P = JfqdA = %Trabq 0 

_ 3 P 
q ° 2 7i -ab 


(223) 


We see that the maximum pressure is 1^ times the average pressure on 
the surface of contact. To calculate this pressure we must know the 
magnitudes of the semiaxes a and b. From an analysis analogous to 
that used for spherical bodies we find that 



m 

n 


IStt P(ki h 2 ) 

T ' (A + B) 

Sir P(k\ + k 2 ) 

T (A + B) 


(224) 


in which A + B is determined from Eqs. ( d ) and the coefficients m and 
n are numbers depending on the ratio (B — A): (A -f- B). Using the 
notation 


cos 6 = 


B — A 
A + B 



the values of m and n for various values of 6 are given in the table 
below. 1 


e = 

30° 

0 

10 

CO 

40° 

45° 

0 

O 

IO 

55° 

60° 

65° 

70° 

75° 

0 

0 

00 

85° 

90° 

m = 

n = 

2.731 

0.493 

2.397 

0.530 

2.136 

0.567 

1.926 

0.604 

1.754 

0.641 

1.611 

0.678 

1.486 

0.717 

1.378 

0.759 

1.284 

0.802 

1.202 

0.846 

1.128 

0.893 

1.061 

0.944 

1.000 

1.000 


Considering, for instance, the contact of a wheel with a cylindrical rim 
of radius Ri = 15.8 in. and of a rail with the radius of the head R 2 = 12 
in., we find, by substituting Ri = R 2 = co and \f/ = tt/2 into Eqs. (d), 

A + B = 0.0733, B — A = 0.0099, cos Q = 0.135, 6 = 82°15' 

1 The table is taken from the paper by H. L. Whittemore and S. N. Petrenko, 
U. S. Bur. Standards, Tech. Paper 201, 1921. 
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Then, by interpolation, we find from the above table that 


m = 1.098, n = 0.918 

Substituting in Eqs. (224) and taking E = 30.10 6 p.s.i. and v = 0.25, 1 
we find 

a = 0.00940 y/P y b = 0.00792 \/P 
For a load P = 1,000 lb., 

a = 0.0940 in., b = 0.0792 in., area of contact 7ra& = 0.0230 sq. in. 
and the maximum pressure at the center is 


_ 3 P 

2 nab 


03,000 p.s.i. 


Knowing the distribution of pressure, the stresses at any point can 
be calculated. 2 It was shown in this manner that the point of maxi¬ 
mum shearing stress is on the 0 -axis at a certain small depth z 1} depend¬ 
ing on the magnitude of the semiaxes a and 6. For instance :z i = 0.47a, 
when b/a = 1; and Z\ = 0.24a, when b/a = 0.34. The corresponding 
values of maximum shearing stress (for v = 0.3) are r mjvx . = O.31(/ 0 and 
t, n *x. = 0.32r/ 0 respectively. 

Considering points on the elliptical surface of contact and taking the 
x- and y-axes in the direction of the semiaxes a and b respectively, the 
principal stresses at the center of the surface of contact are 


O'* 

<r t 


— 2^,, — (1 — 2v)q 0 • 

a T b 

— 2uq 0 — (1 — 2u)q 0 - 

a T o 




and = 0. 


For the ends of the axes of the ellipse we find <j x = — a v 
The tensile stress in the radial direction is equal to the compressive 
stress in the circumferential direction. Thus at these points there 


1 If v is increased from 0.25 to 0.30 the semiaxes (224) decrease about 1 per cent 
and the maximum pressure q 0 increases about 2 per cent. 

a Such investigations have been made by Prof. N. M. Belajef, see Bull. Inst. 
Engineers of 11 ays of Conununieation, St. Petersburg, 1917, and “Memoirs on 
Theory of Structures,” St. Petersburg, 1924; see also II. R. Thomas and V. A. 
Hoersch, Univ. Illinois Eng. Expt. S/a., Bull. 212, 1930, and G. Lundberg and 
F. K. G. Odqvist, Proc. Ingcniors Vctenskaps Akad., No. 110, Stockholm, 1932. 
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exists pure shear. The magnitude of this shear for the ends of the 
major axis (x = +a, y = 0 ) is 


r 



( — arctanh e 

e 




and for the ends of minor axis (x = 0 , y = ± 6 ) is 



— arctan ^ 
6 (3 




where /3 = b/a , e = (1/a) -\/a 2 — b 2 . When b approaches a and the 
boundary of the surface of contact approaches a circular shape, the 
stresses given by (k), (Z), and (m) approach the stresses given in the 
previous article for the case of compression of balls. 

A more detailed investigation of stresses for all points in the surface 
of contact shows 1 that for e < 0.89 the maximum shearing stress is 
given by Eq. (Z). For e > 0.89 the 
maximum shearing stress is at the center 
of the ellipse and can be calculated from 
Eqs. ( k ) above. 

By increasing the ratio a/b we obtain 
narrower and narrower ellipses of 
contact, and at the limit a/b = oo we 
arrive at the case of contact of two 
cylinders with parallel axes . 2 The sur¬ 
face of contact is now a narrow rectangle. 

The distribution of pressure q along the 
width of the surface of contact (Fig. 210) 
is represented by a semi-ellipse. If the 
x-axis is perpendicular to the plane of 
the figure, b is half the width of the 
surface of contact, and P' the load per 

umt length of the surface of contact, we obtain, from the semi-elliptic 
pressure distribution, 

P' = ^ 7 rbq 0 

from which 




(225) 


1 See Belajef, Zoc. cit. 

A direct derivation of this case, with consideration of tangential force at the 
contact, is given by H. Poritsky, J . Applied Mechanics (Trans. A.S.M.E .), vol.17, 
P- 191, 1950. 
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The investigation of local deformation gives for the quantity b the 
expression 



V 


-iP' {k i k 2 )R\R 2 

R\ + Pi 


(226) 


in which R i and R 2 are the radii of the cylinders and k i and k 2 are con¬ 
stants defined by Eqs. (216). If both cylinders are of the same mate¬ 
rial and v = 0.3, then 


* _ 1 KO / 'R'R i R 2 “ 
b 1 - 52 ^ E (R l +R t ) 


(227) 


In the case of two equal radii, Ri = R 2 = R> 



(228) 


For the case of contact of a cylinder with a plane surface, 



Substituting b from Kq. (226) into Kq. (225), we find 


(229) 




P\R i + R 2 ) 

-f- k 2 )R Jt 2 


(230) 


If the materials of both cylinders are the same and v = 0.3, 


(jo — 0.418 


P'E(R x + Hi) 
RiR s 


(231) 


In the case of contact of a cylinder with a plane surface, 


ip' E 

qo = 0.418 (232) 

Knowing qa and b y the stress at any point can be calculated. These 
calculations show 1 that the point with maximum shearing stress is on 
the 2 -axis at a certain depth. The variation of stress components with 
the depth, for v — 0.3, is shown in Fig. 210. The maximum shearing 
stress is at the depth 21 = 0.786 and its magnitude is 0.304<? 0 . 


1 See Belnjof, lor. cit. 
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127. Impact of Spheres. The results of the last two articles can be used in 
investigating impact of elastic bodies. Consider, as an example, the impact of 
two spheres (Fig. 211). As soon as the spheres, in their motion toward one 
another, come in contact at a point O, 1 the com¬ 
pressive forces P begin to act and to change the 
velocities of the spheres. If and v 2 are the 
values of these velocities, their rates of change 
during impact are given by the equations 

m ‘ dt = _p > m 2 W = ~ p (a) 

in which m\ and m 2 denote the masses of 
the spheres. Let a be the distance the two 
spheres approach one another due to local compression at O. Then the veloc¬ 
ity of this approach is 

d = Vi + V 2 



and we find, from Eqs. (a), that 

a = —P ma 

m.\m 2 



Investigations show that the duration of impact, i.e., the time during which the 
spheres remain in contact, is very long in comparison with the period of lowest 
mode of vibration of the spheres. 2 Vibrations can therefore be neglected, and it 
can be assumed that Eq. (219), which was established for statical conditions, 
holds during impact. Using the notations 


n 


= v— 

\9tt 2 


RiR 


9tt 2 (kt 4- kAHRr + R 2 ) 


we find, from (219), 
and Eq. (6) becomes 


P = nct- 


Tli 


a. = —nnicA 

Multiplying both sides of this equation by d, 

\d (a ) 2 = —nnicA dec 

from which, by integration. 


yni + m 2 
iniin 2 


(c) 

id) 

(e) 


i(d 2 — v 2 ) = —inniac* (/) 

where v is the velocity of approach of the two spheres at the beginning of impact. 
If we substitute d = 0 in this equation, we find the value of the approach at the 
instant of maximum compression, «i, as 


a. 1 = 




With this value we can calculate, from Eqs. (219), the value of the maximum 
compressive force P acting between the spheres during impact, and the correspond¬ 
ing radius a of the surface of contact. 

1 We assume motions along the line joining the centers of the spheres. 

2 Lord Rayleigh, Phil. Mag., series 6, vol. 11, p. 283, 1906. 
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For calculating the duration of impact we write Eq. (/) in the following form: 



or writing a/oi = x and using Eq. (y), we find that 

dt = 2! _*?. ■ 

»• Vl - (x)i 

from which the duration of impact is 



(233) 


In the particular case of two equal spheres of the same material and radius R, we 
have, from ({/), 


Ct | 


t 


(* ^■■)' * 

*» L i-)' (5i 


(234) 


where p denotes the mass per unit volume of the spheres. 

We see that the duration of impact is proportional to the radius of the spheres 
and inversely proportional to (a)*. This result was verified by several experi¬ 
menters. 1 In the case of long bars with spherical ends, the period of the funda¬ 
mental mode of vibration may be of the same order as the duration of impact, and 
in investigating local compression at the point of contact these vibrations should be 
considered. 2 

128. Symmetrical Deformation of a Circular Cylinder. For a circular cylinder 
submitted to the action of forces applied to the lateral surface and distributed 
symmetrically with respect to the axis of the cylinder, we introduce a stress func¬ 
tion <f> in cylindrical coordinates and apply Eq. (180). 3 This equation is satisfied 
if we take for the stress function <f> a solution of the equation 

1 M. Hamburger, Wicd. Ann., vol. 28, p. 053, 1886; A. Dinnik, J. Russ. Phys.- 
( hem. Soc., vol. 38, p. 212, 1906, and vol. 41, p. 57, 1909. Further references to 
the literature of the subject are given in "Ilandbuch der physikalischen und 
technischen Meehanik,” vol. 3, p. 448, 1927. 

2 See p. 452. Ixmgitudinal impact of rods with spherical surfaces at the ends 
has been discussed by J. E. Sears, Proc. Cambridge Phil. Soc., vol. 14, p. 257, 1908, 
and I rans. Cambridge Phil. Soc., vol. 21, p. 49, 1912. Lateral impact of rods with 
consideration of local compression was discussed by S. Timoshenko, Z. Math. 
Physik, vol. 02, p. 198, 1914. 

3 I he problem of the deformation of a circular cylinder under the action of forces 
applied to the surface was discussed first by L. Pochhammer, Crellcs J., vol. 81, 
1870. Several problems of symmetrical deformation of cylinders were discussed by 
C. Three, Trans. Cambridge Phil. Soc., vol. 14, p. 250, isS9. See also the paper 
by L. N. G Filon, Trans. Roy. Soc. (London), series A, vol. 198, 1902, which 
contains solutions of several problems of practical interest relating to svmmetrical 
deformation in a cylinder. 
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d 2 4> . I d<p . d 2 4> _ 
dr 2 r dr ^ dz 2 



This solution can be taken in the form 

<t> = /(r) sin kz (6) 

in which/ is a function of r only. Substituting (6) into Eq. (a), we arrive at the 
following ordinary differential equation for determining /(r): 



We take an integral of this equation in the form of a series, 


/(r) = a 0 + a x r 2 a>r 4 + a 3 r 6 + 



Substituting this series in Eq. (c) we find the following relation between the consec¬ 
utive coefficients: 


from which 


(2n) 2 a„ — k 2 a n -i = 0 


k 2 

— 22 a °» 


k 2 

02 = 42 a ‘ 


Z-4 

2 2 • 4 2 a ° 


Substituting these in the series (d), we have 


/(r) 


do 


( 


+ + 
1 2 2 ' 


k 4 r* 


+ 


k*r 6 


2 2 • 4 2 • 6 


+ 




The second integral of Eq. (c) can also be obtained in the form of a series, and it 
can be shown that this second integral becomes infinite when r = 0, and hence 
should not be considered when we are discussing deformation of a solid cylinder. 
The series in the parentheses of Eq. (e) is the Bessel function of zero order and of 
the imaginary argument ikr. 1 In the following we shall use for this function the 
notation J Q {ikr) and write the stress function (6) in the form 


<t>i = cio-Io(ikr) sin kz (/) 

Equation (180) also has solutions different from solutions of Eq. (a). One of 
these solutions can be derived from the above function Jo(ikr). By differentiation, 

dJ o(tfcr) _ ikr / k 2 r 2 k*r A k*r 6 

d(ikr) ~ 2” V 1 + 2 • 4 2 • 4 2 • 6 + 2 • 4 2 • 6 2 • 8 

This derivative with negative sign is called Bessel’s function of the first order and is 
denoted by J 1 (ikr). Consider now the function 



Mr) = r £ J.(ffcr) = - ikrJ t (ikr ) = ^ (l + |t| + 2^6 + ) W 

1 Discussion of the differential equation (c) and of Bessel’s functions can b^ 
found in the following books: A. R. Forsyth, “A Treatise on Differential Equa¬ 
tions,” and A. Gray and G. B. Mathews, “A Treatise on Bessel Functions. ,v 
Numerical tables for Bessel’s functions can be found in E. Jahnke and F. Emde v 
“ Funktionentafeln mit Formeln und Kurven,” Berlin, 1909. 
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By differentiation it can be shown that 


( 


d 2 + l d 


dr 2 r dr 


- k 2 )/i(r) = 2k t Jo(ikr) 


Then, remembering that J 0 (ikr) is a solution of Eq. 
solution of the equation 

(«&+!£«_ 

\dr 2 ^ r dr ) \dr 2 ^ r dr 


(c), it follows that /i(r) is a 


tVi) = o 


Hence a solution of Eq. (180) can be taken in the form 

<f >2 = a i sin kz(ikr)Ji(ikr) 

Combining solutions (/) and (/), we can take the stress function in the form 

<f> = sin kz[aoJo(ikr) + ai(ikr)J i(*At)J 


(0 


O') 


Substituting this stress function in Eqs. (170) we find the following expressions for 
the stress components: 

oy = cos A*z[a 0 Fi(r) -f- ciiF 2 (r)] 
r r * = sin A*z[aoF 3 (r) + aiF 4 (r)J 


(A) 


in which Fi(r), . . . , F 4 (r) are certain functions of r containing J o(ikr) and Ji(ikr). 
By using tables of Bessel functions, the values of Fi(r), . . . , F 4 (r) can easily be 
calculated for any value of r. 

Denoting by a the external radius of the cylinder, the forces applied to the 
surface of the cylinder, from Eqs. (A), arc given by the following values of the stress 
components: 

o T — cos A'z[a 0 Fi(a) + aiF 2 (a)] 
r r * = sin A-z[aoF 3 (a) -{- aiF 4 (a)] 


(0 


By a suitable adjustment of the constants A', a 0 , a i, various cases of symmetrical 

loading of a cylinder can be discussed. Denoting 
the length of the cylinder by l and taking 


/ 

/- 


\ t 

\ 



7 1 





k = 


TItt 


l 


floFi(a) -f aiF 2 (a) = —A 

a 0 F 3 (a) + a\F 4 (a) = 0 


Z 

Eio. 212. 


we obtain the values of the constants ao and a i for 
the case when normal pressures A n cos ( ntrz/l ) act 
on the lateral surface of the cylinder. The esse 
when ii = 1 is represented in Fig. 212. In an 
analogous manner wo can get a solution for the case when tangential forces of 
intensity B n sin ( mrz/l) act on the surface of the cylinder. 

By taking n = 1, 2, 3, . . . , and using the superposition principle, we arrive 
at solutions of problems in which the normal pressures on the surface of the cylinder 
can be represented by the series 


4 irZ t 4 2ttz 

A i cos j + cos -j-h .1 3 


3 ttZ 

cos -j-f- 


(m) 
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If we take for the stress function <t>, instead of expression ( b ), the expression 

<f> = f(r) cos kz 

and proceed as before, we find, instead of expression (j), the stress function 

4> = cos kz[boJ 0 (.ikr ) -f- bi(ikr) Ji(ikr)] (o) 

By a suitable adjustment of the constants k, bo, b i, we obtain the solution for the 
case in which normal pressures on the cylinder are represented by a sine series and 
the shearing forces by cosine series. Hence, by combining solutions (j) and (o), we 
can get any axially symmetrical distribution of normal and shearing forces over the 
surface of the cylinder. At the same time there will also be certain forces dis¬ 
tributed over the ends of the cylinder. By superposing a simple tension or com¬ 
pression we can always arrange that the resultant of these forces is zero, and 
their effect on stresses at some distance from the ends becomes negligible by virtue 
of Saint-Venant’s principle. Several examples of 
symmetrical loading of cylinders are discussed by 
L. N. G. Filon in the paper already mentioned. 1 
We give here final results from his solution for the 
case shown in Fig. 213. A cylinder, the length of / = 
which is equal to ira, is submitted to the tensile 
action of shearing forces uniformly distributed over 
the shaded portion of the surface of the cylinder 
indicated in the figure. The distribution of the 
normal stress <r z over cross sections of the cylinder 
is of practical interest, and the table below gives the 
ratios of these stresses to the average tensile stress, 
obtained by dividing the total tensile force by the 
cross-sectional area of the cylinder. It can be seen that local tensile stresses near 
the loaded portions of the surface diminish rapidly with increase of distance from 
these portions and approach the average value. 


z 

r = 0 

r = 0.2a 

r = 0.4a 

r — 0.6a 

r = a 

o 

0.689 

0.719 

0.810 

0.962 

1.117 

0.05Z 

0.673 

0.700 

0.786 

0.937 

1.163 

0.10Z 

0.631 

0.652 

0.720 

0.859 

1.344 

0.15Z 

0.582 

0.594 

0.637 

0.737 

2.022 

0.20Z 

0.539 

0.545 

0.565 

0.617 

1.368 


1 Loc. cit. See also G. Pickett, J. Applied Mechanics ( Trans . A.S.M.E .), vol. 11 
p. 176, 1944. 
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Another application of the general solution of the problem in terms of Bessel’s 
functions is given by A. Nddai in discussing the bending of circular plates by a force 

concentrated at the middle 1 (Fig. 214). 

129. The Circular Cylinder with a Band of Pressure. 2 
When a short collar is shrunk on a much longer shaft the 
simple shrink-fit formulas, valid when collar and shaft are 
of equal lengths, are not accurate. A much better 
approximation is obtained by considering the problem, 
indicated in Fig. 215a, of a long cylinder with a uniform 3 
normal pressure p acting on the band ABCI) of the surface. 

The required solution can evidently be obtained by superposing the effects of 
the two pressure distributions indicated in Fig. 2155. The basic problem is there¬ 
fore that of pressure p/2 on the lower half of the cylindrical surface and —p/2 on 




Fio. 215. 


the upper half, the length of the cylinder being infinite, and its solution will now be 
given. 

We begin with the stress function given by Eq. (o) of Art. 128, writing 7 0 (Arr) for 
Jo{ikr) and ih(kr ) for J\(ikr). We also write 6 0 = p&*. Then 

<t> = [plo(kr) — krli(kr)]b\ cos kz (a) 

This satisfies Eq. (180) no matter what value is given to k. If we consider k to 
take a range of values we can allow by to depend on k and an increment dk by 
writing 

*>i = /(*) dk 

Putting this in (a) and adding up all such stress functions we obtain a more general 
stress function in the form 

4> = J Q [plo(kr) — krli(kr)]f(k) cos kz dk (b) 

We shall now sec how it is possible to select the function f(k) so that this stress 
function will give the solution to our problem. 

1 A. Nitdai, “Elastisehe Flatten,” p. 315, 1925. 

2 M. V. Barton, J. Applied Mechanics (Trans. A.S.M.E.), vol. 8, p. A-97, 1941. 
A. W. Rankin, ibid., vol. 11, p. A-77, 1944. 

3 The pressure in the shrink tit is not uniform in the axial direction. 
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From Eqs. (179) we find that the shear stress will be 

[pkl 0 '(kr) - k'hrlx (Jcr) - kh(kr) 

- 2k(l - v)/ 0 '(*r)]**/(*) cos kz dk (c) 

where primes denote differentiation with respect to kr. This must vanish at the 
surface r — a. Putting r = a in the expression in square brackets, and equating 
this bracket to zero, we obtain an equation for p which gives 

p - 2(1 - ,) + *« W> 

The remaining boundary condition is 

<r r = ^ for r 

<r r — — | for r 

The value of <r r obtained from (6) by Eqs. (179) is 

°> = - /,"[(! - 2» - p)/o(*r) + (*r + /,(fcr) J *>/(*) sin fcz dA: (/) 

We now make use of the fact that 1 

^ for z > 0 

0 for z = 0 (g) 

^ for z < 0 

^ for z > 0 

0 for z = 0 ( h ) 

- | for z <0 

in which the values on the right correspond to the boundary values for <r r given by 
(e). The boundary conditions (e) are therefore satisfied if we make the right-hand 
side of Eq. (/), with r = a, identical with the left-hand side of Eq. (&). This 
requires 

- [(1 - 2, - p)/„ (ka) + (*a + /,( ka) ] k=f(k) = | • | (t) 

and this equation determines f(k). The stress components are then found from the 
stress function (6) by means of the formulas (179), and will be integrals of the same 
general nature as that of Eq. (/), which gives <r r . Values, obtained by numerical 
integration, are given by Rankin in the paper cited on page 388. The curves in 
Fig. 216 show the variation of the stresses in the axial direction for various radial 
distances, and also the surface displacements. 

1 See for instance I. S. Sokolnikoff, “Advanced Calculus,” 1st ed., p. 362. 


/o 


00 sin kz 


dk — 


If we multiply this by p/ tt, we obtain 


p f 00 si 

7T JO 


sin kz 


dk = 


= a, z > 0 


= a, z < 0 


(e) 
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They are reproduced from the paper of Barton (see page 388) and were obtained 
by a different method using Fourier series. From these curves results can be 
obtained for the problem of Fig. 215 by superposition, as explained at the beginning 
of this article. Curves for the stresses and displacement for pressure bands of 
several widths are given in the papers cited. When the width is equal to the radius 
of the cylinder the tangential stress oo at the surface and at the middle of the pres¬ 
sure band reaches a value about 10 per cent higher than the applied pressure, and 
is, of course, compressive. The axial stress a z in the surface just outside the pres- 
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sure band reaches a tensile value of about 45 per cent of the applied pressure. The 
shear stress T rc attains a greatest value, equal to 31.8 per cent of the applied pres¬ 
sure, at the edges of the pressure band AB and CD in Fig. 215 and just below the 
surface. 

When the pressure is applied all over the curved surface of the cylinder, of any 
length, we have simply compressive <x T and oo equal to the applied pressure, and o» 
and t rt zero. 

Solutions have been obtained in a similar manner for a band of pressure in a hole 
in an infinite solid, 1 and for a band of pressure near one end of a solid cylinder.* 

1 C. J. Tranter, Quart. Applied Math., vol. 4, p. 298, 1946; O. L. Bowie, ibid., vol. 
5, p. 100, 1947. 

2 C. J. Tranter and J. W. Craggs, Phil. Mag., vol. 38, p. 214, 1947. 
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130. Twist of a Circular Ring Sector. This problem is of practical interest in 
connection with the calculation of stresses in close-coiled helical springs. Consider 
a ring sector under the action of two equal and opposite forces P along the axis 
through the center of the ring and perpendicular to the plane of the ring (Fig. 217). 
These forces produce the same torque Mt = PR in all cross sections of the ring. If 
the cross-sectional dimensions of the ring are small in comparison with the radius 
R, formulas derived for the torsion of prismatical 
bars can be used with sufficient accuracy in calculating 
the stresses. In the case of heavy helical springs the 
cross-sectional dimensions are no longer small, and 
the difference in length of outer and inner circum¬ 
ferential fibers must be considered. In this manner 
it can be shown that at inner points, such as i, the 
shearing stress is considerably larger than that given 
by the theory of torsion of straight bars. 1 For a 
more rigorous solution of the problem we apply the 
general equations of the theory of elasticity in 
cylindrical coordinates 2 [Kqs. (170), page 3061. 

Assuming that in this case of torsion only the shearing-stress components tq x and 
T r g are different from zero (Fig. 218), we find, from Kqs. (170), 



dr r e 

dr 





Consider now the compatibility equations (130). From Fig. 219 we find 



T v z = T0Z COS 6 

T XU = T r o( COS 2 6 - sill 2 6) = TrO COS 2d 




Fi a. 218. 

Substituting in the fourth and sixth of Eqs. (130) and remembering that 

0 = CT r 0-0 -f- <T Z = 0 


1 An elementary theory of twist of a ring sector was given by V. Roever, V.D.I., 
vol. 57, 1913. See also M. Pilgram, Artill. Monatshefte , 1913. An experimental 
determination of maximum stress by measuring strain at the surface of the coil was 
made by A. M. Wahl, Trans. A.S.M.E., 1928. 

2 This solution is due to O. Gohner, Ingenieur-Archiv , vol. 1, p. 619, 1930; vol. 2, 
pp. 1 and 381, 1931; vol. 9, p. 355, 1938. 
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we find 


d 2 TQt , 1 drg, d 2 T0 t 

dr 2 r dr dz 2 

d 2 T r 0 , 1_ dr r g I d 2 Trff 

dr 2 r dr dz 2 


o 

= 0 


( 6 ) 


The remaining four of the compatibility equations [see Eqs. (^), page 346] are 
satisfied by virtue of our assumption that a r = ae = a, = 7>* = 0. Thus the prob¬ 
lem reduces to the solution of Eqs. (a) and ( b ). For this solution we use a stress 
function 4 >. We satisfy Eq. (a) by taking 


TrO = 


GR 2 d<t> 

r 2 dz 


re, = — 


GR 2 d(t> 

r 2 dr 


where G is the modulus of rigidity and R the radius of the ring, 
in Eqs. ( b ), we find 


(c) 


Substituting (c) 


Aj 

rd^ 

+ 

O 2 0 

3 

dr ' 

^dr 2 

dz 2 

r dr 

A / 

<d^ 

4- 

d 2 <*> 

3 00 

dz ’ 

( dr 2 

dz 2 

r Or 


from which we conclude that the expression in the parentheses must be a constant. 
Denoting this constant by —2c, the equation for determining the stress function 
4* is 


dr 2 ^ dz 2 r dr + 


0 


(d) 


We introduce now, instead of coordinates r and z (Fig. 218), new coordinates 
£ and f, 

$ = R — r, r =2 

and Eq. ( d ) becomes 

3 ** + 2c - 0 . 

(e) 


+ ^ + 




ar 


" (■ -1) 


d£ 


Considering £/R as a small quantity, and using the expansion 

1 


1 ~h 


1 -f- — -f — 
^ R ^ R 2 


(/) 


we shall now solve Eq. (c) by sueeessive approximations. Assume 

4* = 4 *o 4" </>i 4" 4*i + • • • 

and determine <£ 0 , <£,, </> 2 , ... in such a manner as to satisfy the equations 


( 9 ) 


+ + 2c 
d£ 2 ^ dC 2 ^ 

d*01 , d 5 0i 3 d4 >o 

d{* ^ d} 2 R~dt 

dV>2 . d s 0 2 i d^i 3$ d<£o 

dc or 5 "*■ r 2 HF 


0 


0 


(*) 


0 
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Then, as the number of terms in the series ( g) increases, the sum of Eqs. ( h) 
approaches more and more closely Eq. (e), and the series (g) approaches the exact 
solution for the stress function <t>. Consider now the boundary conditions. The 
resultant shearing stress at the boundary (Fig. 218) must be in the direction of the 
tangent to the boundary, hence 


or, by using Eqs. (c), 


Tro cos (A r £) — T Qt cos (A’r) = 0 


GR 2 / d4> d£ d<t> „ 

r 2 \d?ds ^ ds J ~ 


This shows that <t> must be constant at the boundary, and we satisfy this condition 
by taking solutions of Eqs. (/i) such that <t> 0 , <f>\ t <£ 2 , . . . are zero at the boundary. 

Having obtained <f> 0 , <f> i, . . . the successive approximations for the stress com¬ 
ponents are now obtained from Eqs. (c). Introducing the new variables £ and r> 
these equations can be represented in the following form: 


TrO = 


G d<f> 

2 ar 


G 


(‘-i) 


TOz = 


0 - 1 ) 


d<t> 


( i ) 


Using now the expansion 


0 -s) 


- = 1 + — + 4- 

2 ^ R ^ R 2 ^ 


and the series ( g ), we find as the first approximation 

d<t> o 


(*V0)o = G 


(t0z)o = G 


d<t> o 


ar' 

For the second approximation we find from Eqs. (i) 


U) 


( T r$) 1 = G [(l + 


ire,) i 

For the third approximation, 

(*>•) 2 = G £ ^1 + 
(to,) 2 = G f (1 


-°[( 


1 + 


ar 

2£\ d<t >o 

r) at 


d<t >o a<*> 


+ 


ar 

d</> 


5 ] 


w 


3£ 2 > 
R 2 > 

I a</> o 

1 ar 

+ 1 


2|> 

1 

1 ar 

+ 

3£ 2 > 
R 2 ) 

i d<t> o 

' a$ 

+ l 


2|> 

R) 

| d<f>i 

1 a£ 

+ 


] 


d<t>\ 

ar 

a<j>2 ~] 

a£ J 


(0 


We apply this general discussion to the particular case of a ring of circular cross 
section of radius a. The equation of the boundary (Fig. 218) is 

£ 2 + r 2 - a 2 = 0 (m) 

and the solution of the first of Eqs. ( h ), satisfying the boundary condition, is 


<t>o = - | (£ 2 + r 2 - a 2 ) 
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The first approximation for the stress components, from Eqs. (j), is 


(TrO)o = —cG$y Ooz)o = —CG% 

This is the same stress distribution as for a circular shaft, 
value of the torque is 

Mt = —ffOrof + t z o£) d£ d$ 


(n) 

The corresponding 


(o) 


Substituting from Eqs. (n), 


(Mi) o = 


cGira* 


c = 


2(M t) 0 
Gna* 


To get the second approximation we use the second equation of (A) 
tuting for <t >o the expression above we find 


Substi- 


d 2 4>\ d 2 <f> i 
dp dp 


3c| 
R 


= 0 


The solution of this equation, satisfying the condition that <fn vanishes at the 
boundary, is 

Substituting this in Eqs. (k) we find the second approximation for the stress compo¬ 
nents 


(t. 9 ), = -cG (r + If) 

(' T0 ’)' = _CG [* ~ 


8 It 


(r* 


- a*)] 


(P) 


Substituting <f> 0 and <t>\ in the third of Eqs. (A), we find 

d*<t> 2 d 2 <t> ? 3 jC_ . _ 

dp dp + 8 R 2 ^ 3 ^ 3 ^ 


0 


The solution of this equation satisfying the boundary condition is 


<t>z — — 


c 


64 7** 


(P + 5 p - 15 a*)(p + P ~ a 2 ) 


By using Eqs. (/) we find the third approximation for the stress components, 


(»»)= = ~ cG [ f + 5 f + (27{* + 5f* - 10a’) ] 


(tQz )2 


- rC Tt _i_ 3 fyt ,13 * 

- -C(r ^ _ — (p - a-) 4- 


8 It 


13 p 9 $r* , i a*n 

16 7f 3 16 7< 3 ^ 4 7f 3 J 


(9) 


Substituting these expressions for the stress components into Eq. (o) the corre¬ 
sponding torque is 


/if \ _ cGira* / 3 fP\ 

_ - 2 -^l + TeWt ) 


(r) 


By determining from this the constant r, and substituting it in expressions (<?), we 
< an find the stress components ns functions of the applied torque (it/*)*. Along the 
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horizontal diameter of the cross section of the ring (Fig. 218) f = 0, r r e = 0, and 
from the second of the Eqs. (q), we find 


e , i3 e 


( T9 .) 2 = -CG ({ + | ^ + jg R , 

For the inner point i, £ = a, and we have 


3a 2 

s/e 


(rfc)< = +5S + lI^) 


For the outer point O, £ = —a, and 


= cGa ^1 ~ \ + 


17 a 2 
16 R 2 


) 


Using Eq. (r), the values of these stresses become 


« 2 £\ 

4 R 2 ) 


(.T dz )i ~ 


i 5 a 17 a 2 
—2 M t 4 R + 16 R 2 


2M t 


ira 


a 


14-——- 
16 R 2 


7 ra 


( 


i + 5« +1 £_n 


4 /e ' 8 /e 2 


(T0 Z ) O = 


2M t 


ira 




5 a 7 af\ 
4 /e ^ 8 /e 2 ^ 


The calculation of further approximations shows that the final expression for the 
greatest shearing stress can be put in the form 1 


(r fc )< - - . L= <«/*> 

1 - 4 


+ 


4 /e ^ 16 v/ey 


7ra 


(a//e ) 2 


(235) 


16 1 - (a//e) 2 


The distribution of shearing stresses along the horizontal 
diameter for a particular case, a/R = - 5 -, is shown in 
Fig. 220. For comparison the first approximation 
obtained by applying the formula for a circular shaft is 
shown by a dotted line . 2 

The method described has also been applied to the 
torsion problem for ring sectors of elliptic and rectangular 
cross sections . 3 For a square cross section with sides of length 2a, the third 
approximation gives for the stress at the inner point 



- - 2^5 ( 


1 + 1.20 |+ 0.56 I?) 


(236) 


Bending of a Circular Ring Sector. The method of successive 
approximations used in the previous article can be applied also in discussing pure 

* This formula was communicated to S. Timoshenko in a letter from O. Gohner. 

2 The elementary solutions mentioned before (see p. 391) give for UdAi values 
which are in good agreement with the results calculated from Eq. (235). 

3 Gohner, loc. cit. 
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bending of a sector of a circular ring . 1 If two equal and opposite couples M are 
applied at the ends of a circular ring sector in the plane of the center line of the ring 



(Fig. 221), they produce strain symmetrical with 
respect to the z-axis, and the shearing stresses t t $ 
and T 0 Z in the meridional cross sections of the ring 
are zero. The remaining four stress components 
must satisfy the equations of equilibrium for the 
case of symmetrical strain (see Art. 116) 


Qg> 

dr 


dTrt 

dz 




dTrt 

dr 




and the corresponding compatibility equations [sec Eqs. (r/), Art. 116] 

1 O 2 0 


W r - - <r e ) + ! + „ 


= 0 


2 , . , 1 1 00 

vv* + («r - <re) + 07 “ 


= 0 


vv, + 


O 2 0 


(1 b) 


Wr, — ^ Tr, + 


1 d- V 0z J 

1 o 2 0 


1 A- V dr dz 


= 0 


= 0 


Taking, as an example, a ring of constant circular cross section and introducing, 
instead of r and z, the new coordinates (Fig. 218) 

£ = R - r , f = z (c) 


Kqs. (a) and (/>) become 



0 

0 


OVj d 2 cr 
DC + Of 2 




1 0*0 
1 + 


d 2 <r 0 
dP 


, <Va o 

1 d(r 0 

4- _ 

2_ . _ 

. a \ 

1 

1 

oe 

or 2 

li - £ <■>£ 

+ (it 

- G 2 ( ' 

“o’ 

1 + v 

/e - 

^o{ 



d 7 <r r 

ov f 

1 

0 <r f 

l 

0*0 



dp 

-i- -— 

dp 

11 - 

1 a? + 

i + 

v or* 


+ °' t h _ 

1 

dr U 

1 


l 

0*0 

Op 

+ or 2 

It - € 

3£ (It 

- 

t T « + 1 

+ 




0 

0 

(•) 

0 

0 


As a first approximation we take the same stress distribution as occurs in pure 
bending of prismatical bars. Then 


1 Gohner, lor. cit. 


= ('Po = “ 0 

K ) 0 = -cEi 
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where 


4 M 
C ira*E 


To get the second approximation we consider £ as small in comparison with R and 
neglect the products of £/R and of small corrections in the stresses as small quanti¬ 
ties of higher order. Equations (d) and ( e ) then become 


*(*«>• + a < r tr>i cEt _ Q 






R 


d < T «r>i + a(<y r>i = 0 


d£ 


ar 


1 

a 2 (e)i 

1 -h V 

ee 

+ 1 + 

i) cE 

1 

a 2 (e)i 

1 + 

or 

1 

o 2 (0)i 


= o 


o 


= o 


= o 


where the symbol A means d 2 /d£ 2 + d 2 /d£ 2 . 

We introduce now a stress function <fn. By taking 


(-f)x 

(r €pi 


U 2 + f 2 - a 2 ) + 


cE d 2 4 >i 


cE d 2 <t>i 

~r 


cE d 2 <f>\ 
~R d£ 





we satisfy Eqs. (d'). Substituting (^) in Eqs. (e')» we find that the stress function 
<t >i should satisfy the equation 

1-4-2*' 

A *+ xmm -TTT <*> 


The boundary conditions for <£i are obtained from Eqs. (12). As the first term in 
the expression for (<7-^)i is zero at the circular boundary and 


we find that 



m = 


d| 

ds 


d (d<t >A 

ds Vary 



_d 

ds V dt ) 



Thus d<t> t /d£ and d<f> i/d£ are constant along the boundary, and we can assume that 
<#>x and d<f>i/dn are zero at the boundary. Equation ( h ) together with these bound¬ 
ary conditions completely determines the stress function <f>i. It is interesting to 
note that Eq. (A) and the above boundary conditions are identical with the equa- 
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tions for the deflection of a plate clamped at the edges and uniformly loaded. In 
the case of a circular plate we know the deflection surface. This deflection gives 
us the expression for the stress function 

+• - - e^r ~-h) ( * 2 +- 02)2 « 

Substituting in Eqs. ( g ) we find the following expressions for the stress components: 

WOi = i 6ff( C i g + 1(7 + 6,)<? - a’) + (5 + 2„)H 

<«*>■ - - rSA- 2 :i (3t2q2) (0 

_ cE 1 + 2u 

8/e i v 


Substituting these expressions in Eqs. (c')» we find 


d*( g g> i 

ar 2 

ozo r 


cE (4 4- 5» + 2v 2 ) 
2 /f(l 4- *0 

c/?(3i' 4- 2*> 2 ) 

2 /e(i 4 - *) 

= 0 


Integrating these and adjusting the constants of integration so as to make the dis¬ 
tribution of normal stresses over cross sections of the ring statically equivalent to 
the bending moment M , we find 

, , 4M r t , ( 8 + lQy 4- 4VQ$ 2 - (6v 4- 4* 2 )r* - (2 4 y)a* 

8(! 4- y)R 



Taking f = 0 and £ = a, the stress at the inner point i (Fig. 218) is 

, \ 4 M{ % . 649v44,*a| 

{<T oK- ira »t 1+ 8(14-0 


For v — 0.3, the above equation becomes 



Calculations of further approximations result in the following expression for the 
stress at the inner point 1 (£ — a): 




+ 0.87 ^ 4- 


0.64 (a//?)*"] 

1 - {a/K) J 



The elementary theory of bending of curved bars, based on the assumption that 
cross sections remain plane and neglecting the stresses <r r , gives in this case* 

-^[ 1+0 - 75 s + 0 - 50 ^+ • • •] 

1 This formula was communicated to S. Timoshenko in a letter from O. Gdhner. 

2 See 8. Timoshenko, “Strength of Materials,” 2d ed., vol. 2, p. 73. 



CHAPTER 14 
THERMAL STRESS 

132. The Simplest Cases of Thermal Stress Distribution. One of 

the causes of initial stresses in a body is nonuniform heating. With 
rising temperature the elements of a body expand. Such an expansion 
generally cannot proceed freely in a continuous body, and stresses due 
to the heating are set up. In many cases of machine design, such as 
in the design of steam turbines and Diesel engines, thermal stresses are 
of great practical importance and must be considered in more detail. 

The simpler problems of thermal stress can easily be reduced to prob¬ 
lems of boundary force of types already considered. As a first example 


(b) 

let us consider a thin rectangular plate of uniform thickness in which 
the temperature T is an even function of y (Fig. 222) and is inde¬ 
pendent of x and z. The longitudinal thermal expansion a.T will be 
entirely suppressed by applying to each element of the plate the longi¬ 
tudinal compressive stress 

&x' = —ocTJE (a) 

Since the plate is free to expand laterally the application of the stresses 
(a) will not produce any stresses in the lateral directions and to main¬ 
tain the stresses (a) throughout the plate it will be necessary to dis¬ 
tribute compressive forces of the magnitude (a) at the ends of the plate 
only. These compressive forces will completely suppress any expan¬ 
sion of the plate in the direction of the x-axis due to the temperature 
rise T. To get the thermal stresses in the plate, which is free from 
external forces, we have to superpose on the stresses (a) the stresses 
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produced in the plate by tensile forces of intensity aTE distributed at 
the ends. These forces have the resultant 

jaTE dy 

and at a sufficient distance from the ends they will produce approxi¬ 
mately uniformly distributed tensile stress of the magnitude 

1 f +c 

i j_ c aTEdy 

so that the thermal stresses in the plate with free ends at a considerable 
distance from the ends will be 




J + aTEdy 




Assuming, for example, that the temperature is distributed paraboli- 
cally and is given by the equation 

r = r »( i -S) 

we get, from Eq. (6), 

| aT 0 E - ccToE (l - (c) 

This stress distribution is shown in Fig. 2226. Near the ends the 
stress distribution produced by the tensile forces is not uniform and 
can be calculated by the method explained on page 167. Superposing 
these stresses on the compressive stresses (a), the thermal stresses near 
the end of the plate will be obtained. 

If t he temperature T is not symmetrical with respect to the avaxis, 
we begin again with compressive stresses (a) suppressing the strain 
In the nonsymmetrical cases these stresses give rise not only to a result¬ 
ant force — j + ° aET dy but also to a resultant couple — aETy dy t 

and in order to satisfy the condit ions of equilibrium we must superpose 
on the compressive stresses (a) a uniform tension, determined as before, 
and bending stresses c" x = ay/c determined from the condition that 
the moment of the forces distributed over a cross section must be zero. 
Then 

/_? ~ /_? aETy dy = 0 
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from which 


a 

c 


3 

2 c 3 



aETy dy , 


Then the total stress is 



— otET + 


1 

2 c 




aET dy + 


3 y 

2 c 3 



aETy dy 


aETy dy 



In this discussion it was assumed that the plate was thin in the 
z-direction. Suppose now that the dimension in the z-direction is 
large. We have then a plate with the rrz-plane as its middle plane, and 
a thickness 2c. Let the temperature T be, as before, independent of a: 
and z, and so a function of y only. 

The free thermal expansion of an element of the plate in the x- and 
z-directions will be completely suppressed by applying stresses <r x , a z 
obtained from Eqs. (3), page 7, by putting e x = e g = —aT, <r v = 0. 
These equations then give 


aET 

<r x = <r e = — -- 

1 — v 



The elements can be maintained in this condition by applying the dis¬ 
tributions of compressive force given by (c) to the edges (x = constant, 
z = constant). The thermal stress in the plate free from external 
force is obtained by superposing on the stresses (e) the stresses due to 
application of equal and opposite distributions of force on the edges. 
If T is an even function of y such that the mean value over the thick¬ 
ness of the plate is zero, the resultant force per unit run of edge is zero, 

and by Saint-Venant’s principle (Art. 18) it produces no stress except 
near the edge. 

If the mean value of T is not zero, uniform tensions in the x- and 
z-directions corresponding to the resultant force on the edge must be 
superposed on the compressive stresses (c). If in addition to this the 
temperature is not symmetrical with respect to the xz-plane, we must 
add the bending stresses. In this manner we finally arrive at the 

equation 

aTE 1 f +e 

j^ aTEdy 

+_ *y _ [ + 

2c*(l - k) J-c 


aTEy dy (/) 
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which is analogous to the Eq. (d) obtained before. By using Eq. (/) 
we can easily calculate thermal stresses in a plate, if the distribution of 
temperature T over the thickness of the plate is known. 

Consider, as an example, a plate which has initially a uniform temperature T 0 
and which is being cooled down by maintaining the surfaces y = ±c at a constant 
temperature T 1. 1 By Fourier’s theory the distribution of temperature at any 

instant t is 

T = 'I\ -f- ^ (To - TO cos ^ ^ cos ^ ( g) 


in which pi, = 3 2 pi* • . • , Pn = n*p*. • • • , are certain constants. Substitut 
ing in Eq. (/), we find 



After a moderate time the first term acquires dominant importance, and we can 


assume 



AocE{ l\ - T x ) 

7r( 1 — v) 



For y = ±c we have tensile stresses 


<r x 



4cE(T o - Ti) 

HI ~ *0 


c 


2 

ir 


At the middle plane y = 0 we obtain compressive stresses 



4 a E(T 0 - Ti) 

tt(1 - y ) 





The points with zero stresses are obtained from the equation 


2 iry 

-cos ~ 

7T ZC 


0 


from which 


y = ± 0.560c 


If the surfaces y = ±c of a plate are maintained at two different 
temperatures 7\, T 2 , a steady state of heat flow is established after a 
certain time and the temperature is then given by the linear function 


T = | CT, + TV) + i ( T , + | (») 

1 This problem was discussed by Lord Rayleigh, Phil . Mag., series 6, vol. 1, 
p. 169, 1901. 
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Substitution in Eq. (/) shows that the thermal stresses are zero, 1 
provided, of course, that the plate is not restrained. If the edges are 
perfectly restrained against expansion and rotation, the stress induced 
by the heating is given by Eqs. (e). For instance if T 2 = —T i we 
have from (z) 


and Eqs. (e) give 



The maximum stress is 



max. 




max. 


CtET! 

\ — V 


U) 

(*) 

(0 


The thickness of the plate does not enter in this formula, but in the 
case of a thicker plate a greater difference of temperature between the 
two surfaces usually exists. Thus a thick plate of a brittle material is 
more liable to break due to thermal stresses than a thin one. 

As a last example let us consider a sphere of large radius and assume 
that there occurs a temperature rise T in a small spherical element of 
radius a at the center of the large sphere. Since the element is not free 
to expand a pressure p will be produced at the surface of the element. 
The radial and the tangential stresses due to this pressure at any point 
of the sphere at a radius r > a can be calculated from formulas (197) 
and (198) (see page 359). Assuming the outer radius of the sphere as 
very large in comparison with a we obtain from these formulas 


<j r = 


At the radius r = a we obtain 


and the increase of this radius, due to pressure p , is 


pa 3 

pa 3 

r 3 ’ 

2 r 3 

- V, 

<7l = \P 



Ar = (ae t )r~ a 


-g [<r t — T- <ri)] 


r=a 


pa 
2 E 


(1 + v) 


This increase must be equal to the increase of the radius of the heated 
spherical element produced by temperature rise and pressure p. Thus 

1 l n general, when T is a linear function of x, y, z, the strain corresponding to 
free thermal expansion of each element, iriz ., 


e x — e v = = ocT , y xv = y zz = y„ s = 0 

satisfies the conditions of compatibility (129) and there will be no thermal stress. 
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we obtain the equation 

aTa - ^ (1 - 2») = ^ (1 + y) 


from which 


2 olTE 
V 3 1 — v 



Substituting in equations (m) we obtain the formulas for the stresses 
outside the heated element 

2 aTEa* _ 1 ctTEa 3 

* r ” 3 (1 - v)r z ' <r< 3 (1 - v)r z ^ o) 

133. Some Problems of Plane Thermal Stress. Suppose that a 
strip of thin plate (Fig. 223) is nonuniformly heated so that the tem¬ 
perature T is a function of the longitudinal coordinate x only, being 




(cl) 


(b) 


Fia. 223 


uniform across any given cross section. If the plate is cut into strips 
such as AB (Fig. 223), these strips expand vertically by different 
amounts. Due to the mutual restraint there will be stresses set up 
when they are in fact attached as in the plate. 

Considering the unattached strips, their vertical expansion is sup¬ 
pressed if they are subjected to compressive stress 

<r y = -aET (a) 

by applying such stress at the ends A and B of each strip. The strips 
fit together as in the unheated plate. To arrive at the thermal stress 
we must superpose on (a) the stress due to the application of equal 
and opposite forces, i.c. y tension of intensity aET , along the edges 
y — ±c of the strip. 

If the heating is confined to a length of the strip short in comparison 
with its width 2c, such as CDFE in Fig. 223, the effect of the tensions 
aET will be felt only in the neighborhood of CD on the top edge, and of 
EF on the bottom edge. Each of these neighborhoods can then be 
considered as presenting a problem of the type considered in Art. 34. 
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It was pointed out on page 95 that a normal stress on a straight 
boundary produces a like normal stress parallel to and at the boundary. 
Hence the tensions aET will produce tensile stress ocET in the x-direc- 
tion. Both normal stresses die away as we proceed into the plate nor¬ 
mal to the edge. On superposing these stresses on the compressive 
stress (a) in the ^-direction, we obtain curves 1 for a x and a y along a line 
such as AB in the hottest part of the plate of the character shown in 
Fig. 223 b. Near the edges the prevailing stress is a x , with the value 
ctET, tensile when T is positive, and near the middle the prevailing 
stress is a V} a compressive stress of magnitude ctET when T is positive. 
The maximum stresses are of magnitude ctET ma x.. 



If the temperature T is a periodic function of x the application of 
edge tensions ctET presents a problem of the type considered in Art. 23. 
When 

T = To sin ctx (5) 


we find from Eqs. ( k) of Art. 23, putting A = B = — ctET 0 in accord¬ 
ance with Eq. (/), 


&x — 2otETo 


(etc cosh etc — sinh etc) cosh ay — ay sinh ay sinh ac 


sinh 2 ac + 2 ac 


sin ax 


— o ( aC cosh ac -h sinh etc) cosh ay — ay sinh ay sinh ac 

' “ 10 sinh 2ac + 2ac 

_ o iprr cosh ac sinh ay — ay cosh ay sinh ac 
' “ 10 sinh 2ac + 2ac 

1 J. N. Goodier, Physics, vol. 7, p. 156, 1936. 


Sin ax 


cos ax 
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Together with the compressive stress <r v = —ctET from Eq. (a), these 
give the thermal stress in the plate. 1 In Fig. 224 the distributions of 
Cz along the lines of maximum temperature for various wave lengths 
2 i = 2ir/a are shown. We see that the maximum stress increases as 
the wave length diminishes and approaches the value <xET 0 . Having 
the solution for a sinusoidal temperature distribution, other cases in 
which the temperature is a periodic function of x can be treated. It 
can be concluded also that the maximum stress in plates of finite length 
can differ only slightly from the value aET 0 obtained for an infinite 

strip. 

134. The Thin Circular Disk: Temperature Symmetrical about 
Center. When the temperature T does not vary over the thickness 
of the disk, we may assume that the stress and displacement due to the 
heating also do not vary over the thickness. The stresses a r and a e 
satisfy the equation of equilibrium 

^ + CTr ~ a ’ = 0 (a) 

dr r 


obtained from Eq. (40), page 58, by putting R = 0. The shear stress 
T r o is zero on account of the symmetry. 

The ordinary stress-strain relations, Eqs. (52), page 66, for plane 
stress, require modification since now the strain is partly due to thermal 
expansion, partly due to stress. If e r represents the actual radial 
strain, e r — aT represents the part, due to stress, and we have 


and similarly 



ib) 

(c) 


Solving (/>) and (c) for <r r , <r e we find 


E 


<T r = 


1 - 


[e r 4- — (l v)cxT], 


E 


ae = 


1 o 
— V- 


[e 0 4 - vc r — (1 4 - v)aT] (< d ) 


and with these Eq. (a) becomes 

d 


dT 


r -j~ r ( €r 4" v*o) 4- (1 — v)(e r ~ *i) = (14" v)ar ^ 


M 


1 The problem was discussed by J. P. Don Ilnrtog, J. Franklin Inst., vol. 222, 
p. 149, 193C, in connection with the thermal stress produced in the process of 
welding. 
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If u denotes the radial displacement we have, from Art. 28, 


du 

= Tr’ 


u 

ee = — 
r 


(/) 


Substituting these in (e) we obtain 


d 2 w . 1 du 


u 


H--7-- = (1 -f- !/) 


dr 2 r dr 


Ot 


dT 

dr 


which may be written 


![ 1 rTr]-< 1 + ">“ 


dr 

Integration of this equation yields 


dT 

dr 


(?) 


W = (1 -f- v) a. — 


-r 

r Ja 


Tr dr + C<r + 


C 2 




where the lower limit a in the integral can be chosen arbitrarily. For 
a disk with a hole it may be the inner radius. For a solid disk we may 
take it as zero. 

The stress components are now found by using the solution (h) in 
Eqs. (/), and substituting the results in Eqs. (d). Then 


r = — aE 


- f 

r 2 Ja 


Tr dr + 


O 0 = CtE 


- f 

r 2 Ja 


Tr dr — cxE T -f* 


T=T-[ C ‘ 


(1 + v) - C 2 ( 1 


(1 + r) + C 2 (l 


- -) 7i ] <•' 

- »> ;i] o 


The constants Ci, C 2 are determined by the boundary conditions. 
For a solid disk, we take a as zero, and observing that 


limi ^ 

r — »0 r do 


Tr dr = 0 


we see from Eq. ( [h) that C 2 must vanish in order that u may be zero at 
the center. At the edge r = b we must have <x r = 0, and therefore 
from Eq. (z) 


f b Trdr 


The final expressions for the stresses are consequently 

, , . & 

<r r = ctE 


(bj; 


Tr dr 


(To = CtE 


T 4- — 
^ b 2 



_i r 

r 2 Jo 


Tr dr 


Tr dr 


i f 

r 2 Jo 


Tr dr 


(237) 


(238) 
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These give finite values at the center since 

lim \ \ Tr dr =\ T 0 

r —>o r 2 J 0 2 

where To is the temperature at the center. 

136. The Long Circular Cylinder. The temperature is taken to be 
symmetrical about the axis, and independent of the axial coordinate 
z . 1 We shall suppose first that w, the axial displacement, is zero 
throughout, and then modify the solution to the case of free ends. 

We shall now have three components of stress, <r r , <r*, all three 
shear strains and stresses being zero on account of the symmetry about 
the axis and the uniformity in the axial direction. The stress-strain 
relations are 

e r — aT = Jj[a r — v(o> -f <r z )] 

€0 — CtT = ~ [<T 0 — u(a r 4- <T:)] (239) 

— aT = ^ [a, — v(a r + 0 -*)] 


But since w = 0, = 0, and the third of Eqs. (239) gives 


ai — 4~ (Te) — aET 



On substituting this into the first two of Eqs. (239), these equations 
become 


€ r — (1 + v)aT = 


to — (1 + v)aT = 





It may be seen at once that these equations can be obtained from the 
corresponding equations of plane stress, Eqs. (b) and (c) of the pre¬ 
ceding article, by putting, in the latter equations, E/{ 1 — v 2 ) for E , 
v/{\ — v) for v y and (1 + *>)« for a. 

Equations (a) and (/) of the preceding article remain valid here. 
1 he solution for ?/, <r r , and cro proceeds in just the same way. We may 
therefore write down the results by making the above substitutions in 
Eqs. (/*), (i) f and (j). Thus for the present problem 

1 The first solution of this problem is that of J. M. C. Duhamel, Memoires . . . 
par divers savants, vol. 5, p. 440, Paris, 1838. 
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u = 


1 + * 
1 - V 


cx 


\r. 


Tr dr + C\r + 


C 2 


= - f Tr dr + T 

1 — V r- J a 1 


E 


ere 


aE 1 f r 

1 - v' r 2 J a 


+ V 

Tr dr - 4 - 

1 — v 


(^c±- 

\1 - 2v 

i + Ai 



— 2v r 



and, from Eq. (a), 


<Tz = — 


aET 

1 — v 


+ 


2vEC\ 


(i + *0(1 - 2v) 


(c) 


(d) 


ie) 


(f) 


Normal force distributed according to Eq. (/) must be applied to the 
ends of the cylinder in order to keep w = 0 throughout. If we super¬ 
pose a uniform axial stress a z = C 3 , we can choose C 3 so that the 
resultant force on the ends is zero. The self-equilibrating distribution 
remaining on each end will, by Saint-Venant’s principle (see page 33), 
give rise only to local effects at the ends. 

The stresses a r , ere will still be given by Eqs. ( d ) and ( e ). The dis¬ 
placement u , however, is affected by the axial stress C 3 . A term 
— vC^r/E must be added on the right of Eq. (c). The axial displace¬ 
ment is that corresponding to the uniform stress C 3 . 

Solid Cylinder. In this case we may take a, the lower limit of the 
integrals in Eqs. (c), (d), and (e), as zero. The displacement u must 
vanish when r = 0. This requires that C 2 = 0. 

The constant C 1 is found from the condition that the curved surface 
r = b is free from force, so that ( a r )r=b = 0. Thus from Eq. (d), 
putting C 2 = 0, a = 0 we find 


(1 + pKI 

The resultant of the axial stress (/) is 


1 - 2v) 1 — v 6 2 fo Tr dT 


(9) 



<r z 2 tt r dr = 


0 



" Tr-rlr- A- 2vEC ' 

0 Trdr + {\ + V)(l - 2v) 


7 rb 2 


and the resultant of the uniform axial stress C 3 is C 3 * 7 rb 2 . The value 
of C 3 making the total axial force zero is therefore given by 


C 3 * 7T b 2 


_ 2t rccE 

1 - ^ J 0 


Tr dr — 


2vECi 


(1 + v)(l - 2v) 


7rb~ 


(h) 



410 


THEORY OF ELASTICITY 


The final expressions for u, <j rj o>, <j z are, from Eqs. (c), ( d ), (e), (/), (g) t 
and ( h ), 




<T0 




- 2«0 


b 2 



Tr dr 4- - 

r 


Tr dr - i J Tr dr^j 

I ^ Tr dr - 
r- Jo 


Tr dr + 


Tr dr 


- T ) 



(240) 

(241) 

(242) 

(243) 


Take, for example, a long cylinder with a constant initial temperature T 0 . If, 
beginning from an instant t = 0, the lateral surface of the cylinder is maintained 
at a temperature zero, 1 the distribution of temperature at any instant t is given by 
the series 2 

00 

r = To £ (pi* £)<■->-■ (o 

71 = 1 


in which Jo(p n r/b) is the Bessel function of zero order (see page 385), and the 
/3’s are the roots of the equation J o(P) = 0. The coefficients of the series (») are 



2 

Ml(^n) 


and the constants p n are given by the equation 




in which k is the thermal conductivity, r the specific heat of the material, and p 
the density. Substituting series (j) into Eq. (241) and taking into account the fact 
that 3 

fo J • ("- b) r 1,ir - r. 

we find that 

_2cETo \ t 1 1 bJAMr/b)) 

1 - ^ 2/ W Pn* r JdPn) 

n - 1 




1 It is assumed that the surface of the cylinder suddenly assumes the tempera¬ 
ture zero. If the temperature of the surface is T\ instead of zero, then To — T» 
must be put instead of T 0 in our equations. 

2 See Byerly, “Fourier Series and Spherical Harmonics,” p. 229. The calcula¬ 
tion of thermal stresses for this case is given by A. Dinnik, “ Applications of Bessel’s 
Function to Elasticity Problems,” pt. 2, p. 95, Ekaterinoslav, 1915. See also 
C. H. Lees, Proc. Roy. Soc. ( London ), vol. 101, p. 411, 1922. 

3 Sec E. Jalinkc und F. Emde, “Funktioneutafeln,” p. 105, Berlin, 1909. 
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In the same manner, substituting series (i) in Eq. (242), we obtain 


2cxET o V - n J 1 , 1 b J if£n(r/&)] Jo[/3„(r/6)]\ 

<rfi \ - V Li 6 ' l Pn 2 ^ Pn 2 r Ji(/ 3 n ) PnJltfn) J 

n = 1 

Substituting series (t) in Eq. (243) we find 






Jo[f3 n (r/b)] ] 
PnJAPn) f 



Formulas (A:), (l), and (m) represent the complete solution of the problem. Several 
numerical examples can be found in the papers by A. Dinnik and C. H. Lees, 
mentioned above. 1 


Figure 225 represents 2 the distribution of temperature in a steel 
cylinder. It is assumed that the cylinder had a uniform initial tem¬ 
perature equal to zero and that 
beginning from an instant t = 0 
the surface of the cylinder is main¬ 
tained at a temperature T\. The 
temperature distributions along 
the radius, for various values of 
t/b 2 {t is measured in seconds and 
b in centimeters), are represented 
by curves. It will be seen from 
Eqs. (i) and (j) that the tempera¬ 
ture distribution for cylinders of 
various diameters is the same if 
the time of heating t is propor¬ 
tional to the square of the diam¬ 
eter. From the figure, the average 
temperature of the whole cylinder 
and also of an inner portion of 
the cylinder of radius r can be calculated. Having these temperatures 
we find the thermal stresses from Eqs. (241), (242), and (243). If we 

1 Temperature distribution in solids during heating and cooling was discussed 
by Williamson and Adams, Phys. Rev ., series 2, vol. 14, p. 99, 1919. An experi¬ 
mental investigation of the effects of fire and water on columns has been made by 

Ingberg, Griffin, Robinson, and Wilson. See U. S. Bur. Standards , Tech. Paper 
184, 1921. 

2 The figure is taken from A. Stodola, “Dampf- und Gasturbinen,” 6th ed. f 
p. 961, 1924. 
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take a very small value for t, the average temperatures, mentioned 
above, approach zero and we find at the surface 

- aET 1 

(Jr = U, <J0 = (Tz — — | 


This is the numerical maximum of the thermal stress produced in a 
cylinder by heating. It is equal to the stress necessary for entire sup¬ 
pression of thermal expansion at the surface. During heating this 
stress is compression, during cooling it is tension. In order to reduce 
the maximum stresses it is the usual practice to begin the heating of 
shafts and rotors with a somewhat lower temperature than the final 
temperature 7\, and to increase the time of heating in proportion to 
the square of the diameter. 

Cylinder with a Concentric Circular HoleA The radius of the hole 
being a, and the outer radius of the cylinder b , the constants C i, C 2 in 
Eqs. (c), (<7), (c) are determined so that <j r will be zero at these two 
radii. Then 



aE if*,, E ( Sh _ 

\ - v' b 2 J a lr r + I + * \1 - 2U 


C 2 
6 2 


and from these 


EC, ocE a- f b , 

. . - = -. ;- 5 / 1 r clr 

1 + v 1 — v b - a- J a 


EC , 


(1 + *)(1 - 2 k ) 


= . I" Tr dr 

1 — v b- — a- J a 



Substituting these values in (d), (e ), and (/), and adding to the last the 
axial stress C 3 required to make the resultant axial force zero, we find 
the formulas 



cro 

<Jz 


- p (£ 11 /.‘ Tr * ~ Tr *) 

- r"" , k fa - S /,' T ' * + /.' T ' Jr - 



(244) 

(245) 

(246) 


Consider, as an example, a steady heat flow. If 7\ is the temperature 
on the inner surface of the cylinder and the temperature on the outer 

1 Sec R. lx»ronz, Z. Vcr. dcutsch. huj., vol. 51, p. 743, 1007. 
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surface is zero, the temperature T at any distance r from the center is 
represented by the expression 




log(6/ a) 




Substituting this in Eqs. (244), (245), and (246), we find the following 
expressions for the thermal stresses: 1 


cxETi 


<Tz = 


2(1 

— v ) log(5/u) 


cxETi 

2(1 

— V ) log (b/a) 


cxETi 


[- log \ ~ a 2 ) i 1 ~ v) log s] 

[* ~ Io 4~ (fc»-«») 0 

[- 


, 6 2 ., “ 

+ 72 ) lo s - 


(247) 


O 1 & 2fl2 1 

2 log r - (fc» - a 2 ) log 



If Ti is positive, the radial stress is compressive at all points and 
becomes zero at the inner and outer surfaces of the cylinder. The 



stress components ae and have their largest numerical values at the 
inner and outer surfaces of the cylinder. Taking r = a, we find that 

og ^ (248) 


(<r 8 )_ 

3 (cTz)r— 


cxETi / 

2 b 2 

a 

2(1 

- „) log | V 

1 b 2 - a 2 

For r = b we 

obtain 



(< ro)r= 

b = (<T Z ) r-= 


cxETi / 

2 a 2 

b 

2(1 

- ,) log|V 

1 b 2 - a 2 


(249) 


The distribution of thermal stresses over the thickness of the wall for a 
particular case a/b = 0.3 is shown in the Fig. 226. If Ti is positive, 
the stresses are compressive at the inner surface and tensile at the outer 
surface. In the case of such materials as stone, brick, or concrete, 
which are weak in tension, cracks are likely to start on the outer surface 
of the cylinder under the above conditions. 

1 Charts for the rapid calculation of stresses from Eqs. (247) are given by 
L. Barker, Engineering, vol. 124, p. 443, 1927. 
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If the thickness of the wall is small in comparison with the outer 
radius of the cylinder, we can simplify Eqs. (248) and (249) by putting 

b . b m 2 . m 3 


and considering m as a small quantity. Then 

(*.)~ = («T.)~ " - ( 1 + j) ( 248 ') 

(*.)-* = (*.)— = 2 ( f^ (' - f) (249') 


If the temperature at the outer surface of the cylinder is different from 
zero, the above results can be used by substituting the difference 
between the inner and the outer temperatures, 7\ — T 0 , in all our 
equations instead of TV 

In the case of a very thin wall we can make a further simplification 
and neglect the term m/3 in comparison with unity in Eqs. (248') and 


(249'). Then 



(250) 


and the distribution of thermal stresses over the thickness of the wall 
is the same as in the case of a flat plate of thickness 2c = b a, when 
the temperature is given by the equation (Fig. 222) 


T = 

and the edges are clamped, so that bending of the plate, due to non- 
uniform heating, is prevented [see Eq. (A*), Art. 132]. 

If a high-frequency fluctuation of temperature is superposed on a 
steady heat flow, the thermal stresses produced by the fluctuation can 
be calculated in the same manner as explained for the case of flat plates 
(see Art. 132). 1 

1 Thermal stresses in cylinder walls are of great practical importance in the 
design of Diesel engines. A graphical solution of the problem, when the thickness 
of the wall of t he cylinder and the temperature vary along the length of the cylinder, 
was developed by G. Eichclberg, Forschungsorbcitcn , No. 203, 1923. Some 
information regarding temperature distribution in Diesel engines can be found in 
the following papers: II. F. G. Let son, Proc. Meek. Eng., p. 19, London, 1925, 
A. Nagel, Engineering, vol. 127, pp. 59, 179, 279, 400, 020, 1929. 
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In the foregoing discussion it was assumed that the cylinder is very 
long and that we are considering stresses far away from the ends. 
Near the ends, the problem of thermal-stress distribution is more com¬ 
plicated due to local irregularities. Let us consider this problem for 
the case of a cylinder with a thin wall. Solution (250) requires that 
the normal forces shown in Fig. 227 a should be distributed over the 
ends of the cylinder. To find the stresses in a cylinder with free ends 
we must superpose on the stresses (250) the stresses produced by 
forces equal and opposite to those shown in Fig. 227 a. In the case of a 



Fig. 227. 


thin wall of thickness h these forces can be reduced to bending moments 
M, as shown in Fig. 227b, uniformly distributed along the edge of the 
cylinder and equal to 



ctETi h z 

2(1 - v) G 



per unit length of the edge. To estimate the stresses produced by 
these moments, consider a longitudinal strip, of width equal to unity, 
cut out from the cylindrical shell. Such a strip can be treated as a bar 
on an elastic foundation. The deflection curve of this strip is given by 
the equation 1 


in which 



Me~ pz 

~ 2 p 2 £) ( cos & z ~ sin £*) 



( V ) 

(?) 


and c is the middle radius of the cylindrical shell. Having this deflec¬ 
tion curve, the corresponding bending stresses v z and the tangential 

1 See S. Timoshenko, “Strength of Materials,” 2d ed., vol. 2, p. 166. 



410 


THEORY OF ELASTICITY 


stresses a 0 can be calculated for any value of z. The maximum deflec¬ 
tion of the strip is evidently at the end z = 0, where 

_ M _ cteTj y/\ — v- 
(w)z “° " WT) ” 2 VS (1 - v) 

The corresponding strain component in the tangential direction is 

_ u _ a!'j y1~=~7 2 

c 2\/3 (1 - v) U 

The stress component in the tangential direction at the outer surface 
of the wall is then obtained, using Hooke’s law, from the equation 


c To = E *0 + V<J Z 


ctETj V1 - v 2 

2 VS (1 - v) 


vctETi 
2(1 - v) 


Adding this stress to the corresponding stress calculated from Eqs. 
(250), the maximum tangential stress for a thin-walled cylinder at the 


free end is 



(251) 


Assuming v = 0.3, we find 

(<T q ) mux. 


1.25 


a.ET i 

2(T=T) 


Thus the maximum tensile stress at the free end of the cylinder is 25 
per cent greater than that obtained from Eqs. (250) for the stress at 
points remote from the ends. From Eq. (p) it can be seen that the 
increase of stress near the free ends of the cylinder, since it depends on 
the deflection ?/, is of a local character and diminishes rapidly with 
increase of distance z from the end. 

The approximate method of calculating thermal stresses in thin- 
walled cylinders, by using the deflection curve of a bar on an elastic 
foundation, can also be applied in the case in which the temperature 
varies along the axis of the cylindrical shell. 1 

136. The Sphere. We consider here the simple case of a tempera¬ 
ture symmetrical with respect to the center, and so a function of r, the 
radial distance, only. 2 

1 S. Timoshenko and J. M. I.<essells, “Applied Elasticity,” p. 1*17, 1925, and 
C. II. Kent, Trans. A.S.M.E., Applied Mechanics Division, vol. 53, p. 157, 1931. 

2 The problem was solved by Duhamel, loc. cit.; F. Neuman, Abhandl. Akad. 
Wiss., Berlin, 1811; see also his “Vorlesungen uher die Theorie der Elastiait&t dor 
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On account of the symmetry there will be three non-zero stress com¬ 
ponents, the radial component <j t , and two tangential components a t , 
as in Art. 121, and these must satisfy the condition of equilibrium, in 
the radial direction, of an element [Fig. 202, Eq. ( e ), page 359] 

^ + - Or - «T«) - 0 (a) 

ar r 

The stress-strain relations are 


1 


€r — OiT = -jji (<T r — 2 vat) 


e t — OlT = g [at — v{(7 r + (T t )] 
and, u being the radial displacement, we have 


€r = 


du 

w 


u 

£ ‘ = 7 


From (6) and (c) we find 


( 6 ) 

(c) 

O) 


°> = q _ 2t/ ) K 1 — *')«’■ + — (1 + v)otT\ (e) 

<r< = (I + y) fi - 20 [e< + V€r "" (1 + v)aT] (/) 

Substituting these in (a), then replacing e r , e t by the values given in ( d ) 
we find the differential equation for w 

d 2 u 2 du 2 u 1 + v dT , . 

-dF* + -rd?-^ “T=V a '3F w 

which can be written 


The solution is 



i + ^ i [ r 


l + V dT 
1 - v' a dr 


Tr 2 dr -f- CV + 




where Ci and C 2 are constants of integration to be determined later 
from boundary conditions, and a is any convenient lower limit for the 
integral, such as the inner radius of a hollow sphere. 


festen Korper,” Leipzig, 1885; J. Hopkinson, Messenger of Math., vol. 8, p. 1G8, 
1879. Nonsymmetrical temperatures were considered by C. W. Borchardt, 
Monatsber. Akad. Wiss., Berlin, 1873, p. 9. 


418 


THEORY OF ELASTICITY 


This solution can be substituted in Eqs. (d), and the results used in 
Eqs. (e) and (/). Then 




2ctE 

~ 1 - v ‘ 

ccE 1 _ 

1 — v r 3 



Tr 2 dr + 


EC i 


Tr 2 r + 


a 


1 - 2i/ 

EC i 
1 - 2 * 


__ 2EC 2 1_ 

1 + ^ r 3 

EC 2 1 _ _ a.ET 

1 "4“ ^ 1 — ^ 


0) 


We shall now consider several particular cases. 

S 0 Ud Sphere. In this case the lower limit a of the integrals may be 
taken as zero. We must have u = 0 at r = 0, and, from Eq. (h) this 
requires that C 2 = 0, since 

lim J_ / Tr 2 dr = 0 
r 2 Jo 


The stress components given by 


(i) and (j) will now be finite at the 


center since 


lim !_ 

r —»0 7*3 



Tr 2 dr 


To 

3 


where To is the temperature at the center. The constant C i is deter¬ 
mined from the condition that the outer surface r = b is free from 
force, so that <r r = 0. Then from Eq. (0, putting o> = 0, a = 0, 
C 2 = 0, r = b, we find 



2 ctE 

1 - v 




Tr 2 tfr 


and the stress components become 


..-^ q . /; - - - b /; - *) 

'■ - r^r. (p /; ,v ’ * + b /o' 7V ’ * - r ) 
The mean temperature of the sphere within the radius r is 


(252) 



- 3 / Tr 2 dr 
r 3 Jo 


Therefore the stress a r at any radius r is proportional to the difference 
between the mean temperature of the whole sphere and the mean tern- 
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perature of a sphere of radius r. The tangential stress at any point is 

2ocE 

3(1 - v) 

multiplied by the expression 

[The mean temperature of the whole sphere -T (-J- the mean temperature 

within the sphere of radius r) — f T] 

If the distribution of temperature is known, the calculation of stresses 
in each particular case can be carried out without difficulty. 1 An 
interesting example of such calculations was made by G. Griinberg 2 in 
connection with an investigation of the strength of isotropic materials 
subjected to equal tension in three perpendicular directions. If a 
solid sphere at a uniform initial temperature To is put in a liquid at a 
higher temperature Ti, the outer portion of the sphere expands and 
produces at the center of the sphere a uniform tension in all directions. 
The maximum value of this tension occurs after a time 

t = 0.0574 ^ (fc) 

k 

Here b is the radius of the sphere, k the thermal conductivity, c the 
specific heat of the material, and p the density. The magnitude of this 
maximum tensile stress is 3 

<r. = «r t = 0.771 on aE ^ (Ti - To) (D 

2(1 — v) 

The maximum compressive stress occurs at the surface of the sphere at 
the moment of application of the temperature T i and is equal to 
aE(T i — T 0 )/(l — v ). This is the same as we found before for a 
cylinder (see page 412). Applying Eqs. ( k ) and (l) to the case of steel, 
and taking b = 10 cm. and Ti — T 0 = 100°C., we find <r r = <x t — 1,270 
kg. per square centimeter, and t = 33.4 sec. 

Sphere with a Hole at the Center. Denoting by a and b the inner and 
outer radii of the sphere, we determine the constants C\ and C 2 in (i) 

1 Several examples of such calculations are given in the paper by E. Honegger, 
Festschrift Prof. A. Stodola, Zurich, 1929. A table for calculating the distribu¬ 
tion of temperature during cooling of a solid sphere is given by Adams and William¬ 
son, loc. cit. 

* G. Griinberg, Z. Physik, vol. 35, p. 548, 1925. 

3 It was assumed in the analysis that the surface of the sphere takes at once the 
temperature T x of the fluid. 
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and (j) from the conditions that a r is zero on the inner and outer sur 
faces. Then from (t) we have 


EC i 


2 EC 


2 ctE 1 [ 

1 - vb 3 J a 


1 - 2v 
b 

Tr 2 dr + 


1 + v a 3 

EC i 


- = 0 


2 EC 


1 — 2v 1 v b 3 


A = 0 


Solving for C x and C 2 and inserting the results in (i) and (j) we find 


<rt 


2aE 

1 

CO 

1 

o 

CO 

1 - v 

l(b 3 — a 3 )r 3 

2 *E 

[ 2r 3 + a 3 

1 - r 

|_2(/> 3 — a 3 )r 


Tr 2 dr 

b 


_i r 

r 3 J a 


Tr 2 dr 


Tr 2 dr + 


-L f 

2 r 3 


Tr 2 dr 




(253) 


Thus the stress components can be calculated if the distribution of 
temperature is given. 

Consider, as an example, the case of steady heat flow. We denote 
the temperature at the inner surface by 1 »• and the temperature at the 
outer surface we take as zero. Then the temperature at any distance 
r from the center is 


b — a \r ) 


(m) 


Substituting this in expressions (253), we find 


aKTi al> [ , , 1 n- , | 

■r “ j--—r [a + b ~ v (b- + a b + a) + j 

aETi ab f 

' ~ \ - v b 3 - a 3 L a 


+ h ~ Tr (5 " + ab + ^ “ SH 


We see that the stress <r r is zero for r = a and r = b. It becomes a 
maximum or minimum when 

2 __ 3a 2 5 2 _ 

r a 2 -f- ab 6 2 

The stress <r t , for 7\- > 0, increases as r increases. When r = a, we 
have 

aETi b(b - a)(a + 2b) 


(ft = “ ; 


2(1 - v) 


b 3 — a 


w 


When r = b, we obtain 


<f» = . 


aETi a{b - a)(2a + b) 


2(1 - p) 


b 3 — a 


(o) 
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In the case of a spherical shell of small thickness we put 

b = a( 1 + m) 


where mis a small quantity. Substituting in (n) and ( o ) and neglect¬ 
ing higher powers of m, we obtain 


for r = a, 
for r — by 




ocETi 

~ 2(1 - v) 

* ET < ( i 
2(1 -y)\ 



, 2 

+ 3 m 




If we neglect the quantity %m we arrive at the same values for the 
tangential stresses as we obtained before for a thin cylindrical shell 
[see Eqs. (250)] and for a thin plate with clamped edges. 

137. General Equations. The differential equations (132) of equi¬ 
librium in terms of displacements can be extended to cover thermal 
stress and strain. The stress-strain relations for three-dimensional 
problems are 


€x — Of T = — \a x — v{(Ty + <r z )] 

ey — otT = ^ [<r u — v{<j x + (T z )\ 

€ z — OfT = i [<T Z ~ V(<T X + (J y )] 



T xy 

V*v - G’ 





Equations (6) are not affected by the temperature because free thermal 
expansion does not produce angular distortion in an isotropic material. 
Adding Eqs. (a) and using the notation given in (7) we find 


e = ~ (1 - 2v)Q + 3 otT 


Using this, and solving for the stresses from Eqs. (a), we find 


<r x = \e -f- 2 Ge x — 


ocET 

1 — 2 * 


(c) 


Substituting from this and Eqs. (6) into the equations of equilibrium 
(127), and assuming there are no body forces, we find 


(X +G )| + G V^- r ^S = ° 


( 254 ) 
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These equations replace Eqs. (131) in the calculation of thermal 
stresses The boundary equations (128), after substituting from Eqs. 
(c) and (6) and assuming that there are no surface forces, become 


oc 

n 


l = AcZ + G 

2 v 



(du 

\dx 


l 4- 



dv , 
— m + 
dx 



(255) 


Comparing Eqs. (254) and (255) with Eqs. (131) and (134) it is seen 
that terms 

aK dT ctE dT _ cxE dT 


1 — 2v dx 


1 - 2v dy 


1—2 v dz 


take the places of components A, 1 , 


Z of the body forces, and terms 



exET 

1 - 2v 



replace components A', Y, Z of the surface forces. Thus the displace¬ 
ments u, v, iv, produced by the temperature change T, are the same as 
the displacements produced by the body forces 





1 —2 v dx ’ 




aE dT 

1-2 v dz 



and normal tensions 


aET 

1 - 2v 



distributed over the surface. . 

If the solution of Eqs. (254) satisfying the boundary conditions 

(255) is found, giving the displacements ?/, t’, w t the shearing stresses 

can be calculated from Eqs. (6) and the normal stresses from Eqs. (c). 

From the latter equations we see that the normal stress components 

consist of two parts: (a) a part derived in the usual way by using the 

strain components, and (6) a “hydrostatic” pressure of the amount 


« ET - (/) 
1 - 2v 

proportional at each point to the temperature change at that point. 
Thus, the total stress produced by nonuniform heating is obtained by 
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superposing hydrostatic pressure (/) on the stresses produced by body 
forces ( (I ) and surface forces (e). 

The same conclusion may be reached in another way. Imagine that 
the body undergoing nonuniform heating is subdivided into infinitely 
small elements and assume that the thermal strains e x = e y — e z = otT 
of these elements are counteracted by applying to each element a uni¬ 
form pressure p, the magnitude of which, from Eq. (8), is given by (/). 
In this way thermal strain is removed, and the elements fit one another 
and form a continuous body of the initial shape. The pressure dis¬ 
tribution (/) can be realized by applying certain body forces and sur¬ 
face pressures to the above body formed by the elements. These forces 
must satisfy the equations of equilibrium (127) and the boundary 
conditions (128). Substituting in these equations 



ctET 

1 - 2v 




we find that, to keep the body formed by the elements in its initial 
shape, the necessary body forces are 



aE dT 
1 — 2v ~dx’ 



ctE dT 
1 — 2v ~dy’ 



aE dT 
1-2 v dz 



and that the pressure (/) should be applied to the surface. 

We now assume that the elements are joined together, and remove 
the forces ( h ) and the surface pressure (/). Then the thermal stresses 
are evidently obtained by superposing on the pressures (/) the stresses 
which are produced in the elastic body by the body forces 

Y _ _ txE dT y. _ ocE dT y _ ctE dT 

~ r - 2v ox’ Y ~ ~ X — 2v Tnj’ ~ ~ 1 - 2v ~dl 

and a normal tension on the surface equal to 


aET 

1 — 2v 

These latter stresses satisfy the equations of equilibrium 


da x 

+ 

dr^ 

+ 

dr xz 


ocE 

dT 

= 0 

dx 

dy 

dz 

~ r 

— 2 v dx 

day 

+ 

dr 

+ 

dr vz 


ctE 

dT 

= 0 

dy 

dx 

dz 

— i 

— 2v dy 

da z 

+ 

dr xz 

+ 

dr vz 


ctE 

dT 

= 0 

dz 

dx 

dy 

— r 

— 2 v dz 


( 256 ) 
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and the boundary conditions 


( t x I 4- T xv m 4- r xz n 


cr v m 4 ~ r vz n 4 - T X yl 


<j z n 4- r xx l 4~ r vz m 


ccET 



( 257 ) 


together with the compatibility conditions discussed in Art. 77. The 
solution of these equations, superposed on the pressure (/), gives the 
thermal stresses in a body undergoing temperature change. 


Plane strain will occur in a long cylindrical or prismatic body when the tempera¬ 
ture, although varying over a cross section, does not vary along lines parallel to 
the axis of the cylinder or prism (the 2 -axis). Then T is independent of z. 

Beginning again with the stresses ( <j) which result in zero strain, the necessary 
body forces are given by (/«) where now Z = 0, and the pressure (/) must be applied 

to the surface, including the ends. 

Then supposing the elements joined together, we remove the body forces, and 
the surface pressure on the curretl surface only, keeping the axial strain «, zero. 
The effects of this removal are obtained by solving the problem of applying body 


force 



cxE dT 
1 - 2 v dx 9 



aE dT 
1 -2 ydy 



and a normal tensile stress of amount 

clET 

1 - 2v 



on the curved surface only, as a problem in plane strain (<« = 0). This problem is 
of the type considered at the end of Art, 16, except that we have to convert Eq. 
(32) from plane stress to plane strain by replacing v by v/\ — v. Thus instead of 
Eqs. (31) and (32) we shall have 


and 



ccET _ 0 2 <*> 

1 — 2v dy* 

, 2 jV* 

dx* dx*dy* 



d*<t> 
dx dy 


(*) 

(0 


The required stress function is that which satisfies Eq. (/) and gives the normal 
boundary tension (j). The stresses are then calculated from (k). On these we 
have to superpose the stresses (( 7 ). 

The axial stress a , will consist of the term from ( g ) together with r(<r, 4- *>) 
obtained from (A). The resultant axial force and bending couple on the ends can 
he removed by superposition of simple tension and bending. 

Plane stress will occur in a thin plate when the temperature does not vary through 
the thickness. Taking the x and ?/ plane as the middle plane of the plate we may 
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assume that <r z = r zt = r yz = 0. We may also regard each element as free to 
expand in the z-direction. It will be sufficient, to ensure fitting of the elements, to 
suppress the expansion in the x and y directions only. This requires 


<J x — & y 


txET 

1 — V 


T X y = 0 


(m) 


Substituting these in the equations of equilibrium (18), page 22, we find that the 
required body forces are 



cxE dT 
1 — v dX 



aE dT 

1 — v dlj 



and the normal pressure aET /(1 — v) should be applied to the edges of the plate. 

Removing these forces, we conclude that the thermal stress consists of (m) 
together with the plane stress due to body forces 



cxE dT 
1 — v dx* 



aE dT 

1 — v dy 



and to normal tensile stress aET/( 1 — v ) applied round the edges. The deter¬ 
mination of this plane stress again presents us with a problem of the type considered 
in Art. 16. We have only to put in Eqs. (31) and (32) 



aET 

l — i/ 


this being the potential corresponding to the forces (o). 

When the edges are fixed the problem reduces to finding the stress due to the 
body forces (o). A method for solving this problem for the rectangular plate was 
explained on page 156. 

138. Initial Stresses. The method used above for calculating thermal stresses 
can be applied in the more general problem of initial stresses. Imagine a body 
subdivided into small elements and suppose that each of these elements under¬ 
goes a certain permanent plastic deformation or change in shape produced by 
metallographical transformation. Let this deformation be defined by the strain 
components 

, €* , Yxy , Yxz , Yv* \ a ) 

We assume that these strain components are small and are represented by con¬ 
tinuous functions of the coordinates. If they also satisfy the compatibility condi¬ 
tions (129), the elements into which the body is subdivided fit each other after the 
permanent set (a) and there will be no initial stresses produced. 

Let us consider now a general case when the strain components (a) do not satisfy 
the compatibility conditions so that the elements into which the body is subdivided 
do not fit each other after permanent set, and forces must be applied to the surface 
of these elements in order to make them satisfy the compatibility equations. 
Assuming that after the permanent set (a) the material remains perfectly elastic, 
and applying Hooke’s law, we find from Eqs. (11) and (6) that the permanent set 
(a) can be eliminated by applying to each element the surface forces 

<r x / = — (Xe' -f- 2G ? € X '), ...» r xv f = —Gyxi /» • • • (&) 

where 

6 ' = eA + 
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The surface forces (6) can be induced by applying certain body and surface forces 
to the body formed by the small elements. These forces must satisfy the equattons 
If equilibrium (127) and the boundary conditions (128). Substituting the stress 
components (b) in these equations we find that the necessary body forces are 


X = ~ (Xe' + 2G«,') + -§-y (GW) + ^ (Gy,.') 


(c) 


and the surface forces are 


X = -(Xe' + 2Ge x ')l - Gyzv'm - Gy x ,'n 


id) 


By applying the body forces (c) and the surface forces (d) we remove the initial 
permanent set (a) so that the elements fit one another and form a continuous body 
We now assume that the elements into which the body was subdivided are joined 
together and remove the forces (c) and («!). Then evidently the initial stresses are 
obtained by superposing on the stresses (b) the stresses which arc produced in the 

elastic body by the body forces 


X - £ (Xe' + 2<?«*') - «W) - f z «W) 


(e) 


and the surface forces 

X = (Xc' + 2(7« X ')J 4- GW»» + Gy-'n 



Thus the problem of determining the initial stresses is reduced to the usual system 
of equations of the theory of elasticity in which the magnitudes of the fictitious body 
and surface forces are completely determined if the permanent set (a) is given. 

In the particular case when « x ' = <v' = «*' = nml T*/ = y * B 7* Tv *, = \ 
the above equations coincide with those obtained before in calculating thermal 

stresses. 

Let us consider now the reversed problem when the initial stresses are known 
and it is desired to determine the permanent set (a) which produces these stresses. 
In the case of transparent materials, such as glass, the initial stresses can be 
investigated by the photoelastic method (Chap. 5). In other cases these strokes 
can be determined by cutting the body into small elements and measuring the 
strains which occur as the result of freeing these elements from surface forces 
representing initial stresses in the uncut body. From the previous discussion it is 
clear that the initial deformation produces initial stresses only if the strain com¬ 
ponents (a) do not satisfy the compatibility equations; otherwise these strains may 
exist without producing initial stresses. From this it follows that knowledge 0 0 

initial stresses is not sufficient for determining the strain components (a). a 
solution for these components is obtained, any permanent strain system satisfying 
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the compatibility equations can be superposed on this solution without affecting 
the initial stresses. 1 

Initial stresses, producing doubly-refracting properties in glass, present great 
difficulties in manufacturing optical instruments. To diminish these stresses it 
is the usual practice to anneal the glass. The elastic limit of glass at high tempera¬ 
tures is very low, and the material yields under the action of the initial stresses. 
If a sufficient time is given, the yielding of the material at a high temperature 
results in a considerable release from initial stresses. Annealing has an analogous 
effect in the case of various metallic castings and forgings. 

Cutting of large bodies into smaller pieces releases initial stresses along the 
surfaces of cutting and diminishes the total amount of strain energy due to initial 
stresses, but the magnitude of the maximum initial stress is not always diminished 
by such cutting. For example, suppose a circular ring (Fig. 228) has initial stresses 
symmetrically distributed with respect to the center and the initial stress component 
<tq varies along a cross section ran according to a 
linear law (ab in the figure). Cutting the ring 
radially, as shown in the figure by dotted lines, 
releases the stresses c tq along these cuts. This is 
equivalent to the application to the ends of each 
portion of the ring of two equal and opposite couples 
producing pure bending. The distribution of the 
stress <jq along i nn, due to this bending, is nearly 
hyperbolic (see Art. 27), as shown by the curve 
cde. The residual stress along inn after cutting is 
then given by <r d + <r 9 ' and is shown in the figure 
by the shaded area. If the inner radius of the ring 
is small there is a high stress concentration at the 
inner boundary, and the maximum initial stress after cutting, represented in Fig. 
228 by be, may be larger than the maximum initial stress before cutting. This or 
similar reasoning explains why glass sometimes cracks after cutting. 2 


m e cl 



139. Two-dimensional Problems with Steady Heat Flow. In 

steady heat flow parallel to the xy- plane, as in a thin plate or in a long 
cylinder with no variation of temperature in the axial (z-)direction, the 
temperature T will satisfy the equation 


d 2 T d 2 T 

dx 2 dy 2 




Consider a cylinder (not necessarily circular) in a state of plane 
strain, with e z = y xz = y vz = 0. The stress-strain relations in Carte- 

1 The fact that permanent set (a) is not completely determined by the magni¬ 
tudes of initial stresses is discussed in detail in the paper by H. Reissner; see 
Z. angew. Math. Mech ., vol. 11, p. 1, 1931. 

2 Several examples of the calculation of initial stresses in portions cut out from 
a circular plate are discussed in the paper by M. V. Laue, Z. tech. Physik , vol. 11, 
p. 385, 1930. Various methods of calculating residual stresses in cold-drawn 
tubes are discussed in the paper by N. Dawidenkow, Z. Metallkunde, vol. 24, p. 25, 
1932. 
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sian coordinates are analogous to Eqs. (a) and ( b ) of Art 135 in the 
case of plane strain. Corresponding to Eqs. (5) we shall have 




— (1 + v)aT = 

— (1 + v)ocT = 





We now inquire whether it is possible to have a z , <t v and zero. 
Putting <r x = o-y = 0 in Eqs. ( b ) we find 

6x = (1 + v)aT, €„=(! + v)aT (c) 


and of course 7 ^ = 0 . 

Such strain components are possible only if they satisfy the condi¬ 
tions of compatibility (129). Since e z = 0 and the other components 
of strain are independent of z, all of these conditions except the first 

are satisfied. 

The first reduces to 

dU z _ Q 

dir dx 2 


But on account of Eqs. (c) and (a), this equation also is satisfied. We 
find, therefore, that in steady heat flow the equations of equilibrium, 
the boundary condition that the curved surface be free from force, and 
the compatibility conditions, are all satisfied by taking 

a x — Oy = t iu = 0, <r_- = —aET (d) 


For a solid cylinder the above equations and conditions are complete, 
and we can conclude that in a steady state of two-dimensional heat 
conduction there is no thermal stress except the axial stress a. given by 
Eqs. (d), required to maintain the plane strain condition e, = 0. In 
the case of a long cylinder with unrestrained ends we obtain an approxi¬ 
mate solution valid except near the ends by superposing simple tension, 
or compression, and simple bending so as to reduce the resultant force 

and couple on the ends, due to <r f , to zero. 

For a hollow cylinder, however, we cannot conclude that the plane 
strain problem is solved by Eqs. (d). It is necessary to examine the 
corresponding displacements. It is quite possible that they an ill 
to have discontinuities, analogous to those discussed on pages 68 

and 120. • • i rt 

For instance suppose the cylinder is a tube and a longitudina i 

is cut, as indicated in Fig. 2296. If it is hotter on the inside than on 
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the outside it will tend to uncurl, and the slit will open up. There will 
be a discontinuity of displacement between the two faces of the slit. 
Thus the displacement should be represented by discontinuous func¬ 
tions of 9. The cross section is solid, i.e., singly connected, and Eqs. 
( d ) give the stress correctly for plane strain. But if the tube has no 
slit (Fig. 229a) discontinuities of displacement are physically impossi¬ 
ble. This indicates that the assumed temperature distribution will in 
fact give rise to stress components a x , a Uf representing the stress 
produced by suitably drawing together again the separated faces of the 



(cc) (£>) 


Fio. 229. 

slit tube and joining them (cf. Art. 39 and Fig. 82). The component 
<j z will also be affected by this operation. 

To investigate this question further, we rewrite Eqs. (c) as 


du _ , dv _ , 

dx ~ e ’ dy ~ e 

where «' = (1 + v)cxT. Since y xv = 0 we can write 



and 



(/) 

( g ) 


oi a being a component of rotation (see page 225). Equations (/) and ( g ) yield 


cm 

dy 


dx 


= I0z 




and these with (e) give 

de' dco a de doj z 

dx dy * dy dx 

Equations (i) are Cauchy-Riemann equations, discussed in Art. (55). 
that e to,, is an analytic function of the complex variable x + iy. 
this function by Z, we have 

Z = e' ico x 


00 

They show 
Denoting 
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If wi, v\, M 2 , Vi are the values of u, v at two points 1, 2 in the cross section of the 
cylinder the differences Uz — «i, Vz — *'i can be expressed as 


where the integrals are taken along any curve joining the two points and lying 
entirely in the material. Multiplying the second by i and adding to the first 

we find 

u* - «. + »(»* - «.) = / 2 [fjj dx + ^ d » + ® dx + S dy )] {k) 

and it is easily verified from Eqs. (c) and ( h ) that the integral on the right-hand 
side is the same as f (e' + iut B )(dx + i dy) or i: Z dz. Thus Eq. (k) becomes 


Uz — Ui + *(^2 — v i) — J i % dz (0 

The displacements will be single-valued when this integral vanishes for a complete 
circuit of any closed curve, such as the broken-line circle in Fig. 229a, which can 
be drawn in the material of the cross section. We shall use this result later in 
solving a thermal-stress problem of the hollow circular cylinder. 

Not only the displacements, but also the rotation to, must be continuous. We 

have 

Mz - Mi = j x d* + Tty d'j) 

and using Eqs. (/) this becomes 

(»>• - = /, 2 (- + 

Since t' is proportional to 7\ this integral is proportional to the amount of heat 
flowing per unit time, per unit axial distance, across the curve joining points 
1 and 2. If this is a closed curve (w,) 2 — Mi must vanish, and therefore the 
total heat flow across the curve must be zero. If a pipe has heat flow from inside 
to outside or vice versa this condition is not fulfilled and the stress is not correctly 
given by Eqs. (d). 

But if the pipe is slit, as indicated in Fig. 2295, the displacement or rotation at 
point 2 can differ from that at point 1, for instance if the heating causes the slit to 
open up. The simple state of stress given by Eqs. (d) is then correct. To arrive 
at the state of stress which exists in the pipe when it is not slit, we have to superpose 
the stress due to closing the gap. The determination of this dislocational stress 1 
involves problems of the types illustrated by Figs. 15 and 82. 

1 The relation between thermal stress in steady heat flow and dislocational 
stress was established by N. Muschelisvili, Bull. Elcc. Tech. Inst., St. Petersburg, 
vol. 13, p. 23, 1916, and independently by M. A. Biot, Phil. Mag., series 7, vol. 19, 
p. 540, 1935. Thermal stresses in a hollow circular cylinder, and in a square 
cylinder w ith a circular hole, have been determined photoelastieally by this method 
by E. E. Weibel, Proc. Fifth Intern. Cong. Applied Mechanics , Cambridge, Mass., 
1938, p. 213. 



THERMAL STRESS 


431 


Consider, for example, a hollow circular cylinder of outer radius 6, with a con¬ 
centric bore of radius a. If the temperature Ti at the inner surface is uniform, 
and the temperature at the outer surface is zero, the temperature T at any radius 
r is given by Eq. (n) of Art. 135. We may write this as 

T = —A log b + A log r ( m ) 

where 

T% 

A = ~ log ( b/a ) (n) 

The constant term —A log b in Eq. (m) can be ignored, since a uniform change of 
temperature does not cause thermal stress. Then, since log z = log r + id, 

Z = e i<o x — (1 v)ctT io3 z 

= (1 + v)ocA log r + ICO* = (1 + v)olA log z 

Writing B for (1 + v)cx.A , we have from Eq. (1) 

u 2 — Ui + i(v 2 — tii) = B log z dz = B £z(log z — 1) (o) 

This equation applies to any curve between points 1 and 2 lying wholly in the mate¬ 
rial. It gives the relative displacement of the two points when the temperature is 
given by Eq. (m) and the stress by Eqs. ( d ). 

Applying it to a circular path of radius r starting at 1 (Fig. 229), going round the 
hole, and ending at 2, we have, since 9x = 0, 0 2 = 2t r, 

[z(log z — l)]f = re*** (log r + i • 2tt) — re io (log r + i • 0) = i • 2wr 
Inserting this in Eq. (o) we find 


u 2 — ui = 0, v 2 — v i = B • 2irr (p) 

The relative displacement is not zero, and therefore it is necessary to consider the 
cylinder as slit, so that the point 2 can move away from the point 1 by the vertical 
displacement 2irrB (Fig. 2296). The movement of the upper face of the slit relative 
to the lower face is equivalent to a rotation 2 t tB in the clockwise sense about the 
center of the cylinder. However, B is negative if Ti is positive. Then the slit 
opens to a gap subtending an angle —2ttB at the center. The problem of closing 
such a gap was solved on page 69 for the case of plane stress. The solution can be 
converted to plane strain by the substitutions given on page 34. The stress com¬ 
ponents which result, combined with the axial stress a z = —ocET from Eqs. ( d ), are 
identical with those given by Eqs. (247). 

Inside and outside temperatures which vary round the boundary circles can be 
represented by Fourier series 

= -^o H - cos 0 + An cos 29 -f- • • • + Bi sin 9 + B 2 sin 29 -f- • • • 

T 0 = A o' + A x ' cos 0 + A 2 ' cos 20 + • • • + Bx' sin 9 + B 2 ' sin 29 + ... (9) 

The thermal stress due to the several terms can be treated separately, that due to 
t e uniform terms A 0 , A 0 ' being covered by the preceding case, with Ti = A 0 — A 0 '. 
Corresponding to the terms cos 9, sin 9; cos 29, sin 29; etc., the function Z will have 
terms proportional to 

2 , z -1 ; z-, z~ 2 ; etc. (r) 
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Now Jz n 
we have 


(lz taken round a complete circle of radius r vanishes unless n = — 1, for 


J z n dz = J r n c in0 re ld i d0 = fr n+1 J e« n+ " 9 dO 

Jo [cos (n + 1)0 + i sin (n 4~ \)6\d6 


= *r" +1 


This is clearly zero unless n 4" 1 — 0, in which case we have 




Thus the only term in (r) which will produce a non-zero integral on the right of Eq. 
(0 is the term z~ l . It follows that the terms in cos 26, sin 26, and higher harmonics 
in the temperature series ( q) do not produce any relative displacement of the two 
faces of the slit in the slit tube. The net heat flow from inside to outside corre¬ 
sponding to such terms is zero, and the only stress they produce is that given by 

Eqs. (</). 

The terms in (q) which give rise to a term in z~ x in Z are those in cos 0, sin 0. It 
is sufficient to consider cos 6 only, since the effects of the sin 0 terms can be deduced 
from those of cos 6 by changing the initial line 0=0. Accordingly we consider 

only 

Ti = A i cos 0, To = A i cos 0 (0 

The problem of determining the steady temperature distribution corresponding to 
these boundary values is solved by taking the temperature T as the real part of a 
function 

— + C 2 z (w) 

z 


and determining C i and so that the conditions (/) are satisfied. The values are 



The term C\/z in (m) corresponds to the value 

(i+ 

z 


for the function Z. Inserting this in Eq. (/) and making use of (s), we find that the 
displacement discontinuity is given by 

Ui — Mi + i(v 2 — *>i) = i • 2tt (1 + v)ctC i 

and therefore 

«2 — u\ = 0, t> 2 — Vx = 2tt( 1 -f >0acCi 

This means the top face of the slit in Fig. 229 moves down by 2x(l 4“ v)otC i into 
the space occupied by the bottom face and material below it. Physically this is 
impossible, of course, and is prevented by forces between the faces sufficient to 
create a counteracting displacement. The stress set up by this counteracting dis¬ 
placement is determined as explained at the end of Art. 39, in the present case for 
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plane strain, of course. The stress components to be combined with the axial 
stress of Eqs. ( d ) are 


where 


o> = k cos 6 • r 
ae = k cos 6 - r 
Trd — k sin 0 • r 

K 2(1 - *) 



The axial stress is given by Eq. (d), with T determined from Eqs. (u) and (e), so 
long as axial expansion or contraction is prevented. If the ends are free the axial 
stress due to removal of the force and couple on each end must be considered. 

140. Solutions of the General Equations. Any particular solution we can 
obtain of Eqs. (254) will reduce the thermal-stress problem to an ordinary problem 
of surface forces. The solution for u, v, w will lead by means of Eqs. (a) and (6) of 
Art. 139, using Eqs. (2), to values of the stress components. The surface forces 
required, together with the nonuniform temperature, to maintain these stresses, 
are then found from Eqs. (128). The removal of these forces in order to make the 
boundary free, so that the stress is due entirely to the nonuniform temperature, 
constitutes an ordinary problem of surface loading. 

One way of finding particular solutions of Eqs. (254) is to take 


u 


d\p 

Ox’ 



w = ~~~ 
oz 



where ^ is a function of x, y, z, and also of time t if the temperature varies with 
time. 

Using Eqs. (5) and (10) we can write Eqs. (254) in the form 


de 

dx 


+ (1 


2v)V 2 u 



+ V )« 


or 

Ox 



Since e 



Eqs. (a) lead to e = VV, and Eqs. (b) become 




VV = (1 + v)<* 


or 

Ox 



0/dy and 0/0z replacing 0/0x in the second and third of these equations. All three 
equations are evidently satisfied if we take the function 1 ^ as a solution of the 

equation 

VY = ] + V - ocT ( d ) 

Functions of this kind were used by E. Almansi in the problem of the sphere, 
kee (1) Atti reale accad. sci. Torino , vol. 32, p. 963, 1896-1897; (2) Mem. reale 
accad. sci. Torino , series 2, vol. 47, 1897. 
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Solutions of equations of this type are considered in the theory of potential. 1 A 
solution can be written down as the gravitational potential of a distribution of 
matter of density — (1 + F)ctT/Aic(\ — "), which is 2 



(1 + v)a f f f 

4tt(1 - 0 J J J 





where TU,vA) is the temperature at a typical point £, y, f at which there is an ele¬ 
ment of volume d£ d v d f, and r' is the distance between this point and the point 
a-, y, z. Equation (c) gives the complete solution of the thermal-stress problem of 
an infinite solid at temperature zero except for a heated (or cooled) region.* The 
eases of such a region in the form of an ellipsoid of revolution and a semi-infinite 
circular cylinder, uniformly hot, have been worked out. 4 For the ellipsoid the 
maximum stress which can occur is clET /1 — *>, and is normal to the surface of the 
ellipsoid at the points of sharpest curvature of the generating ellipse. This value 
occurs only for the two extreme cases of a very flat or very elongated ellipsoid of 
revolution. Intermediate cases have smaller maximum stress. For a spherical 
region the value is two-thirds as great. 

When T is independent of z, and w = 0, we shall have plane strain, with u, and 
e independent of z. Equation (d) becomes 


av 

dx 2 



1 

1 




A particular solution is given by the logarithmic potential 

t = ~- • \-~r v * « f J log r' d£ dy 

where 

r ' = [(x - *) 2 + (»/ - T 7 ) 2 ]* 



For a thin plate, with no variation of T through the thickness, we may assume 
plane stress, with a, = r« = t„, = 0, and m, t», a x , t x1/ independent of z. We have 
then the stress-strain relations [of. Eqs. ( d ) of Art. 131] 


<Tx 


= E — 4 - v?” - (1 4 - 

1 - v 2 |_dx Dy v .1 

a r 0 v . du / * * \ "1 

= nrr. I as + -- 0 + y)a J 


(M 


E /dr , da\ 
xy “ 2(1 + v) \dx + Dy) 


1 See, for instance, “Theory of the Potential, by 1\ . D. MacMillan, Isew. Aork, 


1930. 


2 This potential function was used by O. W. Borchardt in the problem of the 
sphere. See Monatshcr. konigl. Prcuss. Akad. 11 jss., Berlin, 1873, p. 9. # 

*J. N. Goodier, Phil. Mag., vol. 23, p. 1017, 1937. The semi-infinite solid is 
considered by It. I). Mindlin and 11. 11. Cheng, J . Applied Phys ., vol. 21, pp. 9 o, 
931, 1950. 

4 N. O. Myklestad, J. Applied Mechanics ( Trans . A.S.M.E .), 1912, p. A-131. 
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Substituting these in the two equations of equilibrium (18) (with zero body force) 
we find the equations 

d / dll t)f\ 1 — v / d 2 u 0 2 u \ _ ^ d T 
dx \dx dij) 1 + V \d.C 2 dy 2 ) ** dx 

. (i) 


These are satisfied by 


u = 


dxfs 

dx 


V = 


dyjy 

o>j 


O') 


provided that ^ is a solution of 

dV , av n . , rp 

+ = (1 + v)cel 


dx 2 


dy 2 


(*) 


Comparing with Eq. (/) we see that a 
particular solution is given by the loga¬ 
rithmic potential ( g ) with the factor 1 — v 
in the denominator omitted. This gives 
the complete solution for local heating in 
an infinite plate, where the stress and 
deformation must tend to zero at infinity. 

As a first example of this kind we con¬ 
sider an infinite plate at temperature zero 
except for a rectangular region ABCD of 
sides 2a, 26 (Fig. 230) within which the temperature is T, and uniform . 1 
required logarithmic potential is 

* - ^ (1 + y)ccT f* b J“ a ± log [(x - & -b ( 2 / - yy-) d£ dy 



The 


(0 


The displacements are obtained by differentiation according to 0‘) and then the 
stress components can be found from ( 6 ). The results for <r x and r xu at points such 
as P outside the hot rectangle can be reduced to 

<r x = EolT ~ (^i — x^ 2 ), t x „ = E<xT — log ^7 (m) 

the angles i// if and the distances ri, r 2 , r 3 , 7*4 being those indicated in Fig. 230. 
The angles are those subtended at P by the two sides AD , BC of the rectangle 
parallel to the x-axis. The expression for <r„ is obtained from the first of Eqs. (m) 
by using instead of 1^1 and \f/ 2 the angles subtended at P by the other two sides AB , 
DC of the rectangle. 

The value of <r x just below AD and just to the left of A is 

E “ T h 

and is greatest for a rectangle infinitely long in the ^-direction, when it becomes 
TiEcxT. Both normal stress components change sharply on turning a corner of the 

1 Goodier, loc. cit . 


(r ~ 


arctan 


S) 
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rectangle. The shear stress r* y approaches infinity as a corner is approached. 
These peculiarities are, of course, a consequence of the ideally sharp corners of the 

heated rectangle. 

If the heated area is elliptical 1 instead of rectangular, the ellipse being 


the value of the stress <r v just outside the ellipse, near an end of the major axis, is 

Ecc T _ 

1 + ( 6 /«) 

which approaches E«T for a very slender ellipse. If the heated area is circular it 
becomes £ EaT . The stress <r x just beyond an end of the minor axis is 

EctT _ 

1 + (a/6) 


and approaches zero for a very slender ellipse. . 

The method of the present article becomes particularly simple when the temper¬ 
ature varies with time, and satisfies the differential equation of heat conduction* 

— = k v 2 T (») 

dt 

where k is the thermal conductivity divided by the specific heat and by the density. 
Differentiating Eq. (rf) with respect to / and then substituting for dT/dt from 
Kq. (n) we find that the function t must satisfy the equation 

f)\^ 1 + V »m 

V 2 — = ^- CtK V i 

v dt \ — V 


We may therefore take 


dt 


1 + v 

1 - v 



The integral of this 
as time goes on is 


which is appropriate for a temperature which 



1 + 
1 - 


V 

- CtK 

V 



T dt 


approaches zero 



as may be verified by substitution in Eq. (d), making use of Eq. (n). 

Consider for instance a long circular cylinder (plane strain) which is cooling or 
being heated toward a steady state of heat conduction. The temperature 
symmetrical about the axis, but is independent of the axial coordinate z. The 
temperature is then representable by a series of terms of the form 

T. n = c -*** 1 Jn(sr)c ine W 


1 Goodier, Inc. cit. 

- See, for instance, “Theory of Heat Conduction,” by Ingersoll and Zobel. 
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where the real or imaginary parts of c in0 may he taken to obtain cos nO or sin nO. 
From Eq. (o) the function ^ corresponding to this temperature term will be 


'Psn 


1 

1 


V 

- OCK 

V 




A series of such terms, corresponding to the series for 7\ will represent a particular 
solution of the general equations (b). The displacements may be calculated 
according to Eqs. (a), or their polar equivalents, 



1 chp 
r 00 


u and v here being the radial and tangential components. The axial component w 
is zero in plane strain. 

The strain components follow from the results of Art. 28, page 05. The stress 
components can then be found from the plane strain formulas (a) and (6) of Art. 
135, together with the last of Eqs. 52, page GG, for the shear stress r r o- 

When such a solution has been obtained it will, in general, be found that it gives 
non-zero boundary forces (<r r , T r0 ) on the curved surface of the cylinder. The 
effects of removing these are found by solving an ordinary plane strain problem, 
using the general stress function in polar coordinates given in Art. 30. 1 

1 This problem is worked out for a hollow cylinder, with temperature correspond 
ing to Eq. (/>), in the paper by J. N. Goodicr cited above. 


CHAPTER 15 


THE PROPAGATION OF WAVES IN ELASTIC SOLID MEDIA 

In the preceding chapters it was usually assumed that the 
elastic body was at rest under the action of external forces, and the 
resulting problems were problems of statics. There are cases, how¬ 
ever, in which motion produced in an elastic body by suddenly applied 
forces or by variable forces should be considered. The action of a 
suddenly applied force is not transmitted at once to all parts of the 
body. At the beginning the remote portions of the body remain undis¬ 
turbed, and deformations produced by the force are propagated through 
the body in the form of elastic waves. If the dimensions of the body 
are large, the time taken by the waves to traverse the body becomes of 
practical importance and should be considered. We have such prob¬ 
lems, for instance, in discussing the effect of impact or waves produced 
by earthquakes. The investigation of the propagation of waves in an 
elastic medium is the subject of the following discussion. 1 We begin 

with the simple problem of the propaga¬ 
tion of longitudinal waves in a long 
prismatical bar. 

142. Longitudinal Waves in Pris- 
matical Bars. Taking the axis of the 
bar for .r-axis (Fig. 231) and assuming 
that cross sections of the bar remain 
plane during deformation, the unit elongation at any cross section 
inn, due to a longitudinal displacement v, is equal to du/d ,r and the 
corres ponding tensile force in the bar is AE(du/d, r), where A is the 
cross-sectional area. 2 Considering an element of the bar between the 


m m 


J—— 


-J 


Ws 

r 

n 




Fig. 231. 


1 Problems of steady vibrations of elastic bodies (standing waves) have been 
discussed in S. Timoshenko, “Vibration Problems in Engineering,” New Vork, 1928. 

2 It is assumed that we have here a simple tension in the x-direction and the 
elongation du/dx is accompanied by lateral contraction of the amount v(du/dx). 
Inertia forces corresponding to motion of particles in lateral direction are neglected 
in our derivation. This approximate solution is accurate enough so long as the 
length of waves is not small in comparison with cross-sectional dimensions of the 
bar. In the case of short waves, motion of particles in the direction perpendicular 
to the axis of the bar should be considered. See Lord Rayleigh, “Theory of 
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two adjacent cross sections mn and mini, the difference of forces acting 
on the sides mn and mpii is 


A t? (du d-u \ . du . 7 , d 2 U 

AE (o* + ai * d r ) - ae 1Tx = Ah eP dx 
and the equation of motion of the element is 



(aj 


( 258 ) 



in which p is the mass per unit volume of the bar and 

(259) 

It can be shown by substitution that any function /(.r -+- ct) is a solu¬ 
tion of Eq. (258). Any function fi(x — ct) is also a solution, and the 
general solution of the Eq. (258) can be represented in the form 

u — f(x + ct) + f\(x — ct) (260) 

This solution has a very simple physical interpretation, which can 
easily be explained in the following manner. Consider the second 
term on the right side of Eq. (260). For a definite instant t, this term 
is a function of x only and can be represented by a certain curve such 
as mnp (Fig. 232a), the shape of which depends on the function /i. 
After an interval of time A t, the argument of the function /i becomes 

Sound, ’ Chap. 7; L. Pochhammer, J. Math. (Crelle's «/.), vol. 81, 1876; C. Chree, 
Quart. J. Math., vol. 21, 1886, and vol. 24, 1890; J. Prescott, Phil. Mag., vol. 33, 
1 > 948^ > Davies, Trans. Roy. Soc. {London), series A, vol. 240, p. 375, 
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T _ c (j -|- AO- The function/i will remain unchanged provided that 
simultaneously with the increase of t by At the abscissas are increased 
by an amount Ax equal to c At. This means that the curve mnp, con¬ 
structed for the moment t, can also be used for the instant t + At, if it 
is displaced in the x-di recti on by the distance Ax = c At, as shown by 
the dotted line in the figure. From this consideration it can be seen 
that the second term of the solution (200) represents a wave traveling 
in the direction of the x-axis with a constant speed c. In the same 
manner it can be shown that the first term of the solution (200) repre¬ 
sents a wave traveling in the opposite direction. Thus the general 
solution (200) represents two waves traveling along the x-axis in two 
opposite directions with the constant velocity c given by Eq. (259). 
This velocity depends only on the modulus E and the density of the 
material of the bar. In the case of steel, for instance, we can assume 
c = 10,850 ft. per second. 

The functions / and f\ should be determined in each particular case 
from the initial conditions at the instant t = 0. For this instant we 
have, from Eq. (200), 

(w)i-o =/(•0 +/i(- T ) 

(!?)_. - w 

Assume, for instance, that the initial velocity along the length of the 
rod is zero and there is an initial displacement given by the equation 


00<-o = F(x) 

Conditions (a) are satisfied by taking 

/(.r) = /iW = *E(x) 

Thus in this case the initial displacement will be split into halves which 
will be propagated as waves in two opposite directions (Fig. 2326). 

The velocity of propagation of 
waves in prismatical bars can be 
obtained from elementary considera¬ 
tions. Assume that a uniformly 
distributed compressive stress is 
suddenly applied to the left end of a 
prismatical bar (Fig. 233). It will produce at the first instant a uni¬ 
form compression of an infinitely thin layer at the end of the bar. This 
compression will be transmitted to the adjacent layer, and so on. A 
wave of compression begins to travel along the bar with a certain 
velocity c, and, after a time interval t , a portion of the bar of length ct 
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will be compressed and the remaining portion will be at rest in an 
unstressed condition. 

The velocity of wave propagation c should be distinguished from the 
velocity v, given to the particles in the compressed zone of the bar by 
the compressive forces. The velocity of the particles v can be found by 
taking into account the fact that the compressed zone (shaded in the 
figure) shortens due to compressive stress a b} r the amount ( <r/E)ct . 
Hence the velocity of the left end of the bar, equal to the velocity of 
particles in the compressed zone, is 


v 




The velocity c of wave propagation can be found by applying the equa¬ 
tion of momentum. At the beginning the shaded portion of the bar 
was at rest. After the elapse of the time t it has velocity v and momen¬ 
tum Actpv. Putting this equal to the impulse of the compressive force, 
we find 

Aat = Actpv (c) 

Using Eq. (6), we find for c the value given by Eq. (259) 1 and for the 
velocity of particles we find 

t; = (261) 

VEp 

It will be seen that, while c is independent of the compressive force, the 
velocity v of particles is proportional to the stress cr. 

If, instead of compression, a tensile force is suddenly applied at the 
end of the bar, a tension is propagated along the bar with the velocity 
c. The velocity of particles again is given by Eq. (201). But the 
direction of this velocity will be opposite to the direction of the x*-axis. 
Thus in a compressive wave the velocity v of particles is in the same 
direction as the velocity of wave propagation, but in a tension wave 
the velocity v is in the opposite direction from that of the wave. 

From Eqs. (259) and (261) we have 

a = E — (202) 

c 

The stress in the wave is thus determined by the ratio of the two 
velocities and by the modulus E of the material. If an absolutely 
rigid body, moving with a velocity v, strikes longitudinally a pris- 

1 This elementary derivation of the formula for the velocity of wave propagation 
is due to Babinet; see Clebsch, Thdorie de l*61asticit6 des corps solides, traduite 
par Saint-Venant, p. 480d, 1883. 
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matical bar, the compressive stress on the surface of contact at the 
first instant is given by Eq. (262). 1 If the velocity v of the body is 
above a certain limit, depending on the mechanical properties of the 
material of the bar, a permanent set will be produced in the bar 
although the mass of the striking body may be very small. 2 

Consider now the energy of the wave shown shaded in Fig. 233. 
This energy consists of two parts: strain energy of deformation equal to 

Acta 2 

~2E~ 

and kinetic energy equal to 

Actpv 2 __ Acta 2 

~ 2 2 W 

It will be seen that the total energy of the wave, equal to the work done 
by the compressive force Aa acting over the distance (a/E) ct , is half 
potential and half kinetic. 



Fig. 234. 


Equation (258), governing the wave propagation, is linear, so that, 
if we have two solutions of the equation, their sum will also be a solu¬ 
tion of this equation. From this it follows that in discussing waves 
traveling along a bar we may use the method of superposition. If two 
waves traveling in opposite directions (Fig. 234) come together, the 


resulting stress and the resulting velocity of particles are obtained by 


superposition. If both waves are, for instance, compressive waves, 
the resultant compression is obtained by simple addition, as shown in 
Fig. 2346, and the resultant velocity of particles by subtraction. 
After passing, the waves return to their initial shape, as shown in 
Fig. 234c. 


1 This conclusion is duo to Thomas Young; see his “Course of Lectures on 
Natural Philosophy . . . ,” vol. 1, pp. 135 and 144, 1S07. 

2 It is assumed that contact occurs simultaneously at all points of the end section 


of the bar. 
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Assume that a compression wave is moving along the bar in the 
^'direction and a tension wave of the same length and with the same 
magnitude of stress is moving in the opposite direction (Fig. 235). 
When the waves come together, tension and compression annul each 

c 


fa) 




Cc) 

Fig. 235. 

other, and in the portion of the bar in which the two waves are super¬ 
posed we have zero stress. At the same time the velocity of particles 
in this portion of the bar is doubled and equal to 2v. After passing, 
the waves return to their initial shape, as shown in Fig. 2356. At the 
middle cross section mn there will be at all times zero stress and we may 
consider it as a free end of a bar (Fig. 235c). Then comparing Figs. 
235a and 2356 it can be concluded that in the case of a free end a com¬ 
pressive wave is reflected as a similar tension wave, and vice versa. 


fee.) 


fa) 


fc) 

Fig. 236. 

If two identical waves, moving toward one another (Fig. 236a), come 
together, there will be doubled stress and zero velocity in the portion of 
the bar in which the waves are superposed. At the middle cross sec¬ 
tion mn we always have zero velocity. This section remains immova- 
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ble during passage of the waves and we may consider it as a fixed end 
of the bar (Fig. 23Gc). Then, from comparison of Figs. 236a and 2366, 
it can be concluded that a wave is reflected from a fixed end entirely 
unchanged. 

Up to now we have considered waves produced by constant forces. 
The stress a and the velocity of particles v were constant along the 
length of the wave. In the case of a variable force, a wave will be pro¬ 
duced in which a and v vary along the length. Conclusions obtained 
before regarding propagation, superposition, and reflection of waves 
can be applied also in this more general case. 

143. Longitudinal Impact of Bars. If two equal rods of the same 
material strike each other longitudinally with the same velocity v (Fig. 
237a), the plane of contact mn will not move during the impact 1 and 

(cl) 


(b) 

Fio. 237. 



two identical compression waves start to travel along both bars with 
equal velocities c. The velocities of particles in the waves, superposed 
on the initial velocities of the bars, bring the zones of waves to rest, and 
at the instant when the waves reach the free ends of the bars (t = Z/c), 
both bars will be uniformly compressed and at rest. Then the com¬ 
pression waves will be reflected from the free ends as tension waves 
which will travel back toward the cross section of contact mn. In 
these waves the velocities of particles, equal to v, will now be in the 
direction away from mn, and when the waves reach the plane of con¬ 
tact the bars separate with a velocity equal to their initial velocity v. 
The duration of impact in this case is evidently equal to 2 l/c and the 
compressive stress, from Eq. (261), is equal to v y/Ep. 

Consider now a more general case when the bars 1 and 2 (Fig. 2376) 


are moving 2 with the velocities iq and > v 2 ). At the instant of 

impact t wo identical compression waves start to travel along both bars. 


The corresponding 


velocities of particles relative to the unstressed por- 


1 It is jissumod that- contact takes place at the same instant over the whole 
surface of the ends of the rods. 

2 \ elocilies are considered positive if they are in the direction of the x-axis. 
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tions of the moving bars are equal and are directed in each bar away 
from the surface of contact. The magnitude of these velocities must 
be equal to (iq — v 2 )/2 in order to have the absolute velocities of par¬ 
ticles of the two bars at the surface of contact equal. After an interval 
of time equal to l/c , the compression waves arrive at the free ends of 
the bars. Both bars are at this instant in a state of uniform compres¬ 
sion, and the absolute velocities of all particles of the bars are 



Vi + Vo 
2 


The compression waves will then be reflected from the free ends as 

tension waves and at the instant t = 2 l/c, when these waves arrive at 

the surface of contact of the two bars, the velocities of bars 1 and 2 
become 

V ' + V 2 _ fl ~ Vi _ „ Vi + V 2 , Di — v 2 

2 2 — - 2 - 1 - 2 = 8,1 

Thus the bars, during impact, exchange their velocities. 


1- 

-n 

"2 


—H 

1 K" 

TTTTTH11111 

1 Sb) 

n 

1-- 2t i --1 



Fig. 238. 


If the above bars have different lengths, h and l 2 (Fig. 238a), the 
conditions of impact at first will be the same as in the previous case. 
But after a time interval 2h/c, when the reflected wave of the shorter 
bar 1 arrives at the surface of contact ran, it is propagated through the 
surface of contact along the longer bar and the conditions will be as 
shown in Fig. 2385. The tension wave of the bar h annuls the pressure 
between the bars, but they remain in contact until the compression 
wave in the longer bar (shaded in the figure) returns, after reflection, to 
the surface of contact (at t = 2 h/c). 

In the case of two bars of equal length, each of them, after rebound- 
ing, has the same velocity in all points and moves as a rigid body. 
4 he total energy is the energy of translatory motion. In the case of 
the bars of different lengths, the longer bar, after rebounding, has a 
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traveling wave in it, and in calculating the total energy of the bar the 
energy of this wave must be considered. 1 

Consider now a more complicated problem of a bar wdth a fixed end 
struck by a moving mass at the other end 2 (Fig. 239). Let M be the 
mass of the moving body per unit area of the cross section of the bar 
and t>o the initial velocity of this body. Considering the body as 
absolutely rigid the velocity of particles at the end of the bar at the 
instant of impact (t = 0) is v 0 , and the initial compressive stress, from 
Eq. (261), is 

o- 0 = Vo y/Ep (a) 

Owing to the resistance of the bar the velocity of the moving body and 
hence the pressure on the bar will gradually decrease, and we obtain a 



(cl) 


«>) 



compression wave with a decreasing compressive stress traveling along 
the length of the bar (Fig. 2396). The change in compression with the 
time can easily be found from the equation of motion of the body. 
Denot ing by a the variable compressive stress at the end of the bar and 
by v the variable velocity of the body, we find 


"S + '-o (b) 

1 The question of the lost kinetic energy of translatory motion in the case of 
longitudinal impact of bars was discussed by Cauchy, Poisson, and finally by 
Saint-Venant; see Compt. rend., p. 1108, 1866, and J. maihtmat. ( Liouville ), pp. 
257 and 376, 1867. 

2 This problem was discussed by several authors. The final solution was given 
by J. Boussinesq, Compt. rend., p. 154, 1883. A history of the problem can be 
found in “Thtforie de l’clasticit6 des corps sol ides’’ Clebsch, traduitc par Saint- 
Venant, see note of par. 60. The problem was also discussed by L. II. Donnell. 
By using the laws of wave propagation he simplified the solution and extended 
it to the case of a conical bar. Sec Trans. A.S.M .E., Applied Mechanics Division, 
1930. 
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or, substituting for v its expression from Eq. (261), 


from which 


il / da 

\/ Idp dt 



__ ty/E P 

a = <r 0 c v ( C ) 

This equation can be used so long as t < 71/c. When t = 21/c, the 
compressive wave with the front pressure <r 0 returns to the end of the 
bar which is in contact with the moving body. The velocity of the 
body cannot change suddenly, and hence the wave will be reflected as 
from a fixed end and the compressive stress at the surface of contact 
suddenly increases by 2<x 0 , as is shown in Fig. 239c. Such a sudden 
increase of pressure occurs during impact at the end of every interval of 
time T = 2Z/c, and we must obtain a separate expression for <r for each 
one of these intervals. For the first interval, 0 < t < T, we use 
Eq. (c). For the second interval, T < t < 2T, we have the conditions 
represented by Fig. 239c, and the compressive stress a is produced by 
two waves moving away from the end struck and one wave moving 
toward this end. We designate by 5l (/), s 2 (t), s 3 (0, ... the total 
compressive stress produced at the end struck by all waves moving 
away from this end, after the intervals of time T, 2T, ST. . . The 
waves coming back toward the end struck are merely the waves sent 
out during the preceding interval, delayed a time T, due to their travel 
across the bar and back. Hence the compression produced by these 
waves at the end struck is obtained by substituting t — T, for t, in the 
expression for the compression produced by waves sent out during the 
preceding interval. The general expression for the total compressive 
stress during any interval nT < t < (n + 1 )T is therefore 


* = «»(0 + S n -l(t ~ T) ( d ) 

The velocity of particles at the end struck is obtained as the difference 
between the velocity due to the pressure s n (t ) of the waves going away, 
and the velocity due to the pressure s„_i(£ — T) of the waves going 
toward the end. Then, from Eq. (261), 


v 


1 

VEp 


[«n(0 — S n -l(t ~ T)] 



The relation between s n (t) and s n -i(£ — T) will now be obtained by 
using the equation of motion ( b ) of the striking body. Denoting by a. 
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the ratio of the mass of the bar to the mass of the striking body, we have 


Oi = 


Ip 

M 


y/ Ep dp 


M 


Ml 


2 ot 

~T 


(/) 


Using this, with (d) and (c), Eq. (6) becomes 

~ la K (t) - «_,(< - T)]+~ [8.(0 + 8._,(i - T)\ = 0 

2 at 

Multiplying by e T , 


2 at 


T ds n (t) , 2a t* t 

dt + T nW dt 

2at 


2 at 


T) 


2 at 


2m — 4 « _ 

+ =ip c T Sn-id - T) -~e T s„_,0 


- T) 


or 


~ [Jr ,.(0] = ^ [e r «»-.(< - D] 


2 at 


4 a 
~T 


2 at 

T 


S n —\(t ~ T) 


from which 


4 a _H^r f Z* 

»(0 = - T) - ~^e T I I e T s n -!(t - !T)d* + C 


(<?) 


in which C is a constant of integration. This equation will now be used 
for deriving expressions for the consecutive values s\ 9 s 2 . . . . During 
the first interval 0 < t < T the compressive stress is given by Eq. (c), 
and we can put 


So = coe 


2 at 

T 


w 


Substituting this for s n _i in Eq. ( g) f 



The constant of integration C is found from the condition that at the 
instant t = T the compressive stress at the end struck increases sud¬ 
denly by 2cr 0 (Fig. 239c). Hence, using Eq. (d), 
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from which 

C = ~ T~ (1 + 4 ore 2 “) 


Substituting in Eq. (k), 

Si = So + croc 


-«-> [ 1+4 .(, _')] 


(0 


Proceeding further in the same manner and substituting s lf instead of 
Sn—i, into Eq. (<j), we find 


S2 — Si CTqC 







Continuing in the same way, 


s 3 = s 2 + <r 0 e 2a (r 3 ) -b 2 • 6a- ^3 — 

+ 2 3. 4.. (a - |)‘ + 8.. ( 3 - !)’] („> 

and so on. In Eig. 240 the functions So, Si, s 2 , . . . are represented 
graphically for <r 0 = 1 and for four different ratios, 1 a = i, i, 1. By 
using these curves the compressive stress a at the end struck can easily 

1 These curves were calculated by Saint-Venant and Flamant. See Compt. 
rend., PP . 127, 214, 281, and 353, 1883. 
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be calculated from Eq. ( d ). In Fig. 241 this stress is represented 
graphically for a 0 = 1 and for ct = i, 1. It changes at intervals T, 
27\ . . . by jumps. The maximum value of this stress depends on 
the ratio oc. For a = £ and ct = 1 the stress has its maximum value 
at t = T. In the case of a = }, the maximum stress occurs at t = 2T. 



Fig. 241. 


The instant when a becomes equal to zero indicates the end of the 
impact. It will be seen that the duration of the impact increases when 
a decreases. Calculations of Saint-Venant give the following values 
for this duration: 


Ct = 

1 

1 

T 

1 

IS 

1 

II 

7.410 

5 <>00 

CO 

o 

1- 

'4 

3.008 


For a very small ct the time of contact can be calculated from the ele¬ 
mentary formula 

•~7s[l <»> 

which is obtained by neglecting the mass of the rod entirely and assum¬ 
ing that the duration of the impact is equal to half the period of simple 
harmonic oscillation of the body attached to the rod. 

Functions si, So f s 3 , . . . calculated above can also be used for deter¬ 
mining the stresses in any other cross section of the bar. The total 
stress is always the sum of two values of s [Eq. (*/)], one value in the 
resultant wave going toward the fixed end and one in the resultant 
wave going in the opposite direction. When the portion of the wave cor¬ 
responding to the maximum value of s (the highest peak of one of the 
curves in Fig. 240) arrives at the fixed end and is reflected there, both 
of the waves mentioned above will have this maximum value: the total 
compressive stress at this point and at this instant is as great as can 
occur during the impact. From this we see that the maximum stress 
during impact occurs at the fixed end and is equal to twice the maxi- 
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murn value of s. From Fig. 240 it can be concluded at once that for 
-g> 4 , it, 1, the maximum compressive stresses are 2 V 1 
2 X l.OOGo-o, 2 x 1.3680-0, and 2 X 1.135<r 0 , respectively. In Fig. 242 



£ 

CL 


the values of ow./ or„ for various values of the ratio a = P l/M are given. 1 

r 01 C ° mpanSon there is aIso shown the lower parabolic curve calculated 
irom the equation 



which can be obtained at once in an elementary way by neglecting the 
mass of the rod entirely and equating the strain energy of the rod to the 
kinetic energy of the striking body. The dotted line shown is a para¬ 
bolic curve 2 defined by the equation 



It will be seen that for large values of l/a, it always gives a very good 

approximation. 

The theory of impact developed above is based on the assumption 
lat contact takes place at the same instant over the whole surface of 
he end of the rod. This condition is difficult to realize in practice, and 


' See papers by Saint-Venant and Flam ant, loc. cit. 

his curve was proposed by Boussinesq; see Compt. rend., p. 154, 1883. 
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experiments do not agree satisfactorily with the theory. 1 A much 
better agreement with the theory was obtained by using helical springs 
instead of rods. 2 In such a case the velocity of propagation of longi¬ 
tudinal waves is small, and the time T taken by the wave to travel 
across the rod and back is large in comparison with the time required 
for flattening small unevennesses of the ends. 

Another way of making experiments under definite conditions is to 
use rods with spherical ends and to consider the local deformation, 
which can be found from Hertz’s formula 3 (see page 372). 

144. Waves of Dilatation and Waves of Distortion in Isotropic 
Elastic Media. In discussing the propagation of waves in an elastic 
medium it is of advantage to use differential equations in terms of dis¬ 
placements [Eqs. (131), page 234]. To obtain the equations of small 
motion from these equations of equilibrium, it is only necessary to add 
the inertia forces. Then, assuming that there are no body forces, the 
equations of motion are 

(x+G) g + G v ^-pg=° 

(X + G) — + G V?v - p ~ = 0 (263) 

(x+G) |£ +Gv ^-pg! = 0 


in which e is the volume expansion, and the symbol V 2 represents 
the operation 



Assume first that the deformation produced by the waves is such that 
the volume expansion is zero, the deformation consisting of shearing 
distortion and rotation only. Then Eqs. (263) become 


G V-u - P 



(264) 


These are equations for waves called waves of distortion. 

1 See W. Voigt, Ann. Physik , vol. 10, p. 44, 1SS3, and vol. 46, p. 657, 1015. 
For a complete review of literature on impact see tho article by T. Poschl, “Hand- 
buch der Physik,” vol. 6, p. 525, Berlin, 1028. 

2 Such experiments were made by C. Ramsauer, Ann. Physik, vol. 30, p. 416,1900. 

3 Such an investigation was made by J. E. Sears, Trans. Cambridge Phil. Soc., 
vol. 21, ]>. 40, 1008. See also J. E. P. Wagstaff, Proc. Roy. Soc. (London), series A, 
vol. 105, p. 511, 1021; and W. A. Prowse, Phil. Mag., vol. 22, p. 200, 1036. 
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Consider now the case when the deformation produced by the waves 
is not accompanied by rotation. The rotation of an element with re¬ 
spect to the 2 -axis is (see Art. 75) 

_ 1 ( dv dii\ 

~ 2 \di dij) («) 

Analogous expressions give the rotation about the .r- and y- axes. The 

conditions that the deformation is irrotational can therefore be repre¬ 
sented in the form 

— — £^ 5=0 — — dv — n du dw 

dx dy ’ dy dz dz dx ~ ° W 

These equations are satisfied if the displacements u y v, w are derived 
from a single function <f> as follows: 


Then 



e = V 2 </> 


-r- = ~ V 2 </> = V 2 i 
dx dx 


Substituting these in Eqs. (263), we find that 


(H2G)V^- P ^ = 0 



(265) 


These are equations for irrotational waves , or waves of dilatation. 

A more general case of propagation of waves in an elastic medium is 

obtained by superposing waves of distortion and waves of dilatation. 

For both kinds of waves the equations of motion have the common 
form 


in which 


av 

dt 2 


a 2 vv 


(266) 


lx -b 2 G 

a = c ' = 

for the case of waves of dilatation, and 

a = C2 = >/f 


(267) 


(268) 


for the case of waves of distortion. We shall now show that Ci and c 2 
are velocities of propagation of waves of dilatation and of distortion. 
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146. Plane Waves. If a disturbance is produced at a point of an 
elastic medium, waves radiate from this point in all directions. At a 
great distance from the center of disturbance, however, such waves can 
be considered as plane waves , and it may be assumed that all particles 
are moving parallel to the direction of wave propagation (longitudinal 
waves), or perpendicular to this direction (transverse waves). In the 
first case we have waves of dilatation; in the second, waves of distortion. 

Considering longitudinal waves , if we take the x-axis in the direction 
of wave propagation, then v = w = 0 and u is a function of x only. 
Equations (265) then give 


d-u 

dt 2 




This is the same equation as we had before in discussing longitudinal 
waves in prismatical bars [see Eq. (258), page 439] except that the 
quantity 

c = 

is replaced by the quantity 


X -f" 2Cr 
p 

Substituting for X and G their expressions in terms of E and Poisson’s 
ratio (see pages 10 and 9), this latter quantity can be represented in 
the form 

Cl = V( 1 (269) 

It can be seen that C\ is larger than c. This result is due to the fact 
that lateral displacement in this case is suppressed, while in the case of 
a bar it was assumed that longitudinal strain is accompanied by lateral 
contraction or expansion. The ratio c\/c depends on the magnitude of 
Poisson’s ratio. For v = 0.25, c x /c = 1.095; for v = 0.30, ci/c = 1.16. 
All the conclusions obtained before regarding the propagation and 
superposition of longitudinal waves can also be applied in this case. 

Consider now transverse waves. Assuming that the .T-axis is in the 
direction of wave propagation, and the y-axis in the direction of trans¬ 
verse displacement, we find that the displacements u and iv are zero and 
the displacement v is a function of x and t. Then, from Eqs. (264), 





PROPAGATION OF WAVES IN ELASTIC SOLID MEDIA 455 

Again we have an equation of the same form as before, and we can con¬ 
clude that waves of distortion are being propagated along the a-ax is 
with the velocity 


c 2 = 


or, by (269), 



c 2 = Ci 


f~l - 2v 

2(1 — v ) 


(270) 


For v — 0.25, the above equation gives 


c 2 = 


Any function 


V3 


f(x — Cot) 


(c) 




—J \—dx 


Fig. 243. 


is a solution of Eq. ( b) and represents a wave traveling in the ^-direction 
with the velocity c 2 . Take, for example, solution (c) in the form 


2tt 


v = v 0 sin -J- (x — c 2 t) 


id) 


The wave has in this case a sinusoidal form. The length of the wave 
is l and the amplitude v 0 . The velocity of transverse motion is 


dv 

dt 


2?tc 2 2w , N 

— j— v 0 cos —j- (x — c 2 t) 


ie) 


It is zero when the displacement ( d ) is a maximum and has its largest 
value when the displacement is zero. The shearing strain produced by 
the wave is 

dV 271-^0 27T , .v ... 

y*y = ^ = —r~ cos i x — C 2 <) if) 


dx 


if) 


It will be seen that the maximum distortion(/) and the maximum of the 
absolute value of the velocity ( e ) occur at a given point simultaneously. 

We can represent this kind of wave propagation as follows: Let mn 
(Fig. 243) be a thin thread of an elastic medium. When a sinusoidal 
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wave (cl) is being propagated along the x-axis, an element A of the 
thread undergoes displacements and distortions, the consecutive values 

of which are indicated by the shaded elements 1, 2,3,4, 5 .... At the 

instant t = 0, the element A has a position as indicated by 1. At this 
moment its distortion and its velocity are zero. Then it acquires a 
positive velocity and after an interval of time equal to i l/c 2 its distor¬ 
tion is as indicated by 2. At this instant the displacement of the 
element is zero and its velocity is a maximum. After an interval of 
time equal to ?l/c 2 the conditions are as indicated by 3, and so on. 

Assuming that the cross-sectional area of the thread is equal to unity, 
the kinetic energy of the element A is 





cos 2 



and its strain energy is 


2 Gyxu 2 dx 


G dx 47r 2 ro 2 
2 / 2 


cos 2 


2tt 

T 




Remembering that c 2 2 = G/ Pt it can be concluded that the kinetic and 
the potential energies of the element at any instant are equal. This is 
the same conclusion as we had before in discussing longitudinal waves 
in prismatical bars (see page 442). 

In the case of an earthquake both kinds of waves, those of dilatation 
and those of distortion, are propagated through the earth with veloc¬ 
ities Ci and co. They can be recorded by a seismograph , and the inter¬ 
val of time bet ween the arrival of these two kinds of waves gives some 
indication regarding the distance of the recording station from the 
center of disturbance. 1 


146. Propagation of Waves over the Surface of an Elastic Solid 
Body. In the previous article we discussed propagation of waves in 
an elastic medium at a distance from the surface. On the surface of an 


elastic body is it possible to have waves of a different type, which are 
propagated over the surface and which penetrate but a little distance 
into the interior of the body. They are similar to waves produced on 
a smooth surface of water when a stone is thrown into it. Lord 
Rayleigh, who was the first to investigate these waves, 2 remarked: 


The waves produced in the earth by reciprocating engines are discussed in the 
following papers: L. Mintrop, Dissertation, Gottingen, 1911; A. Heinrich, Disserta¬ 
tion, Bieslau, 1930; G. Bornitz, “fiber die Ausbreitung von Bodcnschwingungen,” 
Berlin, 1932. See also E. Reissner and II. F. Sagoci, J. Applied Phys vol. 15, 
p. G52, 1914; II. F. Sagoci, ibid., p. 055. 

2 See Proc. London Math. Soc vol. 17, 1887. 
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“It is not improbable that the surface waves here investigated play an 
important part in earthquakes, and in the collision of elastic solids. 
Diverging in two dimensions only, they must acquire at a great dis¬ 
tance from the source a continually increasing preponderance.” The 
study of records of seismic waves supports Rayleigh’s expectation. 

At a great distance from the source, the deformation produced by 
these waves may be considered as a two-dimensional one. We assume 
that the body is bounded by the plane y = 0, and take the positive 
sense of the y-axis in the direction toward the interior of the body and 
the positive direction of the .r-axis in the direction of wave propagation. 
Expressions for the displacements are obtained by combining dilatation 
waves [Eqs. (265)] and distortion waves [Eqs. (264)]. Assuming in 

both cases that w = 0, the solution of Eqs. (265) representing waves 
of dilatation can be taken in the form 

— se rv sin (pt sx), Vi = —rc~ TV cos (pt — sx ) (a) 

in which p, r, and s are constants. The exponential factor in these 
expressions indicates that for real positive values of r the amplitude of 
waves rapidly diminishes with increase of the depth y. The argument 

pt- — of the trigonometrical functions shows that the waves are 
propagated in the x-direction with the velocity 


V 

c 3 = - 
s 


(271) 

Substituting expressions (a) into Eqs. (265), we find that these equa¬ 
tions are satisfied if 


or, by using the notation 


v2 _ r.2 PP 

~ s r +“2 g 


pp 


we have 


X -f- 2 G C\ 


= K = w 


r~ = s~ — h 


0 b ) 


(c) 


We take solutions of Eqs. (264), representing waves of distortion in the 
form 


u 2 = Abe b v sin (pt — sx), v 2 = — Asc~ b » cos (pt — sx) (cl) 

in which A is a constant and b a positive number. It can be shown that 
the volume expansion corresponding to the displacements (d) is zero and 
that Eqs. (264) are satisfied if 

PP 2 

G 


b* = s 
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or, by using the notation 


we obtain 



(e) 

(/) 


Combining solutions (a) and (d) and taking u = U\ + u 2 , v = V\ + v 2 , we 
now determine the constants A , 6, p, r, s, so as to satisfy the boundary 
conditions. The boundary of the body is free from external forces, 
hence, for y = 0, X = 0 and Y = 0. Substituting this in Eqs. (134) 
on page 234 and taking l = n = 0, m = —1, we obtain 


du 

dy 



\c + 2G ~ 

dy 


= 0 
= 0 



The first of these equations indicates that the shearing stresses, and the 
second that the normal stresses on the surface of the body, are zero. 
Substituting the above expressions for u and v in these equations we 
find that 

2rs + A (6 2 + s-) =0 

(j£ - 2 ) (r 2 - s 2 ) +2(r 2 + Abs) = 0 W 

where 

^_ 2 _ o = x 
h 2 G 

from (/>) and (r). 

Eliminating the constant „4 from Eqs. (h) and using (c) and (/), we 
obtain 

(2s 2 - A; 2 ) 2 = 46rs 2 (fc) 

or, by (c) and (/), 



By using Eqs. (6), (e), and (271) all the quantities of this equation can 
be expressed by the velocities c\ of waves of dilatation, c 2 of waves of 
distortion, and c 3 of surface waves, and we obtain 



(0 
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Using the notation 


and remembering that 


c-i 


c 3 

— = at 

Ci 


1 - 2 


Eq. ( l ) becomes 


Ci 2 


2(1 - p) 


“ 6 - 8 “ 4 + 8 ( 3 -T^r> 2 - 1 6 [ 1 -2^)] = 0 o»> 


Taking, for example, v = 0.25, we obtain 


3a 6 — 24 + 5G« 2 — 32 = 0 


or 


(a 2 - 4) (3a 4 - 12or 2 + 8) = 0 
The three roots of this equation are 


a 2 = 4, « 2 = 2 + 


V3 


a: 


2 = 2 - 



Of these three roots only the last one satisfies the conditions that the 

quantities r 2 and b 2 , given by Eqs. (c) and (/), are positive numbers. 
Hence, 


c 3 = etc 2 = 0.9194 




Taking, as an extreme case, v = Eq. (?n) becomes 


« 6 — 8a 4 4- 24a 2 —16=0 

and we find 

c 3 = 0.9553 yjj 

In both cases the velocity of surface waves is slightly less than the 
velocity of waves of distortion propagated through the body. Having 
a, the ratio between the amplitudes of the horizontal and vertical dis¬ 
placements at the surface of the body can easily be calculated. For 
p ~ i) this ratio is 0.681. The above velocity of propagation of sur¬ 
face waves can also be obtained by a consideration of the vibrations of 
a body bounded by two parallel planes. 1 

Q ^ ee Lam b, Proc. Roy. Soc. {London), Series A, vol. 93, p. 114, 1917. See also 
fe. Timoshenko. Phil. Mag., vol. 43, p. 125, 1922. 
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THE APPLICATION OF FINITE-DIFFERENCE EQUATIONS 

IN ELASTICITY 


1. Derivation of Finite-difference Equations. We have seen that 

the problems of elasticity usually require solution of certain partial 

differential equations with given boundary conditions. Only in the 

case of simple boundaries can these equations be treated in a rigorous 
manner. 

Very often we cannot obtain a rigorous solution and must resort to 
approximate methods. As one of such methods we will discuss here 
the numerical method, based on the replacement of differential equa¬ 
tions by the corresponding finite-difference equations. 1 

If a smooth function y(x ) is given by a series of equidistant values 

y°i Vi, V 2 , . . • f or x = 0, x = <5, x = 25, . . . , we can, by subtraction, 
calculate ^the first differences (A l2 /) x==0 = y x - y 0> (A= y 2 - y lf 

(Ai?/)x =25 — 2/3 — ?/ 2 , ... . Dividing them by the value 5 of the 
interval, we obtain approximate values for the first derivatives of y(x) 
at the corresponding points: 



It seems that the first application of finite-difference equations in elasticity 
lsdue to C. Runge, who used this method in solving torsional problems. ( Z. Math. 

2/s., vol. 56, p. 225, 1908.) He reduces the problem to the solution of a system of 
linear algebraic equations. Further progress was made by L. F. Richardson, 
Irarus.Roy. Soc. (London), series A, vol. 210, p. 307, 1910, who used for the solution 
of such algebraic equations a certain iteration process, and so obtained approxi¬ 
mate values of the stresses produced in dams by gravity forces and water pressure. 

nother iteration process and the proof of its convergence was given by H. Lieb- 
mann, Sitzber. Bayer. Akad. Wiss., 1918, p. 385. The convergence of this iteration 
process in the case of harmonic and biharmonic equations was further discussed 
by F. Wolf, Z. angew. Math. Mech. vol. 6, p. 118, 1926, and R. Courant, Z. angew. 

ath. Mech., vol. 6, p. 322. The finite-differences method was applied successfully 
m the theory of plates by PI. Marcus, Armierter Beton, 1919, p. 107; II. Hencky, 
TV angew. Math. Mech., vol. 1, p. 81, 1921, and vol. 2, p. 58, 1922. In recent times 
e finite-differences method has found very wide application in publications by 

• V. Southwell and his pupils. See R. V. Southwell, “Relaxation Methods," 
vols. I, II, and III. 
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Using the first differences we calculate the second differences as follows: 


(Ao y) x= 6 = (A !?/)*=« — (A! 2 /) x=0 = 2/2 — 2yi + y 0 


With second differences we obtain the approximate values of second 

derivatives such as 



(d 2 y\ 


dx 2 ) x 


(A 2 y) x = s _ 2/2 — 22/j + 2 / 0 


( 2 ) 


If we have a smooth function w(x,y) of two 
variables, we can use for approximate calcula¬ 
tions of partial derivatives equations similar to 
Eqs. (1) and (2). Suppose, for example, that 
we are dealing with a rectangular boundary, 
Fig. 1, and that the numerical values of a func¬ 
tion w at the nodal points of a regular square net with mesh side 8 are 
known to us. Then we can use as approximate values of the partial 
derivatives of w at a point O the following expressions 




div W\ 

— Wo 

dw 

IV 2 — Wo 

a.r 

5 

dy 

8 

d-u) W\ 

— 2 Wo -b 22’ 3 

d 2 W 

Wo — 2w 0 4- wa 

\ 

e* 

H 


dy 2 

( 

t* 



In a similar manner we can derive also the approximate expressions 
for partial derivatives of higher order. Having such expressions we 
can transform partial differential equations into equations of finite 
differences. 


Take as a first example the torsion of prismatical bars. The prob¬ 
lem can be reduced, as we have seen, 1 to the integration of the partial 
differential equation 


a 2 0 

a.r 2 



-2 GO 



in which 0 is the stress function, which must be constant along the 
boundary of the cross section, 0 is the angle of twist per unit length of 
the bar, and G is the modulus of shear. Using formulas (3) we can 
transform the above equation into the finite-difference equation 



(01 T" 0 2 + 03 + 





1 See Eq. (112), p. 261. 
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In this way every torsional problem reduces to the finding of a set of 

numerical values for the stress function <f> which satisfy equation ( 5 ) 

at every nodal point within the boundary of the cross section and 
become constant along the boundary. 

As the simplest example, let us consider a bar of a square cross sec¬ 
tion a X a, Fig. 2, and use a square net with mesh side 8 = ia. From 
symmetry we conclude that in this v 

case it is sufficient to consider only 
one-eighth of the cross section, 
shaded in the figure. If we determine 
the values <*, (3, y of the function 0 
at the three points shown in Fig. 2, 
we shall know 0 at all nodal points 
of the net within the boundary. 

Along the boundary we can assume 
it equal to zero. Thus the problem 
reduces to the calculation of three 

quantities a, p, y , for which we can write three equations of the form 
(5). Observing the conditions of symmetry we obtain 



2(3 — 4a 
2 ol -f- y — 4(3 
4(3 — 4y 


-2 Gd8 2 
— 2 G98 2 
-2G98 2 


Solving these equations, we find 

« = 1.375GW, p = 1.750 G98 2 , y = 2.250098 2 

The required stress function is thus determined by the above numerical 

values at all nodal points within the boundary and by zero values at the 
boundary. 

To calculate partial derivatives of the stress function we imagine a 
smooth surface having as ordinates at the nodal points the calculated 
numerical values. The slope of this surface at any point will then give 
us the corresponding approximate value of the torsional stress. Maxi¬ 
mum stress occurs at the middle of the sides of the boundary square. 
To get some idea of the accuracy which can be obtained with the 
assumed small number of nodal points of the net, let us calculate 
torsional stress at point O, Fig. 2. To get the necessary slope we take 
a smooth curve having at the nodal points of the .r-axis the calculated 
ordinates p } y f (3 . These values, divided by \G68 2 y are given in the 
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second line of the table below. The remaining lines of the table give 
the values of the consecutive finite differences . 1 The required smooth 
curve is then given by Newton’s interpolation formula: 


X = 

0 

5 

25 

35 

45 

<t> = 

0 

( 

9 

7 

0 

A, = 

7 

2 

-2 

— 7 


Ao = 

— 5 1 

-4 

-5 



A3 = 

* 1 

-1 




A 4 = 

_2 






<t> = *0 + * ^ + *(* - «) l . 2*. 6 i + X(x - S)(* - 25) 

x(x — 5)(x — 25) (.t — 35) 


1 • 2 • 35 3 
A 4 


1 • 2 • 3 • 45 4 


& 


Taking the derivative of cf> and substituting for Aj, A 2 , . . . their 

values from the table multiplied 
by GO 5 2 /4 we obtain, for x = 0, 

^ G08 = 0.646 • Ga9 
dx /*_(, 48 

Comparing this result with 
the correct value given on page 
277, we see that the error in 
this case is about 4.3 per cent. 
To get better accuracy we have 
to use a finer net. Taking, for 
example, 5 = a/6, Fig. 3, we 
have to solve six equations and we obtain 

a = 0.952 X 2C05 2 , 0 = 1.404 X 2<705 2 , 7 = 1.539 X 2G05* 

ai = 2.125 X 2(705 2 , 0! = 2.348 X 2G05 2 , Tl = 2.598 X 2 G6P 



1 We consider here the differences ns all existing at one end of the set of quantities 
and use them in Newton’s formula 
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Using now seven ordinates along the a-axis and calculating 1 the slope 
at point O, we obtain the maximum shearing stress 



O.GGlUfla 


The error of this result is about 2 per cent. Having the results for 
5 = i a an d 6 = fa a better approximation can be obtained by extra¬ 
polation. 1 It can be shown 2 that the error of the derivative of the 
stress function </>, due to the use of finite difference rather than differ¬ 
ential equations, is proportional to the square of the mesh side, when 
this is small. If the error in maximum stress for <5 = ±a is denoted by 
A, then for 5 = fa it can be assumed equal to A Of) 2 . Using the values 
of maximum stress calculated above we obtain A from the equation 


from which 


A - A(#) 2 = O.OloGOa 
A = O.O27G0a 


The more accurate value of the stress is then 


0.646 Gda + 0.027 Gda = 0.673 Gda 

which differs from the exact value 0.67 5G6a by less than f per cent. 

2. Methods of Successive Approximation. From the simple 
example of the preceding article it is seen that, to increase the accuracy 
of the finite-difference method, we must go to finer and finer nets. 
But then the number of equations which must be solved becomes 
larger and larger and the time required for their solution will be so 
great that the method becomes unpractical. 3 The solution of the 
equations can be greatly simplified by using a method of successive 
approximations. To illustrate this let us consider the equation 4 


d 2 4> d 2 4> 

dx 2 + dy 2 

1 The calculation of derivatives of an interpolation curve is greatly simplified by 
using the tables calculated by W. G. Bickley. These tables are given in the book 

Relaxation Methods in Theoretical Physics,” by R. V. Southwell. 

2 See L. F. Richardson, loc. cit. 

3 In the previously mentioned paper by C. Runge a system of 42 equations was 
used and, due to the simplicity of these equations, the solution was obtained 
without much difficulty. 

4 It was shown on p. 265 that torsional problems can be reduced to the solution 
of this equation with prescribed values of <f> at the boundary. 
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The corresponding finite-difference equation, from Eq. (5), will be 

00 = 4(01 4“ 02 4~ 03 4“ 0 4) (7) 

It shows that the true value of the function 0 at any nodal point 0 of 
the square net is equal to the average value of the function at the four 
adjacent nodal points. This fact will now be utilized for calculation 
of the values of 0 by successive approximations. Let us take again, 
as the simplest example, the case of a square boundary, Fig. 4, and 
assume that the boundary values of 0 are such as shown in the figure. 
From the symmetry of these values with respect to the vertical central 
axis we conclude that 0 also will be symmetrical with respect to the 

same axis. Thus we have to cal¬ 
culate only six nodal values, a, 6 , 
Qi, b 1 , a 2 , b 2 , of 0 . This can easily 
be done by writing and solving six 
equations (7), which are simple in 
this case and which give 0 O = 854, 
06 — 914, 0 a , = 700, 06, = 750, 
0 a, = 597, 06 , = G 86. 1 Instead of 
this we can proceed as follows: 
We assume some values of 0, for 
instance, those given by the top 
numbers in each column written 
in Fig. 4. To get a better 
approximation for 0 , we use for each nodal point Eq. (7). Considering 
point a we take, as a first approximation, the value 

0/ = 4(800 + 1,000 4- 1,000 + 900) = 925 

In calculating a first approximation for point b we use the calculated 
value 0 a ' and also the condition of symmetry, which requires that 
0/ = 0a ; . Equation (7) then gives 

06' = 4(925 4- 1,200 4- 925 4- 900) = 988 

Making similar calculations for all inner nodal points, we obtain the 
first approximations given by the second (from the top) numbers in 
each column. Using these numbers we can calculate the second 
approximations such as 

0a" = 4(800 4- 1,000 4- OSS 4- 806) = 899 
06" = 4(899 4- 1,200 4- S99 4- S50) = 962 


\\ e moke the calculation with three figures only and neglect- decimals. 
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The second approximations are also written in Fig. 4 and we can see 
how the successive approximations gradually approach the correct 
values given above. After repeating such calculations 10 times we 
obtain in this case results differing from the true values by no more 
than one unit in the last figure and we can accept this approximation. 

Generally, the number of repetitions of the calculation necessary to 
get a satisfactory approximation depends very much on the selection of 
the initial values of the function <£. The better the starting set of 
values the less will be the labor of subsequent corrections. 

It is advantageous to begin with a coarse net having only few internal 
nodal points. The values of <f> at these points can be obtained by 
direct solution of Eqs. (7) or by the 
iteration process described above. 

After this we can advance to a finer 
net, as illustrated in Fig. 5, in which 
heavy lines represent the coarser net. 

Having the values of 4> for the nodal 
points, shown by small circles, and 
applying Eq. (7), we calculate the 
values for the points marked by crosses. 

Using now both sets of values marked 
by circles and by crosses and applying 
again Eq. (7) we obtain values for 
points marked by small black circles. 

In this way all values for the nodal points of the finer net, shown 
by thin lines, will be determined, and we can begin the iteration 
process on the finer net. 

Instead of calculating the values of <p, we can calculate the correc¬ 
tions \f/ to the initially assumed values <£° of the function 0. 1 In such a 
case 

<t> = <f>° \f/ 



Since the function <f> satisfies Eq. (6) the sum <j>° -f- \f/ also must satisfy 
it, and we obtain 



At the boundary the values of <f> are given to us, which means that 
there the corrections yj/ are zero. Thus the problem is now to find a 
function \(/ satisfying Eq. (8) at each internal point and vanishing at 

1 This method simplifies the calculations since we will have to deal with com¬ 
paratively small numbers. 
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the boundary. Replacing Eq. (8) by the corresponding finite-differ¬ 
ence equation we obtain for any point O of a square net (Fig. 1) 

^1 + ^2 + ^3 + ^4 — 4\^0 = — (<t> 1° + <t>2° + <t> 3° + 4> 4° — 40o°) (8') 

The right-hand side of this equation can be evaluated for each internal 
nodal point by using the assumed values </>° of the function <f>. Thus 
the problem of calculating the corrections \p reduces to the solution of a 
system of equations similar to Eqs. (5) of the preceding article, and 
these can be treated by the iteration method. 

3. Relaxation Method. A useful method for treating difference 
equations, such as Eqs. (8') in the preceding article, was developed by 
R. V. Southwell and was called by him the relaxation method. South- 
well begins with Prandtl’s membrane analogy, 1 which is based on the 
fact that the differential equation (4) for torsional problems has the 
same form as the equation 



for the deflection of a uniformly stretched and laterally loaded mem¬ 
brane. In this equation w denotes deflection from the initially hori¬ 
zontal plane surface of the membrane, q is the intensity of the dis¬ 
tributed load, and S is the constant tensile force per unit length of the 
boundary of the membrane. The problem is to find the deflection w 
as a function of x and y which satisfies Eq. (9) at every point of the 
membrane and which vanishes at the boundary. 

Let us derive now the corre¬ 
sponding finite-difference equa¬ 
tion. For this purpose we replace 
the membrane by the square net 
of uniformly stretched strings, 
Fig. 1. Considering point 0 and 
denoting by £5 the tensile force in 
the strings, we see that the strings 0-1 and 0-3 exert on the node 0, 
Fig. 6, a force in the upward direction, equal to 2 

ss (10) 

A similar expression can be written for the force exerted by the two 
other strings, 0-2 and O—4. Replacing the continuous load acting on 

1 See p. 268. 

2 We consider the deflections ns very small. 




APPENDIX 


4G9 


the membrane by concentrated forces qd' 2 applied at nodal points, we 
can now write the equation of equilibrium of a nodal point O as 
follows: 

qS 2 -f- S(wi + io 2 + -f- w 4 — 4 Wo) =0 (11) 

This is the finite-difference equation, corresponding to the differential 
equation (9). To solve the problem, we have to find such a set of 
values of the deflections w that equation (11) will be satisfied at every 
nodal point. 

We begin with some starting values w 0 °, ici°, iv 2 °, rc 3 °, w 4 °, ... of 
the deflection. Substituting them into Eqs. (11) we shall usually find 
that the conditions of equilibrium are not satisfied and that, to main¬ 
tain the assumed deflections of the net, we need to introduce supports 
at the nodal points. The quantities such as 


R 0 = qS 2 -T S(w i° + w- 2 ° + iv 3 0 + w 4° — 4u> 0 °) ( 12 ) 


will then represent the portions of the load transmitted to the supports. 
We call these forces residual forces, or residuals. Imagine now that 
the supports are of the screw-jack type, so that a controlled displace¬ 
ment may be imposed at any desired nodal point. Then by proper 
displacements of the supports we can ultimately make all residual 
forces (12) vanish. Such displacements will then represent the correc¬ 
tions which must be added to the initially assumed deflections w 0 °, u>i°, 
w 2 °, ... to get the true values of w. 

The procedure which Southwell follows in manipulating the displace¬ 
ments of the supports is similar to that developed by Calisev 1 in 
handling highly statically indeterminate frames. We first displace 
one of the supports, say support O, Fig. 6, keeping the other supports 
fixed. From such equations as (11) we can see that to a downward 
displacement w 0 ' will correspond a vertical force —4 Sw 0 ' acting on the 
nodal point O. The minus sign indicates that the force acts upward. 
Adjusting the displacement so that 


R o — 4Sw 0 ' 



that is, 



(13) 


we make the residual force (12) vanish and there will no longer be a 
pressure transmitted to the support O, but at the same time pressures 
Sw 0 ' will be transferred to the adjacent supports and their residual 
forces wall be increased by this amount. Proceeding in the same way 

1 K. A. Calisev, Tehnicki List, 1922 and 1923, Zagreb. German translation in 
Pubs. Intern. Assoc. Bridge and Structural Engineering , vol. 4, p. 199, 1936. A 
similar method was developed in this country by Hardy Cross. 
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with all the other supports and repeating the procedure several times, 
we can reduce all residual forces to small quantities, which can be 
neglected. The total displacements of the supports, accumulated in 
this procedure, represent then the corrections which must be added 
with the proper signs to the starting values ie 0 °, wq°, w 2 °, ... in order 
to obtain the true deflections of the stretched square net. 

To simplify the calculations required by the procedure described, we 
first put Eq. (11) in nondimensional form by substituting 

W = t (14) 

In this way we obtain 

1 + (^1 + ^2 + 1^3 + ^4 — d ^ o ) = 0 ( 15 ) 

where \p o, \p\, . . . are pure numbers. 

The problem then reduces to finding such a set of values of \p that 
Eq. (15) will be satisfied at all inner points of the net. At the bound¬ 
ary t p is zero. To get the solution we proceed in the manner described 
above and take some starting values yp 0 °, ti 0 , fa °, .... They will 
not satisfy the equilibrium equations (15) and we shall have residuals 


r0=1+ (*1° + ^2° + ^3° + ^4° - 4^0°) 


(16) 


which in this case are pure numbers. 

Our problem now is to add to the assumed values ^i°, . . . 

such corrections as to annul all residuals. Adding to ^ 0 ° a correction 
\po' we add to the residual r„ the quantity — 4 fa', and to the residuals of 
the adjacent nodal points the quantities fa' . Taking fa' = ro/4 we 
shall annul the residual at the nodal point 0 and shall somewhat change 
the residuals at the adjacent nodal points. Proceeding in the same 
way with all nodal points and repeating the procedure many times we 
shall in due course reduce the residual forces to negligible values and so 
obtain the values of \p with sufficient accuracy. The corresponding 
values of w will then be obtained from Eq. (14). 

To illustrate the procedure let us consider the problem of torsion of a 
square bar, already discussed in Art. 1. In this case we have the 
differential equation (4). To bring it to nondimensional form let us 
put 


. 2(705- , 

+ = i ,000 * 

The finite-difference equation (5) then becomes 

1,000 -f- (\f/ x -f- \ J /. 2 -f- 1^3 4 - yp \ — 4^ 0 ) = 0 


(17) 


(18) 
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The denominator 1,000 is introduced into Eq. (17) for the purpose of 
making the \p's such large numbers that half a unit of the last figure 
can be neglected. Thus we have to deal with integer numbers onl}'. 
To make our example as simple as possible we will start with the coarse 
net of Fig. 2. Then we have to find values of ^ only for three internal 
points for which we already have the correct answers (see page 463). 
We make our square net to a large scale to have enough space to put on 
the sketch the results of all intermediate calculations (Fig. 7). The 
calculation starts with assumed initial values of i/', which we write to 



Fig. 7. 


the left above each nodal point. The values 700, 900, and 1,100 are 
intentionally taken somewhat different from the previously calculated 
correct values. Substituting these values together with the zero values 
at the boundary into the left-hand side of Eq. (18) we calculate the 
residual forces for all nodal points. These forces are written above 
each nodal point to the right. The largest residual force, equal to 200, 
occurs at the center of the net, and we start our relaxation process from 
this point. Adding to the assumed value 1,100 a correction 50, which 
is written in the sketch above the number 1,100, we eliminate entirely 
the residual force at the center. Thus we cross out the number 200 in 
the sketch and put zero instead. Now we have to change the residuals 
in the adjacent nodes. We add 50 to each of those residuals and write 
the new values —50 of the residuals above the original values as shown 
in the figure. This finishes the operation with the central point of the 
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net. We have now four symmetrically located nodal points with 
residuals —50 and it is of advantage to make corrections to all of them 
simultaneously. Let us take for all these points the same correction, 
equal to —12. 1 These corrections are written in the sketch above the 
initial values, 900. With these corrections the values 12 X 4 = 48 
must be added to the previous residuals, equal to —50, and we will 
obtain residuals equal to —2, as shown in the sketch. At the same 
time the forces —12 will be added to the residuals in the adjacent 
points. Thus, as it is easy to see, —12X4= —48 must be added to 
the residual at the center and —12 X 2 = —24 must be added at the 
points closest to the corners of the figure. This finishes the first round 
of our calculations. The second round we again begin with the point 
at the center and make the correction —12, which eliminates the 
residual at this point and adds —12 to the residuals of the adjacent 
points. Taking now the points near the corners and introducing cor¬ 
rections — G, we eliminate the residuals at these points and make the 
residuals equal to —26 at the four symmetrically located points. To 
finish the second round we introduce corrections —6 at these points. 
The sketch shows three more rounds of calculations which result in 
further reduction of the residuals. The required values of \p will be 
obtained by adding to the starting values all the corrections introduced. 
Thus we obtain 


700 — 6 — 3 — i = 088.5, 900 — 12 — 6 — 3 — 2 — 1 = 876, 

1,100 + 50 - 12 -6-3-2 = 1,127 

Equation (17) then gives for <t> the values 


<* 8.5 
^00 008 
876 


= 1.377 G08 2 = 0.0861 (70a 2 


500 


< 705 2 = 1.752(705 2 = O.lO95(70a 2 


U 27 

rkW 006 


= 2.25t(705 2 = O.14O9(70a 2 


which arc in very good agreement, with the results previously obtained 
(see page 463). 


It is seen that Southwell’s method gives us a physical picture of the 
iteration process of solving Eqs. (15) which may be helpful in selecting 
the proper order in which the nodes of the net should be manipulated. 


1 We take the correction —12, instead of — ^ 
work with integer numbers. 


— 12.5, since it is preferable to 
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To get a better approximation we must advance to a finer net. 
Using the method illustrated in Fig. 5, we get starting values of \P for a 
square net with mesh side <5 = -J-a. Applying to these values the 
standard relaxation process the values of i p for the finer net can be 


obtained and a more accurate value of the maximum stress can be cal¬ 
culated. With the two values of maximum stress found for 8 = \a and 
& = &a a better approximation can be found by extrapolation, as 
explained in Art. 1 (see page 405). 

4. Triangular and Hexagonal Nets. In our previous discussion a 
square net was used, but sometimes it is preferable to use a triangular 
or hexagonal net, Figs. 8a and 86. Considering the triangular net, 


r\/ 






—C> 



—<a> 



— 

- 




(cl) 



C£>) 

Fig. 8. 


Fig. 8a, we see that the distributed load within the hexagon shown by 
dotted lines will be transferred to the nodal point O. If 8 denotes the 
mesh side, the side of the above hexagon will be equal to 8/\/S and the 
area of the hexagon is \/3 8 -/ 2 , so that the load transferred to each 
nodal point will be -\/3 8-q/ 2. This load will be balanced by forces in 
the strings 0—1, 0—2, . . . , 0-G. To make the string net correspond 
to the uniformly stretched membrane, the tensile force in each string 
must be equal to the tensile force in the membrane transmitted through 
one side of the hexagon, i.e., equal to S8/\/S. Proceeding now as in 
the preceding article, we obtain for the nodal point O the following 
equation of equilibrium: 


w i + iv 2 -{-•••+ w 6 — 6iao 


S8 

V3 



qs* _ 


= o 


8 


2 
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or 


w i 4~ iv 2 4- 


, r , 3 qb- 

-b w G — bw 0 4- £ = 0 


(19) 


We introduce a nondimensional function defined by the equation 


3 q8* 

w = 2 -g- 4* 

and the finite-difference equation becomes 


( 20 ) 


<Ai 4~ 'P-i -+■ 


4-^6 — 0^ 0 4 " 1 — 0 


( 21 ) 


Such an equation can be written for each internal nodal point, and for 
the solution of these equations we can, as before, use iteration or relaxa¬ 
tion methods. 

In the case of a hexagonal net, Fig. 8b, the load distributed over the 

equilateral triangle, shown in the figure by 
dotted lines, will be transferred to the 
nodal point O. Denoting by 8 the length of 
the mesh side, we see that the side of the 
t riangle will be 8 \/3 and its area 3 VS 8 2 / 4. 
The corresponding load is 3 -\/3 q8-/ 4. 
This load will be balanced by the tensile 
forces in the three strings, 0-1, 0-2, 0-3. 
To make the string net correspond to the 
stretched membrane we take the tensile 
l forces in the strings equal to S8 V 3. 

The equation of equilibrium will then be 

W\ 4 - n’o 4 ~ u'z — 3 Wp -Vs 4 - — q 

8 4 

or 



Q 

W\ + W 2 w>3 — 3 u>o H—r -k 5 2 = 0 

4 o 


( 22 ) 


To get the finite-difference equations for torsional problems we have to 
substitute in Eqs. (19) and (22) 2(70 instead of q/S. 

As an example let us consider torsion of a bar the cross section of 
which is an equilateral triangle, 1 Fig. 9. The rigorous solution for this 
case is given on page 200. 

Using the relaxation method it is natural to select for this case a 
triangular net. Starting with a coarse net we take the mesh side 8 
equal to one-third of the length a of the side of the triangle. Then 

I bis exam pic is discussed in detail in Southwell’s hook, referred to above. 
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there will be only one internal point O of the net, and the values of the 
required stress function </> are zero at all adjacent nodal points 1, 
2, . . . , 6 since these points are on the boundary. The finite-di[Ter¬ 
ence equation for point O is then obtained from Eq. (19) by substituting 
<t>o for Wo and 2 GO for q/S, which gives 



Let us now advance to a finer net. To get some starting values for 
such a net let us consider point a — the centroid of the triangle 1-2-0. 
Assume that this point is connected to the nodal points 0, 1, and 2 by 
the three strings a-0, a—1, a-2 of length 8/\/S. Considering the point 
a as a nodal point of a hexagonal net, Fig. 8b, substituting into Eq. (22) 
5/\/3 for 8, 2 GO for q/S , and taking w i = w> = 0, = <£ 0 , w 0 = <t> n , 

we obtain 


-J( 


<f> 0 + 


Gd8 2 \ _ Gda 
2 ) 27 


(24) 


The same values of the stress function may be taken also for the points 
b, c, dy e y and/ in Fig. 9. To get the values of the stress function at 
points ky 1, 77i, we use again Eq. (22) and, 
observing that in this case Wi = w 2 = 
w z = 0, we find 

4>k = 4>m = </>/= (25) 

In this way we find the values of <p at all 
nodal points marked by small circles in 
Fig. 10. It is seen that at each of the 
nodal points a, c, and e there are six strings 
as required in a triangular net, Fig. 8a. 

But at the remaining nodes the number of strings is smaller than six. 
To satisfy the conditions of a triangular net at all internal points we pro¬ 
ceed as indicated by dotted lines in the upper portion of Fig. 10. In this 
way the cross section will be divided into equilateral triangles with sides 
8 = a/9. From symmetry we conclude that it is sufficient to consider 
only one-sixth of the cross section, which is shown in Fig. 11a. The 
values of <f> at the nodal points O, a, b, and k are already determined. 
The values at the points 1, 2, and 3 will now be determined, as before, 
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by using Eq. (22) and the values of 0 at three adjacent points, 
point 1, for example, we will get 


0o + <Pb + 4>a — 3</>i + ^ * 2 GO 




For 


and substituting for 0„, 0>,, <t >o the previously calculated values, we 
obtain 

0 i = -gV * O0a 2 ( 26 ) 

In a similar way 02 and 0 3 are calculated. All these values are written 
down to the left of the corresponding nodal points in Fig. 11a. 1 They 
will now be taken as starting values in the relaxation process. 


O 



Fio. 11. 


In the case of torsion, Eq. (19) will be replaced by the equation 


01 + 02 + ’ ’ * + 06 — 600 + 3(70 




To bring it into purely 


numerical form we introduce the notation 


and obtain 



GOa = 0 * 
486 


or 


4860 

(70a 5 


01 + V^2 + * * * + 06 — 600 + IS = 0 


(27) 

(28) 


The starting values of 0, calculated from Eq. (27), are written to the 
left of the nodal points in Fig. 116. Substituting these values into the 

1 The constant factor GOa 2 is omitted in the figure. 

* The number 486 is introduced in this formula so that we may work with 
integers only. 
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left-hand side of Eq. (28), we find the corresponding residuals 

Ro = ^i° + ^2° + * * * + ~ (Vo° + 18 (29) 

The residuals, calculated in this way, are written to the right of each 
nodal point in Fig. 116. The liquidation of these residuals is begun 
with point a. Giving to this point a displacement <pj = —2 we add 
[see Eq. (29)] +12 to the residual at a and —2 to the residuals at all 
adjacent points. Thus the residual at a is liquidated and a residual 
— 2 appears at point b. We are not concerned with residuals at the 
boundary, since there we have permanent supports. Considering now 
the point c and introducing there a displacement +2 we bring to zero 
the residual there and add +2 to the residuals at b , <7, and c. All the 
remaining residuals will now be brought to zero b} r imposition of a dis¬ 



placement — 2 at point /. Adding to the starting values of \f/ all 
recorded corrections, we obtain the required values of \p, and from Eq. 
(27) we obtain the values of </>. These values, divided by GOa 2 , are 
shown in Fig. 11c. They coincide with the values which can be 
obtained from the rigorous solution ( g ) on page 266. 

6. Block and Group Relaxation. The operation used up to now in 
liquidating the residuals consisted in manipulation of single nodal 
points, considering the rest of the points as fixed. Sometimes it is 
better to move a group of nodal points simultaneously. Assume, for 
example, that Fig. 12 represents a portion of a square net and that we 
give to all points within the shaded area a displacement equal to unity 
while the rest of the nodal points remain fixed. We can imagine that 
all nodal points of the shaded area are attached to an absolutely rigid 
weightless plate and that this plate is given a unit displacement, per¬ 
pendicular to the plate. From considerations of equilibrium (Fig. 6), 
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we conclude that the displacement described will produce changes of 
residuals at the end points of the strings attaching the shaded plate to 
the remaining portion of the net. If 0 and 1 denote the nodes at the 
ends of one string, the contributions to the residuals due to displace¬ 
ment Wo and W\ are 


Ro — —S 8 


Wo — W 1 


and 


R l = S8 


Wo — IV1 


If now we keep point 1 fixed and give to point 0 an additional displace¬ 
ment Awo, we get the increments of the residual forces 


AT?o = — S Aw 


o> 


ARi = S Au’o 


Introducing 

notation, 


dimensionless quantities according to our previous 


R 

qd'- 


= r, 


q5 2 , 


we find 


Ar o — A\po f A r i — A\J/q 


We see that unit increment in \p 0 produces changes in the residuals 
equal to 

Ar o — 1, A r i = -|- 1 

These changes are shown in the figure. The residuals of the rest of the 
nodal points of the net remain unchanged. If n denotes the number 
of strings attaching the shaded plate to the rest of the net, the unit dis¬ 
placement of the plate results in diminishing by n the resultant of the 

residual forces of (he shaded portion of 
the net. Choosing the displacement 
so that the resultant vanishes we get 
residual forces which are self-equilibrat- 
ing and as such lend themselves more 
readily to liquidation by subsequent 
point relaxation of the normal kind. In 
practical applications it is advantageous to alternate sequences of 
block displacement with sequences of point relaxation. Assume, for 
example, that the shaded area in Fig. 13 represents a portion of the 
triangular net. The number n of strings attaching this portion to the 
rest of the net is 10 and the resultant of the residuals shown in the 
figure is 8.8. Consequently an appropriate block displacement in this 
case will be 8.8/16 = 0.55. After such a displacement the resultant 
of the residual forces, acting on the shaded portion of the net, vanishes 



Fig. 13 . 
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and the liquidation of the residuals by subsequent point relaxation will 
proceed more rapidly. 

Instead of giving the fictitious plate a displacement perpendicular to 
the plate and constant for all the nodal points attached to the plate, we 
can rotate the plate about an axis lying in its plane. The correspond¬ 
ing displacements of nodal points and changes of residuals can be 
readily calculated. So we can liquidate not only the resultant residual 
force sustained by the fictitious plate but also the resultant moment 
about any axis chosen in the plane of the plate. 

We can also discard the notion of the fictitious plate and assign to a 
group of points arbitrary selected displacements. If we have some 
idea of the shape of the deflection surface of the net we can select group 
displacements which may result in acceleration of the liquidation 
process. 

6. Torsion of Bars with Multiply-connected Cross Sections. It was 

shown 1 that in the case of bars with multiply-connected cross sections 
the stress function </> must not only satisfy Eq. (4), but along the bound¬ 
ary of each hole we must have 



d<f> 

dn 


ds = 2 GdA 


(30) 


where A denotes the area of the hole. 

In using the membrane analogy the corresponding equation is 


~ S flTn ds = <* A (31) 

which means that the load uniformly distributed over the area of the 
hole 2 * is balanced by the tensile forces in the membrane. Now applying 
finite-difference equations and considering a square net, we put S8 for 
the tension in the strings, w 0 for the deflection of the boundary of the 
hole, and Wi for the deflection of a nodal point i adjacent to the hole. 
Instead of Eq. (31) we then have 



1 See p. 296. 

2 The hole is 

perpendicularly 



represented by a weightless absolutely rigid plate which can move 
to the initial plane of the stretched membrane. 
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where n is the number of strings attaching the area of the hole to the 
rest of the net. The equilibrium equation (11) is only a particular case 
of Eq. (32) in which n = 4. 

We can write as many equations (32) as there are holes in the cross sec¬ 
tion. These equations together with Eqs. (11) written for each nodal 
point of the square net are sufficient for determining the deflections of 
all nodal points of the net, and of all the boundaries of the holes. 

Consider as an example the case 
of a square tube, the cross section 
of which is represented in Fig. 14. 
Taking the coarse square net, shown 
in the figure, and considering the 
conditions of symmetry, we observe 
that it is necessary in this case to 
calculate only five values, a, b, c, d, 
and c, of the stress function. The 
necessary equations will be obtained 
by using Eq. (32) and the four 
Eqs. (11) written for the nodal 
points a, 6, c, d. Substituting 2 GO 
for q/S and observing that n = 20 
and A = 1G5 2 we write these equations as follows: 



20c — 86 — 8c — Ad = 10 • 2(706 2 

2b — 4 a = -2G68 2 
a - 4b + c + c= -2<705 2 
b — 4c -\r d ~\~ c. = —2(705 2 
2c - 4d + c = -2<705 2 


These equations can be readily 


solved and in this way we obtain 


c 


1,170 

488 


• 2(705 2 


and also the values a, b , c, and d. 

1 hese values, obtained with a coarse net, do not give us the stresses 
with sufficient accuracy and an advance to a finer net is necessary. 
1 he results of such finer calculations, made by the relaxation method, 
can be found in South well’s book. 1 

7. Points Near the Boundary. In our previous examples the nodal 
points of the net fall exactly on the boundary and the same standard 


1 R. V. Southwc41, “Relaxation Methods in Theoretical Physics," p. 60, Oxford 
University Press, New York, 1946. 
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relaxation procedure is used for all the points. Very often the points 
close to the boundary are connected with it by shorter strings. Due to 
difference in lengths of strings some changes in equilibrium equations 
(11) and (19) should be introduced. The necessary changes will now 
be discussed in connection with the example shown in Fig. 15. A flat 
specimen with semicircular grooves is submitted to the action of tensile 
forces uniformly distributed over the ends. Suppose that the differ¬ 
ence of principal stresses at each point 
has been determined by the photo¬ 
elastic method, as explained in 
Chap. 5, and that we have to deter¬ 
mine the sum of the principal 
stresses, which, as we have seen 

'page 465), must satisfy the differ- Fio. 15. 

ential equation (6). For the points 
at the boundary one of the two principal stresses is known, and using 
the results of the photoelastic tests, the second principal stress can be 
calculated, so that the sum cf these two stresses along the boundary is 
known. Thus we have to solve the differential equation (6), the values 
of <j> along the boundary being known. In using the finite-difference 
method and taking a square not we conclude, from symmetry, that 
only one-quarter of the specimen should be considered. This portion 




with the boundary values of <f> is shown in Fig. 16. Considering point A 
of this figure, we see that three strings at that point have standard length 
5 while the fourth is shorter, say of length ?n8 (m ~ 0.4 in this case). 
This must be taken into consideration in the derivation of the equation 
of equilibrium of point A. This equation must be written as follows: 
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or 






In applying to point A the standard relaxation process and giving to <f> a 
an increment equal to unity, we will introduce the changes in residuals 
shown in Fig. 17a. This pattern must be used in liquidating residuals 
at point A. In considering point B we see that there are two shorter 
strings. Denoting their lengths by mb and nb we find that in the 
liquidation of residuals at B the pattern shown in Fig. 176 should be 
used. Introducing these changes at the points near the boundary and 
using the standard relaxation process at all other points the values of 
<t>, shown in Fig. 1G, will be obtained. 1 



(a) 


Fics. 17. 


(t>) 


In a more general case, when we arc dealing with Eq. (9) and there 
is external load at the nodal points, we denote by mb y n 5, rb> sb the 
lengths of the strings at an irregular point O of a square net and 
we assume that the load transmitted to this point is equal to 

1 (m + n + r + s). The equation of equilibrium then will be 


qb 2 , 

—j— (m + n + r s) 


+ S 



+ ^ + 

n 


w 3 
r 


+ 


m 

s 


- Wo (- + - + - + = 0 

\tn n r sj J 


(33) 


I< or m = n = r = s = 1 this equation coincides with our previous 
Eq. (11) derived for a regular point. Using Eq. (33) the proper pat¬ 
tern, similar to those shown in Fig. 17, can be developed in each particu¬ 
lar case. An equation, similar to Eq. (33), can be derived also for a 
triangular net. 

1 This example was treated by R. Weller and G. II. Shortley; see J. Applied 
Ah< homes, 1039, p. A-71. Since the boundary values of </>, obtained from photo- 
< astic tests, are known only with a conipnratively low accuracy, the values of <p 
at int< rnal points are given with no more than two or three significant figures. 
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With the changes discussed in this article the relaxation process is 
extended to cases in which we have irregular points near the boundary. 

8. Biharmonic Equation. We have seen (page 26) that in the case 
of two-dimensional problems of elasticity, in the absence of volume 
forces and with given forces at the boundary, the stresses are defined 
by a stress function </>, which satisfies the biharmonic equation 


d 4 <t> 

dx 4 


+ 2 


d 4 cf> 


dx 2 dy 


2 


+ ^ - ° 

dy 4 


(34) 


and the boundary conditions (20) on p. 23, which, in this case, become 


7 d 2 <fr _ 

dy 2 

a 2 </> 

dx 2 


?n 


m 


— I 


d 2 4> 


dx dy 
d 2 4> 


= X 


(35) 


dx dy 


- = Y 



Knowing the forces distributed along 
the boundary we may calculate 0 at 
the boundary by integration 1 of Eqs. 

(35). Then the problem is reduced 
to that of finding a function 0 which 
satisfies Eq. (34) at every point 
within the boundary and at the 
boundary has, together with its first derivatives, the prescribed values. 
Using the finite difference method, let us take a square net (Fig. 18) 
and transform Eq. (34) to a finite-difference equation. Knowing the 
second derivatives, 

/ *\ o t -| 

~ (01 200 + 03) 

~ ( 0 5 201 + 0 o) 

~ ^2 (00 - 203 + 0‘j) 


we conclude that 



(d^\ = d^_ ^ i_ [(d 2 4>\ 


\dx 4 /o 


dx 2 


dx 2 ) i 



d 2 # 

dx 


(3)J 


^4 (^00 - 401 - 403 + 05 + 09) 


1 We consider here only simply connected regions. 
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0^,7 ~ 54 (G<£o — 40 2 — 404 + 07 + 0 11 ) 

^ 40 j 

dX 2 d ?/ 2 ~ 5* ~ 2 ( < / , l + 02 + 03 4- 04) + 06 + 08 + 010 + 01 2 ] 

Substituting into Eq. (34) we obtain the required finite-difference 
equation 

2000 8(01 + 02 + 03 + 04) + 2(06 + 08 + 010 + 012) 

+ 05 + 07 + 09 + 011 = 0 (36) 

This equation must be satisfied at every nodal point of the net within 
the boundary of the plate. To find the boundary values of the stress 
function 0 we integrate Eqs. (35). Observing (Fig. 20, p. 23) that 


l = cos a. = 


dy 

ds 


and 


m = sin a. = —dx/ds 


we write Eqs. (35) in the following form: 


dy d 2 0 dx d 2 0 


ds dy ' 1 

dx d 2 0 
ds dx 2 


ds dx dy 

dy 

ds dx dy 


_ d ( < 30 \ 

ds\dy) ~ 

_ _ d (d<t>\ 

ds \dx / 


X 


(37) 


and by integration we obtain 


d0 

dx 

d<f> 

dy 



Yds 


= Xds 



(38) 


To find 0 we use the equation 


d(f> 

ds 


<70 dx d0 dy 
dx ds dy ds 


which, after integration by parts, gives 


, dy> . d0 

+ = x d; + yi£ 



- . ? d 2 <t> 

x y ds dy 


ds 


(39) 


Substituting in this equation the values of the derivatives given by 
Eqs. (37) and (38), we can calculate the boundary values of 0. It 
should be noted that in calculating the first derivatives (38), two con¬ 
stants of integration, say ,1 and B, will appear and the integration in 
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Eq. (39) will introduce a third constant, say C, so that the final expres¬ 
sion for will contain a linear function Ax + By + C. Since the 
stress components are represented by the second derivatives of </>, this 
linear function will not affect the stress dis¬ 
tribution and the constants A, B, C can be 
taken arbitrarily. 

From the boundary values of 4> and its 
first derivatives we can calculate the 
approximate values of 4> at the nodal points 
of the net adjacent to the boundary, such 
as points A, C, E in Fig. 19. Having, 
for example, at point B the values 4> B and (d<t>/dx)v, we obtain 

4,0 = 4,3 + (If)* 5 ’ 4 >* = 4 >* - (§f)/ 

Similar formulas can be written also for point E. A better approxi¬ 
mation for these quantities can be obtained later when, by further cal¬ 
culation, the shape of the surface representing the stress function <f> 
becomes approximately known. 

Having found the approximate values of <f> at the nodal points 
adjacent to the boundary, and writing for the remaining nodal point 
within the boundary the equations of the form (30), we shall have a 
system of linear equations sufficient for calculating all the nodal values 
of <f>. The second differences of <t> can then be used for approximate 
calculation of stresses. 

The system of Eqs. (36) may be solved directly, or we can find an 
approximate solution by one of the processes alread}' described. The 
various methods of solution will now be illustrated by the simple exam¬ 
ple of a square plate loaded as shown 1 in Fig. 20. 

Taking coordinate axes as shown in the figure, 2 we calculate the 
boundary values of <f> starting from the origin. From x = 0 to x = 0.4a 
we have no forces applied to the boundary, hence 

d 2 </> = d 2 <f> _ Q 

dx 2 dx dy 

1 This is one of many cases discussed by P. M. Varvak, “Collection of Papers on 
Structural Mechanics,” Kiev Structural Institute, vol. 3, p. 143, 1936 (Russian). 
A solution, also numerical, of a similar problem is given in the book by K. Beyer, 

*Hie Statik im Eisenbetonbau,” 2d ed., vol. 2, p. 733, Berlin, 1934. 

2 The system is obtained by rotating clockwise by tt the axes used in Fig. 20, 
p. 23. 
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and integration gives 



0 = Ax + B, 


d<f> _ 

dy ~ 


Here A, B, C are constants along the x-axis, which, as mentioned 
before, can be chosen arbitrarily. We assume A = B = C = 0. 
Then <£ vanishes along the unloaded portion of the bottom side of the 



Fig. 20. 


plate, which ensures the symmetry of <£ with respect to the t/-axis. 

hiom x — 0.4a to x = 0.5a there acts a uniformly distributed load of 
intensity 4 p and Eqs. (38) give 



The second integration gives 



— 4 px -j- Ci 


<t> = -2px 2 + Cix + C o 
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The constants of integration will be calculated from the conditions 
that for the point x = 0.4a, the common point of the two parts of the 
boundary, the values of 4> and d<f>/dx must have the same values for 
both parts. Hence 

( — 4 px + C l) x= 0 .4a = 0, ( — 2 px 2 + CiX + C 2 )x= 0 . 4 a = 0 

and we find 

Ci = 1.6 pa, C 2 = — 0.32pa 2 

The stress function </>, from x = 0.4a to x = 0.5a, will be represented 
by the parabola 

<t> = — 2px 2 + 1 .Gpox — 0.32pa 2 (a) 

At the corner of the plate we obtain 


(</>)x=0.5a 


— 0.02pa 2 , 



— 0.4pa 



Along the vertical side of the plate there are no forces applied and, 
from Eqs. (38), we conclude that along this side the values of d(f>/dx 
and of d<j>/dy must be the same as those at the lower corner, i.e., 


d<f> 

dx 


— 0.4pa, 




From this it follows that <f> remains constant along the vertical side of 
the plate. This constant must be equal to —0.02pa 2 , as calculated 
above for the lower corner. 

Along the unloaded portion of the upper side of the plate the first 
derivatives of <f> remain constant and will have the same values (c) as 
calculated for the upper corner. Thus the stress function will be 


<f> = —OApax + C 


Since at the upper corner to the left <f> must have the previously cal¬ 
culated value, equal to —0.02pa 2 , we conclude that C = 0.18 par and 
the stress function is 

4> = — OApax + 0.18pa 2 (d) 

Taking now the loaded portion of the upper side of the plate and 
observing that for this portion ds = — dx and Y — p, X = 0, we 
obtain, from Eqs. (38), 

d -± = -px + C ! 


d(f> 

dy 
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For x = 0.4a these values must coincide with the values (c). Hence 
Ci = C 2 = 0 , and the stress function must have the form 

* = - v 4 + c 

For x = 0.4a it must have a value equal to that obtained from Eq. (d). 
We conclude that C = 0.1 pa 2 and 




+ 0.1 pa 2 



1 he stress function is represented by a parabola symmetrical with 
respect to the p-axis. This finishes the calculation of the boundary 
values of </> and its first derivatives, since for the right-hand portion of 
the boundary all these values are obtained from symmetry. 

With the notation 


pa 2 

30 



we can now write all the calculated boundary values of <f> as shown in 
Fig. 20. 

Next, by extrapolation, we calculate the values of <*> for the nodal 

points taken outside the boundary. Starting again with the bottom 

side of the plate and observing that d<f>/dy vanishes along this side we 

can take for the outside points the same values </> 13 , 0 14 , </> 16 as for the 

inside points adjacent to the boundary.> We proceed similarly along 

the upper side of the plate. Along the vertical side of the plate we 
have the slope 



and we can, as an approximation, obtain the values for the outside points 
by subtracting the quantity 


0 ,lpa • 25 = = 4 87? 

from the inside points adjacent to the boundary, as shown in Fig. 20. 

Now we can start the calculation of <f> values for the inside nodal 
points of the net. Using the method of direct solution of the difference 

tZStXZTJi. —• *• ■»!>». >■ 
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equations, we have to write in this symmetrical case the Eqs. (30) for 
the 15 points shown in Fig. 20. The solution of these equations gives 
for <f> the values shown in the table below. 



Let us calculate the normal stress a x along the y- axis. The values of 
this stress are given by the second derivative d 2 <t>/dy 2 . Using finite 
differences we obtain for the upper point (y = a) 



(3.356 — 2 • 3.600 4- 3.356)5 

5 2 


0.488pa 2 

305 2 


— 0.488/> 


For the lower point (y = 0) we find 

f v (0.634 - 0 + 0.634)5 _ 

\ cr x)u=0 — ’ I.ZOop 


If we consider the plate as a beam on two supports and assume a 
linear distribution of a x over the middle cross section (x = 0) we find 
(O max. == 0.60p. We can see that 
for a plate of such proportions the 
usual beam formula gives a very 
unsatisfactory result. 

To solve the finite-difference equa¬ 
tions (36) by iteration, we assume 
some starting values <f> lf <f> 2 , . . - , 

</>i5 for the stress function. Substi¬ 
tuting these into Eqs. (36) we obtain 
residual forces for all internal nodal 
points which can be liquidated by 
a relaxation process. The proper 
pattern, as obtained from Eq. (36), 
is shown in Fig. 21, in which the 
changes in residuals due to unit change of </>o are given. In applying 
this method to the square plate discussed above it must be observed 
that the <j> values along the boundary are restricted by the boundary 
conditions, which means that the residual forces at points on the 
boundary need not be liquidated. 

We can next advance to a finer net, obtaining starting values of 4> 
from the results of the calculation on the coarse net. 
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In the case of a nonsymmetrical loading such as shown in Fig. 22a, 
we can split the load as shown in Figs. 22 b and 22c into symmetrical 
and antisymmetrical loadings. In both latter cases we have to con¬ 
sider one-half of the plate, since <t>(x,y) = <f>( — x,y) for the symmetrical 
case and <f>(x,y) = — </>(— x,y) for the antisymmetrical loading. 



Fig. 22. 


The work can be further reduced by considering also the horizontal 
axis of symmetry of the rectangular plate. The load shown in Fig. 20 
can be resolved into symmetrical and antisymmetrical cases as shown 
in Fig. 23. For each of these cases only one-quarter of the plate 

should be considered in calculating numerical values of the stress 
function. 




Fig. 23. 


9. Torsion of Circular Shafts of Variable Diameter. In this case, 
as we have seen (page 30/), it is necessary to find a stress function 
which satisfies the differential equation 



at every point of the axial section of the shaft, Fig. 24, and is constant 
along the boundary of that section. Only in a few simple cases have 
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we a rigorous solution of the problem, and in practical cases we must 
usually resort to approximate methods. 

Using the finite-difference method, we shall take a square net. Con¬ 
sidering a nodal point O, Fig. 24, we can treat the second derivatives 
in Eq. (40) as before. For the first derivative we can take 



Fig. 24. Fig. 25. 

Then the finite-difference equation, corresponding to Eq. (40), is 

O SJ 

01 -+- 02 + 03 04 — 400 — 75 — (</>l — 0 3 ) — 0 (41) 

Zr 0 

The problem then is to find such a set of values of 0 that Eq. (41) will 
be satisfied at every nodal point of the net and 0 will be equal to the 
assumed constant value at the boundary. This problem can be treated 
either by direct solution of Eqs. (41) or by one of the iteration methods. 

As an example, let us consider the case shown in Fig. 25. In the 
region of rapid change in the diameter there will be a complicated 
stress distribution, but at sufficient distances from the fillets a simple 
Coulomb solution will hold with sufficient accuracy, and the stress dis¬ 
tribution will be independent of z. Equation (40) for such points 

becomes 

d 2 <f> __ 3 d0 = 0 (42) 

dr 2 r dr 

The general solution of this equation is 

0 = Ar 4 + B 


(43) 
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and the corresponding stresses are (see page 30G) 


TzO 


1 d<t> 
P ~d r 


4 Ar, 



Comparing this result with the Coulomb solution, we find 



where M t is the applied torque and I p is the polar moment of inertia of 
the shaft. Omitting the constant B in the general solution (43) as 
having no effect on the stress distribution, we find for the stress func¬ 
tion at sufficient distances from the fillet the expressions 



These expressions vanish at the axis of the shaft and assume at the 
boundary a common value M t /2ir. Since </> is constant along the 
boundary, the value M t /2ir holds also for the fillets. Thus selection 
of the constant at the boundary in solving Eqs. (41) is equivalent to 
assuming a definite value for the torque. 

In solving Eqs. (41) we can again apply the membrane analogy. We 
begin with points where Eq. (42) holds. The corresponding finite- 
differences equation is 

<t>\ + <f>3 — 2<f> 0 — (<t >i — </> 3 ) = 0 (45) 

0 


This equation is of the same form as that for deflections to a cylindrical 

form of a membrane with tension 
’ varying inversely as r 3 . To show this 
let us consider three consecutive 
points of the net, Fig. 26. The 
corresponding deflections we denote 
by w 3 , w 0f w i. 

The tension at the middle of the strings 3-0 and 0-1 will be 




and 
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The equation of equilibrium for the point O is then 


S8 

r 0 3 



35 \ W\ 
2Fo)~ 


lOo . jS 8 

S r 0 3 


1 + 


35 

2 r n 


iv 3 — Wq 


35 


w i — — 2y Q ( Wi ~ w s) = o 



This is the same as Eq. (45). 

Similarly, in the general case, observing that the tension in the mem 
brane does not depend on 2 , we obtain the equation 


Wl + w 2 + w 3 + w 4 — 4w 0 ~ r^r Oi — u>s) = 0 (46) 

which agrees with Eq. (41). It is seen that we can calculate the stress 
unction as the deflection of a membrane with nonuniform tension 
aving constant deflection M t /2w along the boundary and deflections 
(44) at the points at large distances from the fillets. We assume some 
s arting values for w at the nodal points, substitute them into the left- 
hand sides of Eqs. (46), and calculate the residuals. Now the problem 
is to liquidate all these residuals by the relaxation process. From Fig. 

we see that by giving to point O a displacement unity we add to the 
residuals at points 1 and 3 the quantities 



which indicates that the pattern for the relaxation process is as shown 
ln ^^ varies from point to point with variation of the radial 





Fig. 27. 

distance r 0 . Calculations of this kind were carried out by R. V. 
bouthwell and E). N. de G. Allen. 1 

iv ll^K 0 ' ?°c V ' S ° C ' ( JLondon ')> series A, vol. 183, pp. 125-134. See also South- 
e 8 oo Relaxation Methods in Theoretical Physics,” p. 152. 
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Additional curvature of beams, 10G 
Additional deflection due to shearing 
force, 39, 106 
Analytic functions, 181 
Analyzer, 132 

Angle of twist per unit length, 249, 259, 
264, 273, 280, 287, 295, 299 
Anisotropy, 1 

Annealing, removal of stresses by, 427 
Anticlastic surface, 254 
Axes, principal, of strain, 224 
of stress, 14, 215 

Axially symmetrical stress distribution, 
343 

in cylinder, 384 

B 

Balls, compression of, 372 
Beams, bending of (see Bending, of 
beams) 

concentrated force acting on, 99 
continuously distributed load on, 39, 
44, 49, 342 

curvature of, 43, 106, 340 
additional, 106 

(See also Curvature of beams) 
deflection of, 38, 42, 43, 340 
distortion of cross sections of, 38, 341 
shearing stress in, 36, 41, 44, 104, 320, 
322, 326, 329, 330, 332 
Bending, of beams, of narrow rectangu¬ 
lar cross section, by concen¬ 
trated force, 99 
by distributed load, 44, 46 
by own weight, 42, 53, 342 
by terminal load, 35 
by uniform load, 39 
of particular forms of section, cir¬ 
cular, 319 


Bending, of beams, of particular forms 
of section, elliptic, 321 
other forms, 329, 331, 332 
rectangular, 323 

solution of problem of, by soap- 
film method, 336 
boundary conditions in, 317 
of circular cylinder, 319 
of circular plate, 349 
of curved bar, by force at end, 73 
cylindrical bar of any cross section in, 
250, 316 

of prismatical bars, 316 

determination of displacements in, 

340 

pure (see Pure bending) 
ring section in, 395 
semi-inverse method in, 316 
triangular prism in, 331 
Bending moment, relation of, to curva¬ 
ture, 340 
Body forces, 3 

Boundary conditions, in bending, 317 
in terms of displacements, 234 
in three-dimensional problems, 229 
in torsion, 260 

in two-dimensional problems, 22 

C 

Cantilever, deflection of, 38, 340 

distortion of cross section of, 38, 

341 

of particular forms of cross section, 
circular, 319 
elliptic, 321 
other forms, 329 
rectangular, 323 
narrow, 35 
stresses in, 35, 316 
Castigliano’s theorem, 162 
Cauchy-Riemann equations, 181 
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Cavity, ellipsoidal, 235 
spherical, 359 

Center, of compression, 358 
flexural, 334 
shear, 334 
of twist, 271, 33G 
Central line, extension of, 43, 342 
of prismatic bar, 316 
Circular cylinder, bending of, 319 
strained symmetrically, 384 
Circular disk, under forces in its plane, 
107 

rotating, 69, 352 
thermal stresses in, 406 
Circular hole, effect of, on stresses, in 
plates, 78 
in rotating disk, 71 
in shaft, 293 

Circular plate, bending of, 349 
Circular ring, compressed by two oppo¬ 
site forces, 121 
general solution for, 116 
initial stresses in, 120 
Circular shaft, in torsion, 249 

of variable cross section, 304, 490 
Coefficient of thermal expansion, 399 
Cold-drawn tubes, residual stresses in, 

427 

Compatibility conditions, in cylindrical 
coordinates, 344 

in three-dimensional problems, 230 
in two-dimensional problems, 23 
Complex potentials, 187 
Complex variable, functions of, 179 
Components, of strain, 5, 6 
of stress, 4 

in curvilinear coordinates, 195 
Compression, of balls, 372 

by concentrated force, of disk, 107 
of rectangular plate, 49, 51 
of wedge, 96 
of rollers, 381 
of solid bodies, 377 

Concentrated force (see Transmission) 
Concentration of stress at hole (see 
Hole) 

Conditions of compatibility (see Com¬ 
patibility conditions) 


Conduction of heat, stresses due to, 402. 

410, 412, 420, 427, 436 
Cone in torsion, 309 
Constants, elastic, 6, 7 
(See also Hooke’s law) 

Contact, surface of, 373 
Contact stresses between bodies in com¬ 
pression, 372, 377 

Continuously distributed load on beam, 
39, 44, 49, 342 

Cooling, nonuniform, stresses due to, 
in plates, 402 
in shafts, 411 
Coordinates, bipolar, 206 
curvilinear orthogonal, 192 
cylindrical, 305, 306, 343 
elliptic, 193 
polar, 55 
spherical, 346 

Cracks, reduction of strength due to, 161 
in tension member, 184 
in torsion member, 294 
Curvature of beams, 43, 340, 342 
additional, 106 
effect of shearing force on, 43 
relation of, to bending moment, 340, 
342 

Curved bar, bending of, by force at end, 
73 

pure, 61, 395 
deflections of, 66, 76 
stresses in, 63, 75 

Curvilinear orthogonal coordinates, 192 
components of stress in terms of, 195 
Cylinder, band of pressure on, 388 
circular, with eccentric bore, 60, 208 
symmetrical deformation in, 384 
thermal stresses in, 408, 427, 436 
thick, under pressure, 59 
Cylindrical body of any cross section, in 
bending, 250, 316 
in tension, 245, 246 
in torsion, 258 

Cylindrical coordinates, 305, 306, 343 

D 

Dams, stresses in, 45 
Deflection, additional, due to shearing 
force, 39, 106 
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Deflections of foundations, 371 
(See also Beams) 

Deformation, homogeneous, 219 
. irrotational, 453 
plastic (see Plastic deformation) 
Differential equations of equilibrium, 
in terms of displacements, 233 
in three dimensions, 229, 30G, 343 
in two dimensions, 21, 55 
Dilatation^ waves of, 452 
Disk, rotating, G9, 352 
thermal stresses in, 406 
of variable thickness, 72 
Displacements, determination of, in 
bending of prismatical bars, 340 
in semi-infinite body, 365 
in semi-infinite plates, 89, 95 
in three-dimensional problems, 232 
in torsion of prismatical bars, 259 
in two-dimensional problems, 34, 
36, 42, 66, 76 

Distortion, of cross sections, of bent 
beam, 38, 341 

of twisted bar (warping), 259, 265 
strain energy of, 149 
waves of, 452 

Double force, acting on infinite body, 
356 

acting on plate, 114 

E 

Earthquake, waves of, 456 
Effect, of circular hole on stress dis¬ 
tribution, 78 

of shearing force on deflection, 39, 
43, 102 

Effective width of wide beam flanges, 
171 

Elasticity, 1 

Electric current, analogy with twisted 
shaft of variable diameter, 310 
Electric-resistance strain gauge, 19 
Ellipsoid, stress, 215 
Elliptic coordinates, 193 

two-dimensional problems in, 197 
Elliptic cylinders, under bending, 321 
under torsion, 263 
Elliptic hole, in plate, 84, 197, 201 
in twisted shaft, 294 


Energy, of elastic waves, 442, 456 
of strain, 146 

Equilibrium, general equations of, 228 
in case of nonuniform heating, 421, 
423 

in cylindrical coordinates, 306, 343 
in polar coordinates, 55 
in terms of displacements, 233 
Expansion, thermal, 399 
volume, 9 

Extensional vibrations of rods, 438 
Eyebar, stress in, 122 

F 

Failure, stress at, 149 
Fatigue cracks, 81 

Fillets, stress concentration at, in bend¬ 
ing and tension of plates, 140, 
142 

in shafts of variable diameter, 310 
in torsion of prismatical bars, 288, 
299 

Film (see Soap-film method) 
Finite-difference equations, 461 
boundary conditions, 485, 488 
points near boundary, 480, 485 
Flanges, effective width of, 171 
Flexural center, 334 
(See also Center) 

Flexural rigidity of plates, 256 
Foundations, deflection of, 371 
pressure distribution on, 371 
Fourier series, application of, in bend¬ 
ing problems, 324 
deflection curve represented by, 

155 

in torsional problems, 275, 284 
in two-dimensional problems, 46, 

53, 117 

Fringe value, 134 

G 

General equations of equilibrium, in 
case of varying temperature, 421, 

423 

in cylindrical coordinates, 306, 343 
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General solution, for displacements, 235 
of two-dimensional problems, in polar 
coordinates, 116 
for a wedge, 123 
Groove, hyperbolic, 235 

semicircular, in shaft, 208, 203 

H 

Harmonic function, 182 
Heat flow (see Conduction of heat) 
Heating, stresses due to nonuniform 
(see Thermal stress) 

Helical springs, stresses in, 391 
Hertz’ problem, 372, 377 
Holes, circular, in plate, 78 
eccentric, 60, 208, 211 
elliptic, 84, 197, 201 
stress concentration at, 80, 81, 8-1 
in twisted shaft, 293, 294 
of various shapes in plate, 212 
Hollow shaft, torsion of, 294 
Homogeneous deformation, 219 
Homogeneous material, 1 
Hooke’s law, 6 

Hydrodynamical analogies, 191, 292 
Hyperbolic groove, 235 
Hyperbolic notches, 204 

I 

Identical relations between strain com¬ 
ponents (see Compatibility condi¬ 
tions) 

Impact, duration of, 384, 450 
longitudinal, of bars, 444 
with rounded ends, 452 
of spheres, 383 

stresses produced by, 442, 449 
transverse, of bars, 384 
Inclusions, 84 
Influence line, 91 
Initial stress, 68, 120, 238 

general equations for determination 
of, 425 

in glass plates, 427 
in rings, 68, 120 
Invariants of stress, 217 
Irrotational deformation, 453 


Isochromatic lines, 134 
Isoclinic lines, 134 
Isotropic materials, 1 

L 

Lam6's problems, 59, 359 
Laplace’s equation, 181, 182 
Layer, elastic, on rigid smooth base, 51 
Least work, application of, 167 
principle of, 166 

Light, polarized, measurement of 
stresses by means of, 131 
lanes, isochromatic, 134 
isoclinic, 134 

of shearing stress in torsion, 270 
Local stresses, at circular hole, 80, 81 
at fillets, in bending and tension, 140, 
142 

in torsion, 238, 299 
at spherical cavity, 359 
Localized character of stress distribu¬ 
tion at hole, 81, 359 
Longitudinal vibrations of prisms, 438 
Longitudinal waves, 438, 454 

M 

Membrane analogy, application of, in 
photoelasticity, 143 
with bent beam, 319 

determination of stresses, in beams 
by, 336 

of rectangular cross section, 329 
with twisted shaft, 268 

measurement of torsion stresses by, 
200 

solution of stresses, in thin twisted 
tubes by, 298 

in various forms of cross section 
by, narrow rectangular, 272 
rolled profile, 287 

use of, in calculation of torque, 271 
Mesh side, 462 
Middle plane of plate, 351 
Modulus, of rigidity, 9 
in shear, 9 
in tension, 6 
of volume expansion, 10 
Young’s, 10 
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Mohr’s circle, 14 

Multiply-connected bodies, 120, 238, 
301, 479 

N 

Net, hexagonal, 473 
square, 462 
triangular, 473 
Neutral surface, 42 
Newton’s interpolation formula, 464 
Nicol prism, use of, in photoelastic 
work, 132 

Notches, hyperbolic, 204 
semicircular, 89, 212, 481 

O 

Orthogonal curvilinear coordinates, 192 

P 

Photoelasticity, method of stress meas¬ 
urement by, 131 
three-dimensional, 143 
Plane harmonic functions, 182 
Plane strain, 11 

compatibility equations for, 23 
Plane stress, 11, 216, 241 

equations of equilibrium for, 21 
stress at point in case of, 13 
stress function for, 26 
Plane waves, 454 

Planes, principal, of stress, 14, 215 
Plastic deformation, initial stresses due 
to, 425 

in twisted shafts, 272 
Plates, bent by couples, 255 

circular, symmetrically loaded, 349 
quarter-wave, 136 
Poisson’s ratio, 7 

determination of, 254 
Polar coordinates, in three-dimensional 
problems, 346 

in two-dimensional problems, 55 
Polariscope, circular, 135 
plane, 132 

Polarized light, use of, in stress meas¬ 
urements, 131 


Polarizer, 132 

Polynomials, solution by, of axially sym¬ 
metrical stress-distribution prob¬ 
lems, 347 

of torsional problems, 265, 286 
of two-dimensional problems, 29 
Potential energy, 153 
minimum of, 153 

Pressure, distributed over surface of 
contact, 374, 375, 379 
hydrostatic, 10 

in spherical container, 356 
stresses produced by, 246 
in thick cylinder, 59 
produced by rigid die, 96, 371 
Principal axes, of strain, 224 
of stress, 14, 215 
Principal directions, 14 
Principal planes, 215, 224 
Principal strain, 19, 224 
Principal stress, 14, 214 
determination of, 142, 217 
Principle, of least work, 166 
of Saint-Venant, 33, 150 
of superposition, 203 
of virtual work, 151 
Prism, bending of, 316 
torsion of, 258 

vibrations of, longitudinal, 438 
Propagation of waves, in bars, 438 
in solids, 452 
over surface of body, 456 
Pure bending, of curved bars, 61, 395 
of plates, 255 
of prismatical bars, 250 
Pure shear, 8 

R 

Radial displacement, 65 
Radial strain, 65 
Radial stress, 55 
distribution of, 85 
Rayleigh waves, 456 
Reciprocal theorem, 239 
Rectangular bar, in bending, 323 
in torsion, 272, 2/5, 303 
Reentrant corner, stress concentration 
at, in I-beams, 339 



504 


THEORY OF ELASTICITY 


Reentrant corner, in plates, 140 
in shafts, 288, 204 
in tubes, 299 

Relaxation, block and group, 477 
Relaxation method, 408 
Residual stresses, in cold-drawn tubes, 
427 

(See also Initial stress) 

Residuals, 409 

Rigid-body displacement, superposable 
upon displacement determined by 
strain, 233 

Rigidity, modulus of, 9 
torsional, 204 
Ring (see Circular ring) 

Ring sector, in bending, 395 
in twist, 391 

Rolled profile sections, in torsion, 287 
Rollers, compression of, 107, 381 
Rotating disk (.see Disk) 

Rotation, components of, 225 
Rupture, hypothesis concerning condi¬ 
tions of, 149 

S 

Saint-Venant, principle of, 33, 150 
problem of, 259, 310 
Sector of circle, torsional problem for, 
278 

Seismograph, 450 
Semicircular notches, 89, 212, 481 
Semi-infinite body, boundary of, con¬ 
centrated force on, 302 
distributed load on, 300 
Semi-infinite plate, 85, 91 
Semi-inverse method, in bending, 310 
in torsion, 259 

of shafts of variable diameter, 300 
Shaft, torsion of (see Torsion) 
of variable diameter, 304 
Shear, pure, 8 
Shear center, 334, 330 
Shear lag, 1 77 
Shearing strain, 5, 223 
Shearing stress, 3 
components of, 4 

distribution of, in beams of narrow 
rectangular cross section, 51 


Shearing stress, distribution of, in beams 
of particular forms of sections, 
circular, 320 
elliptic, 322 
I-beams, 339 
rectangular, 326 

effect of, on deflection of beams, 39, 
100 

lines of, 270 
maximum, 15, 218 
Single-valued displacements, 68, 119 
Soap-film method, solution by, of bend¬ 
ing problems, 336 
of torsional problems, 289 
Solution, uniqueness of, 236 
Spherical bodies under compression, 372 
Spherical cavity in infinite solid, 359 
Spherical container, under external or 
internal pressure, 356 
thermal stresses in, 419 
Spherical coordinates, 346 
Strain, plane, 11, 23 
at point, 17, 221 

compatibility of, 23, 230, 344 
components of, 5, 223 
identical relations between compo¬ 
nents of (see compatibility of, 
above) 

Mohr circle of, 19, 20 
in polar coordinates, 65 
principal axes of, 224 
principal planes of, 224 
surface, measurement of, 19 
radial, 65 
Strain energy, 146 

of volume change and distortion, 149 
Strain-energy methods, 146 
applications of, 157, 167, 280 
Strain gauge, electric-resistance, 19 
Strain rosette, 20 
Stream function, 292 
Strength theory for brittle materials, 
161 

potential energy as basis of, 149 
Stress, axially symmetrical distribution 
of, 343 

components of, 4, 55 

in terms of curvilinear orthogonal 
coordinates, 192 
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Stress, due to temperature change, 
399 

in eyebar, 122 
at failure, 149 
invariants of, 217 

measurement of, by photoelasticity 
method, 131 

normal and tangential, 3 
plane (see Plane stress) 
at point, 13, 213 
principal, 14, 214 

determination of, 142, 217 
radial, 55 

distribution of, 85 
shearing (see Shearing stress) 

Stress concentration, at circular hole, 
80, 81 

at elliptic hole, 84 

at fillet of shaft of variable diameter, 
310 

at fillets in tension member, 140 
at reentrant corner in torsion, 288, 
299 

{See also Reentrant corner) 
at spherical cavity, 359 
use of hydrodynamical analogy in de¬ 
termination of, 292 
Stress-director surface, 215 
Stress ellipsoid, 215 

Stress functions, 26, 56, 86, 89, 116, 183, 
261, 318, 343, 483 
Stress-optical coefficient, 133 
Stress-strain relation (see Hooke’s law) 
String, deflection of, 153 
Superposition, principle of, 235 
Surface of contact, 373 
Surface energy, 161 
Surface forces, 3 

Symmetrical and antisymmetrical load¬ 
ings, 490 

Symmetrical stress distribution about 
axis, in circular cylinder, 384 
in three dimensions, 343 
in two dimensions, 58 

T 

Temperature, stresses due to nonuni¬ 
form distribution of, 399 


Temperature fluctuation, stresses pro¬ 
duced by, in cylindrical shells, 
414 

in plates, 399 

Tension of prismatical bars, by concen¬ 
trated forces, 51 
by distributed forces, 167 
by gravity force, 246 
uniform, 245 

Thermal expansion, coefficient of, 399 
Thermal stress, 399 
in cylinders, 408, 427 
in disks, 406 

general equations for, 421 
solutions of, 433 
in infinite solid, 434 
in long strips, 399, 404 
in plates, 399, 435 
in spheres, 403, 416 
in steady heat flow, 412, 427 
Thin tubes, torsion of, 298 
Tore, incomplete, bending of, 395 
torsion of, 391 
Torque, 262 

calculation of, by use of membrane 
analogy, 271 

Torsion, boundary conditions in, 260 
circular shaft in, 249 
cone in, 309 

cylindrical body of cross section in, 
258 

elliptic cylinders in, 263 

of hollow shaft, 294 

lines of shearing stress in, 270 

local stresses at fillets in, 238, 299 

of prismatical bars, 258, 462 

approximate method in investi¬ 
gating, 280 
displacements in, 259 
fillets in, 288, 299 
stress function for, 261 
of various forms of cross section, 
circular, 249 
elliptical, 263 

^ other forms, 266, 278, 280, 286 
' *. * rectangular, 272, 275 
rolled profile, 287 
semi-inverse method in, 259 
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Torsion, of shafts of variable diameter, 
304, 490 

of thin tubes, 298 
of tore, 391 
Torsional rigidity, 264 
Trajectories of principal stresses, 134 
Transmission of concentrated force act¬ 
ing, on beam, 99 
on disk, 107 

on infinite body, 354, 362 
on infinite plate, 112 
on semi-infinite plate, 85 
on strip, 115 
on wedge, 96 
Transverse waves, 454 
Triangular prism, in bending, 331 
in torsion, 266, 280, 474 
Tubes, submitted to internal and exter¬ 
nal pressure, 59 
torsion of, 298, 480 
Twist, center of, 271, 336 
of circular ring sector, 391 
of shafts (see Torsion) 

U 

Uniqueness of solution, 236 
Unit elongation, 5 

V 

Variable diameter, shaft of, 304 
Velocity, of surface waves, 459 

of wave propagation in prismatical 
bars, 440 


Velocity, of waves, of dilatation, 453 
of distortion, 453 
Virtual displacement, 151 
Virtual work, application of, in tor¬ 
sional problems, 281 
principle of, 151 
Vorticity, 292 

W 

Warping of cross sections of prisms in 
torsion, 259, 265 
Waves, of dilatation, 453, 454 
of distortion, 452, 454 
longitudinal, 454 

in prismatical bars, 438 
plane, 454 

propagation of (see Propagation of 
waves) 

Rayleigh, 456 
reflection of, 443 
superposition of, 442 
surface, 456 
transverse, 454 
velocity of (sec Velocity) 

Wedge, loaded, at end, 96, 98 
along faces, 123 

Weight, bending of beam by own, 42, 
53, 342 

tension of bars by own, 246 
Work, virtual, principle of, 151 

Y 

Young’s modulus, 10 
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